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MILD SOLUTIONS FOR THE RELATIVISTIC
VLASOV-KLEIN-GORDON SYSTEM

MEIXIA XIAO AND XIANWEN ZHANG

ABSTRACT. In this paper, the relativistic Vlasov-Klein-Gordon system in
one dimension is investigated. This non-linear dynamics system consists
of a transport equation for the distribution function combined with Klein-
Gordon equation. Without any assumption of continuity or compact
support of any initial particle density fog, we prove the existence and
uniqueness of the mild solution via the iteration method.

1. Introduction

The relativistic Vlasov-Klein-Gordon system describes the dynamics of an
ensemble of relativistic charged particles coupled to a self-consistent Klein-
Gordon field. In the present paper, we consider the one-dimensional relativistic
Vlasov-Klein-Gordon system:

(1) Ouf +U-0pf —Opu-0uf =0,
(2) Otu — 02u+u = —p(t,x).

In this system, the unknown f = f(¢,z,v) > 0 denotes the particle density in
phase space depending on time ¢ € R, position £ € R and momentum v € R,
u = u(t,x) is a scalar Klein-Gordon field, p(t, ) = [, f(t, 2, v)dv is the density

in space and ¥ = il E is the relativistic velocity with momentum v. Initial
v

data are given by
(3) f0,2,0) = fo(z, ), w(0,2) = uo(x),  Oru(0,z) = ua ().

In [13], the locally classical solution for general initial data to the relativistic
Vlasov-Klein-Gordon system in three dimensions was proved. Moveover, a
continuation criterion (i.e., a local solution can be extended as long as the
particle momenta is under control) was established. Based on the continuation

criterion, global existence and uniqueness for initial data fo(x,v) € CL(R?),
up(z) € CP(R), ui(z) € CZ(R) in one-dimensional version of the system was
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obtained. By the adaptation of the way in [2], Ha and Lee [9] investigated
global classical solutions for a damped Vlasov-Klein-Gordon system with small
data. The global existence of classical solutions for general initial data is still
an open problem. Nevertheless, in order to get global solution, one method
is to weaken the solution concept. Applying momentum averaging [6-8] and
compactness method, [14,21] proved the existence of global weak solutions for
the relativistic Vlasov-Klein-Gordon system with initial data satisfying a size
restriction in three or two dimensions. Furthermore, global existence of weak
solutions for general initial data is obtained in [20].

The purpose of this paper is to prove a more general existence and uniqueness
result for the Cauchy problem (1)-(3) under less restrictive hypotheses. In
this paper, we suppose initial Klein-Gordon field ug(x) € W2 (R), ui(z) €
W1 (R) and initial density fo is uniformly bounded with respect to z by
some function hg(p) (which will be specified in Theorem 1.1). Adopting the
iteration method, we construct a unique global mild solution (f,u), i.e., the
particle density is solution by characteristics and the Klein-Gordon field is
Lipschitz continuous. This method is inspired by [4,5].

We observe that if we replace the Klein-Gordon field with electrostatic field,
(1)-(3) will become the classical Vlasov-Poisson system, whose main properties,
such as existence, uniqueness, propagation of moments, and asymptotic behav-
ior of compactly supported classical solutions, etc., have already been achieved
(see, e.g., [1,3,7,10-12,15-19] and the references therein).

Throughout the paper, T' > 0 is an arbitrary positive real number. ¢ and
C' denote generic positive constants but C' depends on 7" and the initial data,
however, ¢ and C may change from line to line. Based on these notations, we
are in a position to state the precise definition of mild solutions to the system
(1)-(3) and the main results of this paper.

Definition. The pair of (f(t,z, v), u(t, z)) is said to be a mild solution on [0, T)
to the system (1)-(3), if u € C([0,T]; CY(R)), Oyu, d,u € L*°((0,T); WLH°(R))
and the solution by characteristic of equation (1) with initial datum fo €
L'(R?) is given by

flt,z,v) = fo(X(0,t,z,v),V(0,t,z,v)), (t,z,v) € 0,T] x R2.
Then, the main result of this paper is represented by:

Theorem 1.1. Suppose that initial data ug(z) € W22 (R), ui(z) € WH°(R),
fo(x,v) € LY(R?) and that there exists some function hg : R — [0, 00) nonde-
creasing on R~ and nonincreasing on RY, hg € L'(R)NL>(R) and [ |v|*ho(v)
dv < 400 such that 0 < fo(z,v) < ho(v) for any (x,v) € R2. Then, for any
T > 0, there exists a unique mild solution

(f,u) € L¥((0,T); L' (R%)) x W>>((0,T) x R)
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to the system (1)-(3). Moreover,
/(1 + [v|?) fdv € L=((0,T) x R)  for any T > 0.
R

To prove Theorem 1.1, we make use of the iteration method. Namely, we
first construct the iteration scheme (f(™),u(). Then we establish the uniform
bounds on u(™ and its first and second order derivatives, by which we can
deduce compactness of u(™ in C'([0,T] x R). Finally, by the definition of the
mild solutions of the system (1)-(3), we prove that there exists a unique mild
solution with desired properties described in Theorem 1.1.

2. Preliminaries
Assume that u € C1([0,T] x R) and dyu, d,u € L=((0,T); WH>°(R)). Then

for any (t,z,v) € [0,T] x R?, the characteristic equations

(4) w:‘?(svtvlwv)? X(t,t,x,v):x,
W = —0u(s, X (s,t,z,v)), V(i t,x,v) =0

S

of the equation (1) has a unique solution (X (s),V(s)) = (X(s,t,z,v), V(s,t,z,
v)) defined on [0, T such that (X (s), V(s)) € C*([0,7] x [0, T] x R?;R?). Fur-
thermore, for any fixed s,t € [0,T], there is a measure preserving homomor-
phism from R? onto R2.

Lemma 2.1. Assume that u®) € C*([0,T] x R)N L>®((0,T) x R), and d;u®,
dpu®) € L®((0,T); WHe(R)) with k € {1,2}. For any (z,v) € R? denote
(X® @), VE(1)) = (X®) (£,0,2,v), VF)(t,0,2,v)), then we get for any 0 <
s<t<T

X (s) = XB(s)| + [VV (s) = VE(s)]
S
< @ / 18,0 (7) — 8,0 (7)) o sy
0
where Q is a positive constant depending on kgl{?g} ||8§U(k)(5)||Loc(R).
Proof. Due to (4), we have
d N N
21X 0(s) = X (3)] < PO (s) = VO(5)] < VO(5) = VO o)
and
L) v s)
ds
< amu(l)(s,Xl(s)) - 8$u(2)(s, X2(s))
< QIXM(s) = XP ()] + [|0xuM) (5) = u (s)]| Lo (=),
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where @ is a positive constant depending on  max 102u™ (s)|| o (r). Without
=1

loss of generality we may assume that () > 1. Integrating against s in the above
two inequalities, we obtain for 0 < s <t < T

XV (s) = X () + [V (s) = VE(s)]

<@ [ (X9 - X2+ VO ) - V) ar

+/‘ [0:u (1) = 0,u® (7)]| oo ) d-
0

Hence, by Gronwall’s lemma, we deduce the desired inequality. ([l

3. Proof of Theorem 1.1

In this section, we first define the following iteration scheme. For n > 0,
assume u(*~ Y € C1([0,T] x R) and 9;u™~1), 9,u"=1 € L>((0,T); W= (R)),
then the equations
) M = V) (s,t,2,0), XM (t,t,z,0) =z,
Wtrw) g yn=D(s, X((s,t,2,0)), VO(t,t,3,0) =v

have a unique solution and the Cauchy problem
(6) { O™ +75 - 0p f) — Ou=V - 9, fW =0
f(n) (07 Zz, U) = fo(ma U)
has a characteristic solution f(™(t,z,v). Define p(™ (t,z) f f(t, z,v)
and let (™) be the solution of

u(”)((),ac) = up(x), dpu(™ (0,2) = up (x).
A direct calculation shows
(8) ul™ (t, )

= %(uo(az +1t) +uolz —t)) —

t [T e —yl?)
— U, d
QL—t W*W*ZAQ o(y)dy

x4+t
w3 [ w) (/T yP)dy
x+t—s
. / / P (s, 9)Jo(v/TE = )7 — [ — yP)dyds,

(t— S)

where
B et (_l)ml.2m+oz
Ja(2) = Z 22mtaml(m + a)!

m=0

is a Bessel function of the first kind of order «.
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Next, we devote to proving Theorem 1.1 and carry out the proof in several
steps.
Step 1. Uniform bounds. Due to (8) and the uniform boundedness of Jy(-) and

JE())7W6 get

[t ()| oo ) < (1 + ct) o] Loo gy + ctllua | ooy + ctll foll o1 (r)
for any t € [0, T]. Meanwhile, the expression of u(™ in (8) reveals
9)  Gu™(t,2)

= Huolr + 1) — uolw — 1)) + (bl + 1) + up(x — 1)

4
—i—%(ul(x—i—t)—ul(x—t))

t [T Iy (V= |z —y?
_5/:; . 2(2—|(E|—y|2y| )(x_y)UO(y)dy
TR e (G T Y (0 s (y)dy

2 ) P2 — |z —yl?
3 [T = o) s (e sl

wht=s (/=7 T — o)
_ = (”) x — y)dyds
//xa By e e e ER

and
(10) o™ (t, x)

=~ Huola + 1)+ uole — 1)) + 3 (uh(a + 1) — up(x — 1)

4
1

+§(u1(x+t)+u1(x7t))
1 [t z —y|?

L AGETEB,
2 Jamt 12—z —y
2T (V82— [z —y[?)

+ = U d
s, e - oly)dy

:6+tJ _ 2

2ot Pz -y |2

- 1/ [P (s, + (¢ — 8)) + o™ (s, — (¢ — 5))]ds

Tti—s Ji(\/(t — )% = o —y[?) — 8)dyds
//(t s) Y) Vit =52 =]z -y (s
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To estimate d,u(™ and d,u(™, the estimate of p(™) is needed. In fact, by (5),
it comes

t
|V(”)(0,t7m,v) —v| < / Hamu("_l)(s)HLoc(R)ds =: R(t).
0

If v > R(t), then V(M (0,¢,2,v) > v — R(t) > 0. Thus, ho(V™(0,t,z,v)) <
ho(v — R(t)). If v < —R(t), then V(™ (0,t,2,v) < v+ R(t) < 0, we have
ho(V™(0,t,2,v)) < ho(v+ R(t)). In addition, if |v| < R(t), then ho(V™(0,t,
x,v)) < ho(0). Taken together, we have

(11) P ()

= /fO(X<">(o,t,x,v)y(")(o,t,x,u))dv
R

< / ho(V (0, ¢, 2, v))dv
R
—R(t) oo R(t)
= / ho(v + R(t))dv + ho(v — R(t))dv + / hodv
oo R(t) —R(t)
<

t
nhoanR>+—2nhouL««R>Jﬁ 1856 (5)]] e gy d.

Substituting (11) into (9), since ‘]E.()') and ‘](?)(;) are uniformly bounded we get
forany 0 <t <T

(12)  [100u™ ()] (=)

< 5 luollzooe) + Ly + 1o ey
bl [ 2O
+ %HUIHLW(R) /zit Jl(m>
L e S e

)‘Ix—yldy

[z = yldy

t
+ [ 1) ey
t 3 / 2 ct®
< (& -+ e®)uoll sy + Ntploei + (1 e ealoe iy + - foll oo
t s
+ [ (Wrollagey + 2ol [ 100D @)l oy s
0 0

t
gc+awmmxm¢/\mwmﬂnﬂmx@wa
0
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where C' > 0 is a constant depending on T, |[ug|| £ ), [[uo|lzoe®)s U1z (®),
| follLt(r2) and ||ho||z1(r). By Gronwall’s lemma, it follows
1020 (8)] e ) < C,

where C' > 0 is a constant depending on T, |[ug || po ®), |uollzo®); U1z ®),
| follzt (2), [[hollz1(r) and [[hol| o (r). Similarly, in view of (10), we deduce for
any t € [0,T]

(13) 0™ ()] Lo =)

t
< (at+ 5+ ct?)[uoll e ey + Ul m)
5 ct?
+ (1 + ct®)|Jur || Lo w) + 7||f0||L1(R)
t S
+/ <Hh0||L1(R) + 2||h0HL°°(]R)/ ||6xu(n71)(T)HL‘X’(R)dT)dS
0 0

t
< O Ahollzqmyt | 10,47 D(s)|mads <
0

where C' > 0 is a constant depending on 7', |[ug || po w), |uollzo®)s U1z ®),
|l foll L1 (r2), [[oll 1y and ||ho||Le- (r). Hence, we obtain ||p(n)(t)||Loo(]R) <C.
Next, for 0,,u™, we have the following expression

(14) Dpau™ (8, 2)

- %(m(m +t) +uo(x —t)) — i(ug(m 1)~ (z — 1))
+ %(%'(SU + ) +ug (z — 1))
+ %(u’l(:c +t) —uj(x —t) + i(ul(x ) 4wz — 1)
- ;/:T JQ(t;f |;Ify_|2y2)u0(y)dy
_;Ajhﬁpfﬁ%;%?@_m%dm@

2

+1/Hhu 2o yP)

2 x—t t2 - |$ - y|2

1 (/B Te—aP)

- u d

2/, PR r—b |ac = y|2 1(y) Y

1 t

=50 ([ s = 8) = o5, = (¢~ s)s)
0

(x —y) u1(y)dy

_|_

—iATAmQx+@—s»—¢“@x—@—ﬁﬂ“‘ﬁw
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_/ /Hts oy MO =P

(t=2) Vt—s) =z =yl
L B e —yP) o
‘/ / (t— S) ) (t—s)Q_ |33—y|2 ( y) dyds.

Since JS—(Q) is uniformly bounded, we get
)2

(15)  0zat™ (O 1o )

t
< (et® + et [Juol| oo r) + ol m) + llugllpe gy + (ct + ct®) [[u[| Lo )

et ct? 1 K
(G + ol = 50 [ 05,0+ (¢ = 9)as)

1
+§m(/ o) (5,2 — (1 — )ds) + /’wm> )l oo ) ds
0
t
x(/pwww+@f@mg\
0

! &(/Otp(")(s,x— (t—s))ds) )

1
<C+ =
S +2

3

where C' > 0 is a constant depending on T, |[ug ||z ®), |uollzo®)s U1z ®),
. t
|l foll Lt (m2), ||ho||L1(R and ||ho||=r). Taking D (t,x) = [; p™ (s, x £ (t —
s))ds, it remains to estimate the LOO norm of 9,DE. For any test function
n(z) € CL(R), we have

‘/zxﬂaxm%me
R

t
_ / FO (8,2 % (t — 5), v) (2)dwdvds
0 JR2

t
= / F™ (s, z,0)n (x F (t — s))dzdvds
o Jre

¢
= fo(x,v)/ 7' (X™ (5,0, z,0) T (t — s))dsdzdo.
R? 0

For simplicity, we denote X (™ (s) = X (5,0,z,v), V") (s) = V(")(s,0, z,v).
For any t € [0,7] and n € C}(R), we have

/0 o (XM (s5,0,2,0) T (t— 5))ds

= /t [ (L VO)) = VO )31+ VO (s) 2]
0

d

- {nx () F (£ = 5)) fds
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[ (1 VYD) = VO )14 [V @) (X (1)
—[E A+ PR) = o/ TP F 1)
- [ S [F 0V v i v

A (s) F (¢ = 5)) bds
21+ VIR PI(X M (1)) +2(1 + [0 )n(x F 1)

+ 4/0 (L + V) N0sul™ ™ (8)| oo gy (X ™ () F (¢ — 5))Ids.

IN

Since [|0;u" "V (s)|| < (r) is bounded, it comes
(a6 | /R D (t,2) (x)da
=2/, Fola,0)(L+ [V @)1 (X ™ (t))|dado
2 [ fola o)1+ 1P n(e 7 )ldodo

+c/ folz, v)(1+ [V ()X (s) F (¢ - 5))|deduds,
0 R2

where C' is a positive constant depending on 7. To proceed further, we need
the following lemma:

Lemma 3.1. Assume that [, |v["ho(v)dv < +o00. Then for any v € N, we

have || [ [v]" FT (-, 0)dv|| Lo 0,1)xr) < C, where (™) is the characteristic
solution of system (6).

Proof. Applying the similar argument in (11), since 9,u(~ is uniformly
bounded we get

/\v|7f(”)(t,x,v)dv

R

_ /\wfo(X(”)(o,t,x,u),v<n>(o,t,x,v))dv
R

< /\who(v(”)(o,t,x,v))du
R

R(t)

—R(t) 400
< / (o "ho(v + R(t))dv + / (o] (v — R(t))dv + / (o] hod
P R(t) —R(t)

—R(t)
< o/_ (lo+ RO + B ) ho(w + R(t))do
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R(t)

+ O/M (|11 “ RO + R(tw)ho(u — R(t))dv + / o] hodv

R(t) —R(t)

R(t)
<€ [ ol hoo)do -+l + halliece) [ ol
R(t)

<0 [ oPho(wydo + (ol i + holl<qo))
R
where C' only depends on T, ||ho| 1 (r), [|hollze®) and |[|[v|"hol| 11 (w)- O

In view of Lemma 3.1, we have

(17) / folz, v)(1+ VO (£)2) (X () dard

/In X (¢ |/f”>tX”>>v<"><>>

(14 [V (#)2)av ™ (#)dX ™ (t)
< C||77||L17

where C' is a positive constant depending on T and [|ho(1 + [v]?)||1(r). The
last term in (16) is analogous. In addition, we have

(18) | o)1+ oP)lnta % oldads

IN

[, mo@)1 + oP)ivlata 7 lda

A

= ||77||L1(R)/R(1+ [v|?)ho (v)dv.

Taken together, for any 7 € C}(R) we get

/Di t, ) dx) < Clnllzs,
which implies [|0; D[/« (&) < C where C is a positive constant depending on
T and |\ho(1 + [v]?)]| L2 () Therefore, by (15) we obtain
”amu(n) (t)”Loo(]R) <C,

where C' > 0 is a constant depending on T', [[uol| Lo (r), [ugllzo®), [|ug |z ®),
||U1HLOO(R), ||fOHL1(R2)7 ||h0||L00(]R) and ||h0(1 + ‘U|2)HL1(R)- Similarly, we have
[|0r2u™ ()] Lo gy < C. By (7), it comes

197u™) ()| e ) < 1022t™ ()| ow () + 0™ ()| oo ) + 0™ ()] oo ) < C,
where C' > 0 is a constant depending on T', [[uol|zoc (r), [[ugllzoe(®), [|ug | Lo ®),

||U1HLoo(]R), ||f0HL1(R2)a ||h0||Loo(]R) and Hho(l + |'U|2)||L1(]R)- Hence, we get
1076 (6)] oo ) + 1020t ™ (t) | oo ) + [1020ul™ (1)]] oo (k)
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(.. 24 H <
| e opkal, <o

Step 2. Convergence of the iterations. In this step, we devote to proving
that the sequence {u(™} is a Cauchy sequence in C*([0,7] x R) and converges
to some u. We fix two indices m and n. f™ and f(" are denoted to be
the characteristic solution of equation (6) corresponding to u(™ and (™. In
consideration of (8), for any ¢ € L*(R) and t € [0, 7], we have

(19)

/ (™ — ™) (y)dy

s [ = s smcw

“a—yi<t- s}JO(\/(t*S) — |z — y|?)dzdvdsdy

_ 1 / /R 2 FOm £ (5 2, v) /x 3:::) ¢(y)

Jo(\/(t — 5)2 — |z — y|2)dydzdvds
1 XM (s)4(t—s) 2 :
B *5/0 2 fo(z’”){/ C(y)Jo(\/(t—s) X (5) — y[2)

X (m)(s)—(t—s)

X (8)+(t—s)
~dy — / C(y)Jo(\/(t —5)2 — | X (s) — y|2)dy| dzdvds.
X ) (s)—(t—s)

Noting the uniform boundedness of Jy(-), we deduce

X(m) (8)+(t—s)
e |[ C) Iy (¢ — 92— (XM (s) — yf2)dy

(m)(s

X<”><s>+<tfs>
-/ C(y)Jo(\/ (= )2 = | X" (5) — yl2)dy

X (s > (H)

)/X< ™) (s . ( )[Jo(\/(t—s)2_|X(M)(3)_y|2)

(m) (5

- JW@ — )2 = [X(s) — y12)|dy

XM (5)—(t—s)
+| [ ()Tt )2 — X 0(s) )y
XM (s)—(t—s)

N ‘ /X“")(() (t=s) C(y)Jo(\/(t —5)2 — | X(™)(s) — yP)dy)

X () (8)+(t—s)

)/X(m) 8)+(t—s) G )[JO(\/(t—S)Q — | X(m)(s) — y|2)

X (s)—(t—s)
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— oy (£ = )2 = [X0)(s) = yP?) | ay]

XM (s)—(t—s) XM (s)+(t—s)
+C‘/ dy‘—f—c‘/ C(y)dy|.
X () ()~ (t—s) X () (5)+(t—s)
Let g(z) = \/(t — 5)2 — [z — y[?, then we have
(21) [ To(g(X ™ (5))) = Jo(g(X ™ (5)))]
< | XM (s) = XM (s)]

<e /||a W D7) — BV (1) | o -

Combining (21), (20) and (19), we have
(22)

/ (™ — ™) (y)dy
R

t
< ellCllme [ 1o (r) = D) | dr
0
t X (™) (s)—(t—s)
+c/ fo(z,v) / C(y)dy’dxdvds
R2 X ) (s)—(t—s)
X0 (5)4(t—s)
/ fo(z,v) / C(y)dy‘dxdvds
R2 X () (s)+(t—s)
< ell¢llzr e / 192D (7) = 9, (7)) ey

t
+C/O /R|C(y)|/]R2 fo(@,0) 1y x 00 (s) 4 (t—s) | <| X ™) (5)—x () (s y A VDY d5

t
+C/O /RK(ZIN/RZ Jo(@, )L, x 00 ()= (t—s)|<| X ) (5)— X () () y dTAVAY .

Applying Lemma 2.1 and Lemma 3.1, it comes for any s € [0, ¢]

(23) /R Jo(@, 0) 11— x0 (5) = (-5 | < X ) (5)= X (0 (5) AT A

- /Rl{\y*X(m(S)*(t*S)Ker Jo 182u(m = (1) =8y uln=1) (1) || poo gy dT}

- / £ (5, XM (5), V0 (5))dV M (5)d X ) (5)
R
<[ 7wl = oy

t
e@s / 0™ =D (7) — pu™ V(1) || poo () dT
0
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t
<0 [ 0™ () - 0,4 V(01w rydr
0
where C' > 0 is a constant depending on T', [[uol|zoc(r), |ugllzoe®), [|ug |z ®),

utll Lo ry, I follLrme), [1hollzee(r) and [lho(1 + [v]*)[|L2 ). Substituting (23)
into (22), for any ¢ € [0, 7] and ¢ € L'(R), we obtain

t
/(u(’”> —u™)¢(y)dy < C”CHLI(R)/ 00D (7) = 0pu =V (7) || ooy .
R 0

Thus, we have for any ¢ € [0, 7]

(24) [[ul™ () - u omﬂm<c/nawmlm Dot ™ D7) e gy

where C' > 0 is a constant depending on T', [[uol| e (r), [[ugllzo®), [|ug |z (®),
lutll Lo ®)s 1foll 222y, [1holl Lo =) and [[ho(1 + [v[*) || L1 (m)-

As for the spatial derivative in term of u(™ — u(") for any ¢ € L*(R) and
t € 0,77, using (9) we have

:1 ¢ (m)_(n)sm_ 9 V() dedvds
/‘Alf F) (s, 2 = (t = ), 0)¢ () dwdvd
- 7/ R? (o M (s, 4 (t — 8),v)¢(x)dzdvds

i) ”f ;/ e}

RAV(EDE —n—yn(
Vi3 ey

1
= 5(11 + 1 + I3).

x — y)dy((x)dxzds

Next, we estimate I1, I and I3 separately as follows. For I;, we have

I

/fo(x,v)/ C(X(m)(s)—i—t—s)—C(X(")(s)—l—t—s)}dsdxdv

/.m/ (14 VPR + VO (3) /11 [V ()]
R2
XU (8)+(t—s)

dudsdzdv
g PR

/R2f0/ 1+\V(”) |2+V () 1+|V(”)(5)|2}
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d X" () +(t-s)

- — u)dudsdxdv
dS X(n)(t) C( )

= [ folwv)] /M Cu)du(1+ o +vy/T+ToP?)

R2 X(nz)(t)
t X ™) (s)4(t—s)
+/ L (vemgs) 1+|v<m>(s)|2+1+|v<m>(s)\2)/
0 ds X(""')(t)
C(u)du(l + v +vy/1+ \U\Q)
t
d
_ (n) (n)(g)|2 (™) (5)|2
| @@ OR £ 1+ v e)P)

X (s)+(t—s)
. / ¢ (u)duds} dxdv
X () (t)

x4+t

- ((u)duds — /

X (1)

XM (¢)
= [ ) [ it o o TP de
RQ

X (m) (¢)
! 14 2|V (M) (g)|2
~ [ st [ [(vime + DD
R2 0 1+|V(m)(s)|2
X0 (8)4(t—s)

D™ (5, X (5)) / (o)

X (m) (¢)
1+ 2V (s)[? )
L+ [V (s)P

X (5)+(t—s)
. Bmu("_l)(s,X(")(s))/
X () (t)

- (2V(”)(s) +

C(u)du] dsdzdv.

Note that
1+ 2|V(m)(s)|2
1+ [Vm(s)]2

X("")(s)-i-(t—s) 1 2 V(n) 2
/ C(u)du—<2V(”)(s)+ 2V )

(2v 0 (s) + )00 (5, X(s))

X0 (1) VIH[VM(s)2
X (5)+(t—s)
-awu(”_l)(s,X(")(s))/ C(u)du
X () (t)
x (m )(t)

O+ Vi (s)| /
X (1)

X0 (s)+(t—s)
e+ V)] [ <u>du\
X m) (s)+(t—s)
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XM (s)+(t— s)
+)/ )du‘

X (1)
14 2]V (5)[2

L+ [Vm)(s)[2

— 9,um Y (s, X" (s)) <2V(")(s) v

| (2vems) + ) D(s, X (5))

142V ()2 >’
1+ |V)(s)[2
and

14 2[V ™) (s)|? )aﬂu(mfl)(& XM (s))
L4 [Vm(s)[2/

1 2 (n) 2
_ (gv(n)(s) + 1 2Vi(s)[
T V0P

< 414 V()] [ 5, X0 (5)) = D,V (5, X(5)
+ e ul™ 1 (5, X0 () [V () = V) (5))|
< C(1+ W ($)]) (I0ru 1 (5) = D™ (8)] 1< r)

(QV(m)(s) +

)awu(”_l)(s, XM (s))

+ X (s) = X0V (s)] 4 [V () = VI (s)]),

where C' > 0 is a constant depending on T, [[uol|Loc(r), [[ugllzoe(®), [|ug Lo ®),
||U1HLOO(R), ||f0HL1(R2)a ||h0||Loo(]R) and Hho(l + |U|2)||L1(]R)- Then we get

t x(n )
IL < C/ fo(z,v) [1+|v\2+/ (14 v ds ’/ u)du’dmdv
R2

(m)
XM (8)4+(t—s)

+C fo(x,’u)/ <|V(m ) +1 ‘/( o (u)du‘dsdxdv
R2 ™) (t)+(t—s)

26)  +C [ folao) / ‘/X( e () (1 + V) (s))

(n) ()

(Haxu(m—l)(s) — 0™ (s) | ooy + 1 X ™ (5) — XM (s)]

VM (s) — V(”)(s)|)dsdxdv
= Iy + Io + I13.

Noting that fot(l + [V (s))ds < (1 + |v)), 1+ |v2 < CA + |[VM(1)]?),
Lemma 2.1 and Lemma 3.1, we obtain

i <C [ a0+ veor [ |l
R2

“Ly—xom @)1<|x0m @)= x 0 (0 Ay ddv
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<c [ few| [ £ x 0.y @) v o)
R R2
"Ly = X (1) <@t [ [0putm =D (1) =By uln=1) (1)]| oo (zydr } FYALAV

< Clluw| [0+ |v|2>f<~,~,v>de

L= ((0,T)xR)

/ 10,0 (7) — D™D ()] oy

< ClCllpm / 10,6 (7) — By ()| oy I

and

X () +(t—s)
I3 < c/ folz,v)(1 + [V () ‘/ u)du‘
<n)(t

- / [Hazu(m_l)(é’) — 9u" N (5) | oo )
0
t
+ eQS/ (0™ () — 8¢u("*1)(7)||L°°(R)dT] dsdzdv
0

t
< Clclage) [ 100 () = 0D ()

where C' > 0 is a constant depending on T', [[uol| Lo (r), [ugllzoc®), [|ug |z ®),

il Loy, Il follzr 2y, lhollee ) and |lho(1 4 [v]?)||L1(r)- Since I1p is similar
to Ii1, it is not difficult to find that

e < Clcllasge [ 10 (0) = 00~y
Thus, t
B < Ol [ 100 = ) | i
where C' > 0 is a constant depending on T', [[uol| Lo (r), [ugllzoc®), [|ug |z ®),

1wl oo mys | foll L1 r2), 1ol e (r) and [[ho (14 \v|2)\|L1(R). Analogously, we can
establish similar estimates for I5. The last term I3,

a+(t—s) J1 Vit —5)2 — |z — Xmm(s)]2)
/// - f st V=97~ [z = X0 ()P

m S (V/(t—5)>—[e =X (s)[?)
(z— X (s))— V=82 —|z— X (s)]2

t Z,W (M) () — X (8)|dzdw|C(x)|dzds
gc///m, )X (5) — X(5)|dzduw|¢ ()| dwd

<c// folzsw) Qt/ 10:6™ D (7) — By ()| ey
R2

(x— X" (s))|dzdw((x)dzds
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~drdzdw|((z)|dxds

t
< CHCHLl(R)/O ||3zu(m71)(7) - axu(nfl)(T)HLOO(R)dT,

where C' > 0 is a constant depending on 7" and || fo| 1 (r2). Hence, we obtain

t
105w (t) — 0ul™ (t)]| ooy < C / 10,0 ™V (1) — 9,u "V (7)|| Lo (mydT,
0

where C' > 0 is a constant depending on T, [[ugl|zoc (r), [|ugllLoe(®), [|ug Lo (®),

||U1HLoo(]R), ||f0HL1(]R2)7 ||h0HLoo(]R) and ||h0(1 =+ ‘U|2)HL1(R)- By induction, we
have

t
(27) 102u™ (8) = 0pu™ (1) | Lo (r) < C— =0 as n — oo,
n.

for any n € N and ¢ € [0,7T].
For the time derivative in term of u(") — u("), we have this expression

1 t
D™ _ ppum — _ L / / (F™) = F) (s, — (¢ — ), v)duds

// (5,2 + (£ — s), v)dvds
//i: ;/f o)

Vit =52~z —yP? )(

— y)dyds.
\/(t—é‘) — |z =yl
Using a similar argument as in 9,u(™ (t) — 8,u(™(t), we get the estimate
(28) 10:ut™ () — 0™ (1) | Lo~ (m)

t
<c / 10,6V (1) — By u ™V (1) | ey -
0

It follows from (24), (28) and (27) in which {u(™} is a Cauchy sequence in
C*([0, T] xR). Without loss of generality, we may assume that {u(™} converges
to some u as n — oo. By the definition of the mild solutions to the system
(1)-(3), (f,u) solves the system (1)-(3).
Step 3. Uniqueness. Let (f), u(®)) with k = {1,2} be the two mild solutions
to the system (1)-(3). Similar to the proof in Step 2, we get for any ¢ € [0, T
[ut () = u® (O] oo ) + 10000 () = Bpu® (8) | oo ()
+ 10D (1) = 0,u (8) ]| L~ (r)

t
<c / 10,6 (r) — 8,0 (7)]| o gy
0

Hence, the uniqueness follows directly by Gronwall’s lemma.
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