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NEGACYCLIC CODES OF LENGTH 8p® OVER Fpm + ulFpm

CHAKKRID KLIN-EAM AND JIRAYU PHUTO

ABSTRACT. Let p be an odd prime. The algebraic structure of all nega-
cyclic codes of length 8p*® over the finite commutative chain ring Fym +
ulFpm where u? = 0 is studied in this paper. Moreover, we classify all
negacyclic codes of length 8p® over Fpm 4 uF,m into 5 cases, i.e., p"™ =
1 (mod 16), p™ = 3,11 (mod 16), p™ = 5,13 (mod 16), p™ = 7,15
(mod 16) and p™ = 9 (mod 16). From that, the structures of dual and
some self-dual negacyclic codes and number of codewords of negacyclic
codes are obtained.

1. Introduction

The class of constacyclic codes is an important class of linear codes in coding
theory. Many optimal linear codes are directly derived from constacyclic codes.
It includes a subclass of two classes, i.e., cyclic codes and negacyclic codes.
Constacyclic codes have practical application as they can improve efficiency
for encoding with shift registers. Moreover, in negacyclic codes, the dual code
of each negacyclic code is a negacyclic code. This is the reason why negacyclic
codes are interesting.

The negacyclic codes of length n over a finite field F are classified as poly-
nomial generators (g(x)) of the ambient ring % where g(z) is a divisor
of 2™ + 1. When the code-length n is relatively prime to the characteristic of
the finite field F, the code to be simple root code. Otherwise, it is called a
repeated-root code which was first studied since the 1970’s and 1980’s by sev-
eral authors such as Massey et al. [2], Falkner et al. [15], Roth and Seroussi
[19]. Nonetheless, the repeated-root codes over finite fields were researched in
the more general properties in the 1990’s by Castagnoli et al. [2] and van Lint
[17] where they showed that repeated-root cyclic codes have a concatenated
construction, and asymptotically bad. Therefore, the repeated-root codes are
interesting because they have rich algebraic structures.

The constacyclic codes over Fy 4+ ulF5 are very interesting because the struc-
ture of Fy + ulF5 is lying between Fq2 and Z4 in the sense that it is additively
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analogous to Fy2 and multiplication analogous to Z4 (see [1,5]). Moreover, the
cyclic codes over Fao +ulFs can construct to be DNA codes for computing which
is important for biology (see [16]). So, many mathematicians are interested in
cyclic codes over Fy + ulFy and study the codes which are more general than
cyclic codes over Fy +ulFy, i.e., constacyclic codes of length n over Fpm +ulF pm.
The classification of codes is important in studying their structures but it is
hard to classify them. In studying the repeated-root constacyclic codes over
Fpm + ulFpm, it is difficult to study the codes of length n. In number the-
ory, we see that any integer n can be expressed as n = pi'p5*---p;* where
i,k,s; are positive integers and p; is a distinct prime, 1 < ¢ < k. Therefore,
we first study the codes of length p°® and generalize to ¢p°® where p and ¢ are
relatively primes. Dinh et al. got the results of classifying constacyclic codes
of certain lengths over certain finite fields or finite chain rings. Furthermore,
they established the structures of constacyclic codes of length 2p® and 3p® over
Fpm (see [7,8]). In 2004, cyclic and negacyclic codes over finite chain rings
are studied by Dinh and Lépez-Permouth (see [11]). They have obtained the
algebraic structure of negacyclic codes and self-dual negacyclic codes of length
2! over Zgm. In 2005, Dihn [4] determine the algebraic structure of negacyclic
codes of length 2° over Galois rings. However, they obtain that Hamming dis-
tance and the weight distribitions of such negacyclic codes. In 2009, Dihn [5]
investigated all constacyclic codes of length 2° over the Galois ring Fo + ulFo
where u? = 0. They first obtain the structure of (1 + uy)-constacyclic codes
of length 2° over GR(F2 + ulF3,m) for any nonzero element v € Fom. Using
the structure, they derive the Hamming distances of all codes. In addition,
they get the structure of cyclic codes of length 2° over GR(Fs + ulF5, m) and
the number of codewords. After that, they define one-to-one correspondence
between cyclic and «a-constacyclic codes, including (1 4+ wy)-constacyclic and
(a4 ufB)-constacyclic codes where nonzero elements «, 8 € Fam. In 2010, Dihn
[6] determined in the algebraic structures of constacyclic codes of length p*

over Fpm 4 ulFpm and their dual codes. He obtained that the all ideals of a
(lem, +u]FP7n ) [a:]

local ring ey when XA € Fpn\{0} but it is not a chain ring. For
A = a+ uf where a, 5 € F,m\{0}, he got W is a chain ring. In

2014, X. Liu and X. Xu [18] obtained that the algebraic structure of cyclic and
negacyclic codes of length 2p® over F,m + ulFpm. Using Chinese Remainder
Theorem, they obtain that the structure of such cyclic and negacyclic codes
forp=1 (mod 4), or p =3 (mod 3) and m is even. For p =3 (mod 4) and m
(FpTxtﬁFjg)[z] is
a local ring with the maximal ideal (u,z? + 1). In 2015, Dinh et al. [14] got
the algebraic structures of negacyclic codes of length 2p* over Fpm + ulFpm and
their dual codes. They divide the structures of such negacyclic codes into 2
cases: p™ = 1 (mod 4) and p™ = 3 (mod 4). When p™ = 1 (mod 4), each
negacyclic code is represented as a direct sum of a —a-constacyclic code and

is odd, they derive the algebraic structure of the quotient ring
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an a-constacyclic code of length p*. For p™ = 3 (mod 4), each negacyclic code
is classified into 4 distinct types of ideals. Moreover, they get the algebraic
structures of constacyclic codes of same length over same ring (see [3]). For
such A-constacyclic codes, they divide the structures into 2 cases: A = a + uf
or A € Fpm. When X is a square, by Chinese Remainder Theorem, they obtain
the structure of such constacyclic codes. For A is not a square and A = a+ uf,

they get that %
square and A € F,m, such constacyclic codes are classified into 4 distinct types
of ideals. In 2018, Dinh et al. [12] determined the algebraic structures of ne-

gacyclic codes of length 4p° over Fpm + uFp= and their dual codes. Moreover,
(Fpm tulym)[z] (Fpm tulym)[z]
((z? +pva+1)P%) ((z24psz—1)7")
62 = =2 or v2 =2 and p € {—1,1}. Thus, we focus on the negacyclic codes
of length 8p°® over F,m + ulF,m to determine the structures of such negacyclic
codes and their dual codes.

The aim of this paper is to determine structures of negacyclic codes of length
8p® over Fym +ulF,m (u? = 0) where p is an odd prime. We divide the structures
of such negacyclic codes into 5 cases: p” =1 (mod 16), p™ = 3,11 (mod 16),
p™ = 5,13 (mod 16), p™ = 7,15 (mod 16) or p™ = 9 (mod 16). Moreover,
we obtained that the number of codewords for each negacyclic codes and the
algebraic structures of dual codes of such negacyclic codes. However, we use
the technique in the paper [12] to investigate our aim. The remainder of this
paper is organized as follows. Preliminary concepts is shown in Section 2.
In Sections 3, 4, 5, 6 and 7; we give the structures of negacyclic codes of
length 8p° over Fm +ulFpm. When p™ =1 (mod 16) (Section 3) or p™ = 5,13
(mod 16) (Section 5) or p™ =9 (mod 16) (Section 7), using Chinese Remainder
Theorem, we obtained the structures of such negacyclic codes. For p™ = 3,11
(mod 16) (Section 4) or p™ = 7,15 (mod 16) (Section 6), we use some square
elements to obtain that the structures of such negacyclic codes.

is a chain ring. The remaining case, A is not a

they determined the ideals of the rings and where

2. Preliminaries

All rings are commutative rings with identity. An ideal I of a ring is called
a principal ideal if it is generated by a single element. A ring R is said to be
a principal ideal ring if its ideals are principal ideals. R is called a local ring
if R has a unique maximal right (left) ideal. Furthermore, a ring R is called
a chain ring if the set of all right (left) ideals of R is linearly ordered under
set-theoretic inclusion. The following equivalent conditions are known for the
class of finite commutative rings with identity.

Proposition 2.1 ([14]). Let R be a finite commutative ring with identity. Then
the following conditions are equivalent:

(i) R is a local ring and the maximal ideal M of R is principal, i.e., M =
(r) for some r € R,
(ii) R is a local principal ideal ring,
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(iii) R is a chain ring with ideals (r'), 0 < i < N(r), where N(r) is the
nilpotency index of r.

Let R be a finite commutative ring with identity and A be a unit of R. A
code C of length n over a ring R is a nonempty subset of R", and the element
of the ring R is referred to as the alphabet of the code. If this subset is also
an R-submodule of R™, then C' is called a linear code. The A-constacyclic shift
7x(A-twisted) on R™ is the shift

Ta(Cos €1y vy Cno1) = (Aen—1,C0,C1, .+, Cp_2).

A linear code C is called a A-constacyclic code if 7)(C) = C, i.e., if C is closed

under the A-constacyclic shift 7. If A = —1, this code is called a negacyclic
code and if A =1, it is called a cyclic code.
Each codeword ¢ = (cg,c1,...,¢n—1) is identified with its polynomial rep-

resentation as c(z) = co + c1x + - + ¢,_12" ! and the code C is identified
with the set of all polynomial representations of its codewords. So, in the quo-

tient ring <£[f])\>, xe(x) corresponds to the A-constacyclic shift of ¢. Thus, the

following fact is well known and straightforward:

Proposition 2.2 ([14]). A linear code C of length n over a ring R is a A-
R[]

constacyclic code if and only if C is an ideal of the quotient ring =y -

Given n-tuples = (2o, Z1,..-,2Zn-1),¥ = (Yo,Y1,---+Yn—1) € R™, their
inner product is defined as usual

T-Y=2xoYo +T1yY1 + -+ Tp_1Yn—1,

evaluated in R. Two n-tuples z,y are called orthogonal if z-y = 0. For a linear
code C over R, its dual code C* is the set of n-tuples over R that codewords
in C* are orthogonal to all codewords in C, i.e.,

Ct={z:2-y=0,YycC}.

A code C'is called self-orthogonal if C C C+ and it is called self-dual if C = C*.
Moreover, C'is called isodual if C permutationally and monomially is equivalent
to O (that is, C* can be obtained from C by permuting the coordinates and
multiplying certain coordinates by certain constants). The following result is
well known.

Proposition 2.3 ([14]). Let p be a prime and R be a finite chain ring of size
p™. The number of codewords in each linear code C of length n over R is p* for
some integer k € {0,1,...,mn}. Moreover, the dual code C*+ has p' codewords,
where k +1 = mn, i.e., |C]-|C*+| = |R|".

In general, we have the following implication of the dual of a A-constacyclic
code.

Proposition 2.4 ([14]). The dual of each A-constacyclic code is a \™*-const-
acyclic code.
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In this paper, we determine of the algebraic structure of all negacyclic codes
of length 8p® over the ring R = F’Z:'z[;‘ L. The ring R consists of all p™-ary
polynomials of degree 0 and 1 in indeterminate u, it is closed under p™-ary

polynomial addition and multiplication modulo »?. Thus, R = ‘Zuz[)u I = {a +

ub: a,b € Fpm} is a local ring with the maximal ideal (u), and then, it is a
chain ring.
Let £ be a primitive (p™ — 1)th root of identity in F,m. Then

m

Fpm = {0,£,€%,...,67 ~1 =1}.
Moreover, we denote the order of element a by ord(a). Hereafter, we denote
the quotient ring of negacyclic codes of length 8p° over R as
Rlx]
NGET)
From Proposition 2.2, each negacyclic code of length 8p° over R is an ideal

of R. Moreover, by Proposition 2.4, the dual code of each negacyclic code of
length 8p° over R is a negacyclic code.

Definition 2.5 ([14]). If f(z) = ap + a1z + - - - + a,x", then the reciprocal of
f(x) is the polynomial f*(x) = a, + ar_17 + a0z + -+ + aga”.

By above definition, f*(z) can be expressed by f*(z) = 2" f(1). If I is an
ideal of R, then I* = {f*(z) : f(x) € I} is also an ideal of R.

Definition 2.6 ([14]). Let I be an ideal of R. We define A(I) = {g(z) :
f(z)g(x) = 0,Yf(x) € I}. Then A(I) is called the annihilator of I, which is
also an ideal of R.

From the above definition, we see that if C is a constacyclic code of length n
over R with the associated ideal I (which is an ideal of R), then the associated
ideal of C+ is A(I)*.

Lemma 2.7 ([14]).

(i) (f(x)g(x))" = f*(x)g" ().
(ii) If deg f > degg, then (f(z) + g())* = f*(x) + a8/~ d®9g*(z).
(iii) Let I = (f(z),ug(x)) be an ideal of R. Then I* = (f*(x),ug*(z)).

For each code C of length n over R, their torsion and residue codes are codes
over Fpm, defined as follows:
Tor(C) = {a € F. :va € C},
Res(C) ={a€Fyn :a+ube C}.
The reduction modulo u from C to Res(C) is given by
¢: C — Res(C), ¢(a+ ub) =a.
Obviously, ¢ is well-defined and onto, with Ker¢ = Tor(C), and ¢(C) =

Res(C). Therefore, | Res(C)| = % Thus, we have following proposition.
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Proposition 2.8 ([14]). Let C be a code of length n over R whose torsion and
residue codes are Tor(C) and Res(C), respectively. Then

|Cl = [Tor(C)] - [ Res(C)|-

To study the structure of all negacyclic codes of length 8p® over R, we
need to separate such negacyclic codes into 5 cases, that is, p™ =1 (mod 16),
p™ = 3,11 (mod 16), p™ = 5,13 (mod 16), p™ = 7,15 (mod 16) and p™ =
(mod 16). Firstly, we determine the algebraic structure and number of code-
words of negacyclic codes of length 8p* over R with p™ =1 (mod 16) in Section
3.

3. The case p™ =1 (mod 16)

In this section, we always assume that p™ = 1 (mod 16). By Proposition
2.2, we have that each negacyclic code of length 8p® over R is an ideal of the
ﬁ Since ¢ is a primitive (p™ — 1)th root of identity in F,m,
the polynomial %" + 1 can be expressed as

1= (B 1)

quotient ring 7

= (z - ) (@ =) (@ =) (@ =) (@ =) (@ =AM

(@ =) (z =12y

= (a7 =" )@ =) (@ =) (@ =) (@ —A)

(@ =AY (@ =) (2 — 41,

where y = £P"~1)/16,

Remark 3.1. 4" 49" =1 where 7,7 = 1,3,5,7,9,11,13,15 and i 4+ j = 16.
By using Chinese Remainder Theorem, we obtain that the algebraic struc-

ture of each negacyclic code of length 8p® over R in the following theorem.

Theorem 3.2. FEach negacyclic code of length 8p® over R is a direct sum of
AP PP ABPT TP AT AT 18D g d A ISP _constacyclic codes of length
p® over R. Moreover, |C| = |01||C’3|\C5||C7||Cg|\CHHC'13||015| where C' is a
negacyclzc code of length 8p° over R and C; is a v*P" -constacyclic code of length
p® over R wherei=1,3,5,7,9,11,13,15.

Proof. Clearly, for each i,j = 1,3,5,7,9,11,13,15 with i # j, (" — ") and
(xps — vjps) are pairwise coprime. By Chinese Remainder Theorem, we have
R . Rl Rig Rial Rl
@+ 1) (@ =) @ =) Gy Gy

Rlx] Rlz] Rlx]
(P® —%P%) = (ap® —y11P) T (gt — 410t
Let C be a negacyclic code of length 8p® over R. In light of Proposition 2.2,
C is an ideal of .50, C=C186C038C;dC;®Cy P Ci & Ci13® Cy5

(xgp +1
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where C; is an ideal of % where ¢ = 1,3,5,7,9,11,13,15. This means
that C; is an 77" -constacyclic code of length p* over R. O

Thus, the negacyclic codes C' of length 8p® over R can be represented as
a direct sum of AP°, 43P" A5PT ATP" 4907 A 11pT A 13DT and 4150 _constacyclic
codes of length p® over R. Note that the algebraic structures of all constacyclic
codes of length p® over R have been studied in [6]. Furthermore, by Proposition
2.4, the algebraic structures of dual codes of such negacyclic codes are obtained
as the following theorem.

Theorem 3.3. Let C = C1®C3HC5DCrBCoDC11 B C13DC5 be a negacyclic
code of length 8p* over R where C; is a " -constacyclic code of length p* over R
fori=1,3,5,7,9,11,13,15. Then ct+ = Ci150C130C110CHRCrCspC3eC.
In particular, ‘CJ‘| = |C1HC13||C5||C7‘|Cg||011||011||013‘|015‘

Proof. 1t is obvious that
Ci ©Cy ®Cr @C7r ©Cy ©Ci; ©Cf; ©C; ®Cfs C CH.
We consider that

|CT-1|C5[|C5 | |C7 || G| C1i | I CH [ Cis | | Ci|
_ |RIP"[RIP" [R]P” [RPP" |RP|R|P” |RP” |RP
—|Ci] [Gs| [Cs] |Cq| G| |Cua| [Chsl |Cas]
B |R|*"
— |CHICs]|C51|Cr (|G| Cra || Chs || Chs |
_ IR

C|

= |Ct.

Hence, C+ = Cf- @C5 ©CsaC+ a0 01 6Ci56Cis. Using Proposition 2.4,
the dual code Ci- is a 477" _constacyclic code of length p® over R where i+j = 16.
Therefore, the dual code C+ = Ci15 @ C13DC11 B Co®Cr & Cs ®C3dCy. O

From Theorem 3.3, we see that the dual code of negacyclic codes of length
8p® over R is an isodual code.

The following result can be found in [10, Section 5], and will apply to deter-
mine self-dual of negacyclic codes of length 8p® over R:

Let A be a unit of Fym. If A # A7!, a A-constacyclic code C of length p*

Rz

<w”5[—]/\>'
Hence, (u) is the unique self-dual A-cosntacyclic code of length p® over R.

Thus, (u) is the unique self-dual 47" -constacyclic codes of length p* over R
because v #£ P = (7"7’3)_1 foreachi=1,3,5,7,9,11,13,15 and i+j = 16.
Now, we obtain that the following result for self-dual negacyclic codes of length
8p® over R as follows:

over R is self-dual if and only if it is the ideal (u) of the quotient ring
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Corollary 3.4. Let C = C1 @ C3 D Cs B C7r @ Cyg & C11 & C13 D C15 be a
negacyclic code of length 8p* over R where C; is a v -constacyclic code of
length p* over R for i = 1,3,5,7,9,11,13,15. Then C = (u) is the unique
self-dual negacyclic codes of length 8p° over R.

4. The cases p™ = 3 (mod 16) or p™ = 11 (mod 16)

In this section, we assume that p™ = 3 (mod 16) or p™ = 11 (mod 16), and
then p™ = 3 (mod 8). This implies that p = 3 (mod 8). Thus, —2 is a square
element in Fpm, i.e., there exists § € F,m such that §2 = —2. We now consider

B f 1= (B 1)
= (2 — 2z + 1 + 2217
= ("~ 1) Sty
= (a* — 022 — )P (2 4 022 — 1)P".

Next, we give the properties for investigating the algebraic structures of such
negacyclic codes as the following lemma.

Lemma 4.1.

(i) The polynomial x2 + 1 is irreducible over Fpm.

ii e polynomial x* + 1 is irreducible over R.

ii) The polynomial x* + 1 is irreducibl R

iii e polynomials z* + adz — a® and x* — adx — a

iii) The polynomials ©* + adz — a® and ©* — ad
Fpm where a € Fpm \ {0} .

iv e polynomials ©* —dx* —1 and x* 4+ 0x* — 1 are irreducible over Fym.

iv) The pol jals vt — 522 — 1 and x*+ 522 — 1 irreducibl Fy,

v e polynomials x* — §z* — 1 and x* + dx* — 1 are irreducible over R.
The pol jals 4 — 622 — 1 and 2* + 522 — 1 irreducibl R

(vi) 2t — 2% — 1 and x* + 522 — 1 are coprimes in R[z].

2 are irreducible over

Proof. (i) Suppose that 2 +1 is reducible over Fpm. There exists 3 € F,m such
that 3241 = 0, implying that 3* = 1. If ord(B) = 1 or 2, then 32+1 = 1+1 # 0.
It is a contradiction. Thus, ord(8) = 4. This implies that 4 | (p™ — 1) and,
then p™ =1 (mod 4). It is a contradiction. Hence, 22 + 1 is irreducible over
F .

(ii) Suppose that 2% + 1 is reducible over R. There exists 3o +uf; € R such
that (8o +uB1)? + 1 = 0. We consider that

0= (Bo+ub)?+1
= B3 + u(26051) + 1.

This implies that 0 = 82 + 1 and 0 = 23,6;. It is a contradiction by Lemma
4.1(31).

(iii) We will show that 22 + adz — a? is irreducible over F,m. Suppose that
2?2 +adz — a? is reducible over F,m. There exists 8 € F,m such that 3% +adf —
a®? = 0. So, Bis aroot of z*+a? because 2t +a* = (2% +adz—a?)(2?—adzr—a?).
Thus, 8* + a* = 0, implying (3a~!)* = —1. This means that (Ba=!)® = 1.
So, ord(Ba~t) | 8, ie., ord(Bfa~!) = 1 or 2 or 4 or 8. If ord(Ba=1) = 1 or 2
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or 4, tgen 0=p*+a*=1+a* and thus a* = -1 = gpmz_l. Now, we have
a=¢"5. Thus, pm =1 (mod 8). It is a contraction. Hence, ord(Ba~!) = 8.
This implies that 8 | (p™ — 1), and then p™ =1 (mod 8). It is a contradiction.
Therefore, 22 + adz — a? is irreducible over Fym. Similarly, 2? — adx — a? is
irreducible over Fpm.

(iv) We will show that 2% — §z% — 1 is irreducible over F,m. Suppose that
z* — 6x? — 1 is reducible over F,m. There exist f(z),g(x) € Fpm[z] such that
2t — 022 — 1 = f(x)g(x).

If deg f(xz) = 1, then degg(x) = 3. So, there exists f € Fpm such that
f(B) = 0. Since

28+ 1= (2% —62% — 1)(a* + 02 - 1)
= f(z)g(z) (2" + 6a® — 1),

we have 3 is a root of #® + 1, implying that 3! = 1. Thus, ord(B3) | 16. If
ord(B) =1or2or4or8, then 32+1 =141 # 0. This means that ord(3) = 16.
So, 16 | (p™ — 1), i.e,, p™ =1 (mod 16). It is a contradiction.
If deg f(z) = 2, then degg(x) = 2. Let f(z) = 2% + az + b and g(x) =
x? + cx + d for some a,b, c,d € Fym. Then
2t =02 — 1 = f(2)g(x)
= (2% + az + b) (2 + cx + d)
=az* + (c+a)2® + (d+ ac + b)z? + (ad + be)z + bd.

Thus,

(4.1) c+a=0,
(4.2) d+ac+b= -9,
(4.3) ad + bc =0,
(4.4) bd = —1.

From (4.1) and (4.4), we get that ¢ = —a and b = —d~!. This implies that
0=ad+bc=ad+d ta=a(d+d?). So,a=00rd+d ! =0. If a =0, then
c=0. Thus, -0 =d+ac+b=d—d'. We consider that

—2 = (-4)?
= (d—d')
=d®>—2+4d72.

This means that d?> = —d~2, implying d* = —1. So, d® = 1. Now, we see that
ord(d) = 8. Thus, 8 | (p™ —1). That is p™ =1 (mod 8). It is a contradiction.
If d+d=! =0, then d* = 1. So, 4 | (p™ —1). Now, we see that p™ =1 (mod 4).
It is a contradiction. Similarly, z* + 6z — 1 is irreducible over Fpm.

(v) Suppose that z* — §z? — 1 is reducible over R. Then z* — §22 — 1 =

f(z)g(x) for some f(x),g(x) € R[zx].
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If deg f(x) = 1, then degg(z) = 3. There exists Sy + u51 € R such that
f(Bo+wuB) = 0. Since 28 + 1 = (2* — d22 — 1)(2* + 522 — 1), Bo + uB is a
root of 28 + 1. Thus, —1 = (B +uB1)® = B5 + 8uBf By, implying —1 = 8§ and
88581 = 0. Now, we have 36 = 1. So, ord(Bo) | 16, i.e., ord(By) = 1 or 2 or
4or8or16. If ord(By) =1or2or4or8 then B5+1=1+1+#0. Itisa
contradiction. Thus, ord(f5) = 16. This implies that 16 | (p™ —1), i.e., p™ =
(mod 16). Tt is a contradiction.

If deg f(x) = 2, then deg g(z) = 2. Let f(z) = 22 + (ag +uay)z + (bo + uby)
and g(x) = 22+ (co +ucy)x + (do +udy ) where ag, a, b, b, o, c1,do,dy € Fpm.
We consider

zt— ozt -1
= f(z)g(x)
= (2% 4 (ao + uar)z + (bo + uby))(x? + (co + ucy)z + (do + udy))
= 2* + (cot+ao+u(ci+ay))x® + (do+aoco+bo+u(dy +arco+ages +by))x?
+ (apdp + boco + u(ardo + apdy + bico + c1bg))x + body + u(brdy + body).

Thus, we have

co+ag+u(cy +ay) =0,
do + apco + by + u(dy + ayco + agey + by) = =4,
aodo + boco + u(ardo + apdy + bico + c1by) = 0,
bodo + u(brdo + body) = —1.

This implies that

(4.5) co +ag =0,
(4.6) c1+a =0,
(4.7) do + aoco + bo = —0,
(4.8) di 4+ aico + ager + by =0,
(4.9) aodg + bocg = 0,
(4.10) ardy + apdi + bico + c1bg = 0,
(4.11) body = —1,
(4.12) bidp + body = 0.

By Lemma 4.1(iv) and equations (4.5), (4.7), (4.9) and (4.11), it is impossible
to find ag, by, co, do. So, it is a contradiction. Hence, 2* — §2% — 1 is irreducible
over R.

(vi) Suppose that 2* — §z% — 1 and 2* + §2% — 1 are not coprime. By Lemma
4.1(v), ged(z* — 022 — 1, 2% + 622 — 1) = 2* — 522 — 1 or 2* + §2® — 1. This
means that —6 = §. It is a contradiction. Hence, z* — 2% —1 and z* + 622 — 1
are coprimes. ([l
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Using Chinese Remainder Theorem, we obtain that the algebraic structures
of negacyclic codes of length 8p® over R as follows:

Theorem 4.2. Let C be a negacyclic code of length 8p°® over R. Then
(i) C =1_s®Is where I_s and Is are ideals of ((14_(1;[?]_1),,5), (I4+£[ﬁl)ps>,
respectively.
(i) |C] = [T-5[15].
(iii) The dual code C* of C is given by C+ = A(I_5)* ® A(Is)*.
(iv) |CF] = [A(I-5)*||A(5)"].

Rz]

Now, we determine the ideals of the quotient ring @5 =17y where
ne {_13 1}
Proposition 4.3. FEach nonzero polynomial f(x) = ax3 + bx? + cx + d is

invertible in %

Proof. f a=b=c=0, then f(x) =d # 0 is invetible.
Ifa=b=0and c#0, then f(z) = cx +d.

f@)™ = (ex+ )~
=cla+ctd)™?
_ c_l(x N c_ld)ps_l(l' n c‘ld)—PS( 3 o lgp? 4 ((c_ld)2 +nd)z
— (e d)((c7 ) + d))
(@ — ¢ lda® + ((c'd)® + nd)x — (¢ d)((c ™ d)* + o))"
=c Yz +c )P @t — 7l da? + ((c'd)? + nd)
— (7t d)((c d)? + o))"
(2 + oz — (L) (1 d)? + o))"
= ¢ Yo+t (@ — e tda? + ((¢7d)? + nd)a
— () (¢ d)? + o))
((x* + 702" — (e d)2((c™2d)? +no))P )t
= o+ et T (@ — e da? 4 ((¢7Md)? + nd)e
= (eTr (e ) +0d))” (17 = (¢ d)* (¢ d)* +md))") ™!
= —c Mo+ 'd)P M@ - cMda® + ((c1d)? + no)x
— (e (D) + o)) (T ) +nd(eMd)? — 1)

Thus, f(z) is invertible if and only if (¢~d)* + nd(c~1d)? — 1 # 0. By Lemma
4.1(iv), we get that (¢c71d)* +nd(c~1d)? — 1 # 0. Hence, f(z) is invertible.
If a =0 and b # 0, then f(x) = bx? + cx + d. First of all, we will show that

2 iq : R[z]
x* + e is invertible over A Tns22 =)™

where a,b,c,d € Fpm.

where e € Fym. We consider that

s

(2 4+e) P = (@2 +e)P Hat—e4+ o) (22 +e) P (22 —e+no) P
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s

= (22 + )P " Ha? — e+ nd)P" (z* + nox? — €% + nde) P

= (e e ) () (6 ) )
= @2+ e @ — e ) (1) — (& +moe) P

= — (2% + )P "L a? — e+ nd)P (€2 + nde — 1)7P

Thus, x2 + e is invertible if and only if €2 +nde — 1 # 0. By Lemma 4.1(iv), we
have €2 +nde — 1 # 0. This implies that 2 + e is invertible. Now, we consider
that

f@) ™t =b2?+b ez +b1a) !
=b Y2+ b e+ b )P Tt — b e + b)Y
(22 + b rex+b71d) P (2 — b rex + b7 1) 7P

= b @+ b tex + b )P T (@ — b e + b)Y
(@' + (267 d — (b7 ¢)®)a® + (b™ )2)"’5
=b Y2+ b e+ b )P @ — b e + b)Y

(@ + (2071 — (b ) + (L))
= b @2+ b e + bt T (@ — b e + b)Y
((=ndz® + )7 + (267" — (b7 'e))a® + (b7 'd)*)"") !
=b Y22+ b e+ b7 )P @ — b e + b )Y
(27'd— (b ') —md)a® + (b 'd)> +1) 77"
Thus, f(x) is invertible if and only if (20~ 'd— (b=1¢c)? —nd)x?+ (b~ 1d)? +1 # 0.

If (2b='d — (b=1c)? —nd) = 0, then (26~ 1d (b7le)2 —nd)z?+ (b~ te)’ +1 =
(b7'd)*> + 1. By Lemma 4.1(i), (2b71d — (b7 te)? —nd)z? + (b~1d)2 + 1 #£ 0.

If (2b='d — (b1 ) nd) # 0, then (2b='d — (b7'c)? — nd)a?® + (b=1c)? +
1= (2b"'d— (b71c)? - 775)( - (( )2 +1)(207'd — (b7'c)?> —nd)~1). So,
(2b7td — (b7 te)? — nd)a? + (b~te)? + 1 is invertible because 2% + ((b~1d)? +
1)(2b=1d — (b~1c)? — )~ is invertible.

If a # 0, then f(z) = az® + ba? + cx + d. We now consider

fx)y ' =at2® +ab2® +atex +ad)
=a '@ +a b’ +aer + o )P T @ — o D)
x (23 +a"a® +atex + a7 d) P (x — a7 D) TP
=a Y2+ ab2? +a ter +a )P N — aD)P
x (z* + (a7 e — (a7'0)?)2? + (a7 'd — a%bc)x — a"2bd) 7P
=a (P +a bl +aer + 0P T @ — a7 D)
x (%" + (a7 te — (a710)?)2? + (a7 'd — a™2bc)z — a2bd)P") !
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=a NP +ab? + o tex + a7 d)P Tz — a7 tD)P
X ((—=nox? + 1P + (((a e = (a7 0)H)a? + (a7 'd — a2be)x
—a~2pd)P") "t
=a (@ +a b+ a e + a7t d)P T (@ — a7 MD)P

% ((a"Ye — (a™1B)® — yd)a® + (a~ d — a~2be)z — a~2bd +1)7".

s

Thus, f(x) is invertible if and only if (a=*c—(a=1b)2—nd) 2%+ (a = d—a=2bc)z —
a=2bd+1 # 0. Assume that (a=te—(a710)%2—nd)2?+(a td—a=2bc)z—a=2bd+
1=0. So,

(4.13) ate—(a"'b)* —né =0,
(4.14) atd—a"%bc =0,
(4.15) —a"?bd+1=0.

By (4.13), (4.14) and (4.15), we have ¢ —and = a~'b%, d = a=1bc and bd = a?,
respectively. This implies that

a’ = bd = ba"'bc = a”'b%c = (c — and)c = ¢* — andc.

So, a? + andc — ¢* = 0. By Lemma 4.1(iii), a® + andc — c* # 0. It is a
“le—(a71b)2—nd)2? +(a~td—a=2bc)r —a=2bd+1 # 0.

contradiction. Thus, (a
This implies that f(x) is invertible. d
Lemma 4.4. Let f(x) € %. Then f(x) can be unique expressed
as
p°—1
fz) = (agix® 4 bosx? + cosr + do;) (z* + nox? — 1)°
i=0
p*—1
+u Z (aux?’ + b2 + ez + dh-)(x4 +nda? — 1)i
i=0

3 2
= apox” + boox” + coox + doo

p°—1
+ Z (a()ia?s + bOi.’L‘Q + coix + dOi)<.’lﬁ4 + 775$2 — l)i
i=1
p*—1
+u Z (@12 + bysx? + crax + dy) (2t + nox? — 1)7,
i=0

where ag;, a14, boi, b1i, Coi, C1i, doi, di; € Fpm for 0 < i < p* — 1. Moreover, f(x)
is non-invertible if and only if agg = bog = coo = dogo = 0.

Proof. Let f(x) € %. Then f(x) can be viewed as a polynomial of
degree up to 4p® — 1 of R[z], and so f(x) = fi(z) + ufz(z), where fi(x), f2(z)



1398 C. KLIN-EAM AND J. PHUTO

are polynomials of degrees up to 4p® — 1 of Fm [z]. Thus, f(z) can be uniquely
expressed as

p°—1
f(l‘) = Z (aOiJL‘S + b0i$2 + co;x + d()i)(.r4 + 775332 — 1)i
i=0
p°—1
+u Z (@12 4+ byx? + crgr + dyg) (2* + nox? — 1)°
i=0
= agoz® + boox® + coo + doo
p°—1
+ (x4 + 7)5:02 -1 Z (aOix?’ + boix? + coir + dOi)(m4 + 775:172 - 1)“1
i=1
p°—1
+u Z (alia:“o’ + b1i$2 + crix + dli)(lA + "75332 — l)i,
i=0

where ag;, a1;, boi, b1i, i, €14, doiy di; € Fpm for 0 < i < p® — 1. Since z* +
néx2 — 1 and w are nilpotent elements in %, f(z) is non-invertible
if and only if app = bOO = Cpp = doo = 0. O

Theorem 4.5. The ring m 1s a local ring with the maximal ideal

(u, 2* +néx® — 1), and it is not a chain ring.

Proof. By Proposition 4.4, we have the set of all non-invertible elements of
% forms as <U, 374 +77(5$2 — 1> Thus, % is a local ring
with the maximal ideal (u,z* +nd2z? — 1). Next, we will show that a local ring

m is not a chain ring. If u € (z* 4+ ndx? — 1), then

p—1
u= (2t 4 nox? — 1)( Z (agiz® 4 boix® + cosx + dog) (z* + néx?® — 1)
i=0

p°—1
+u Z (a2 4 byx® + cpx + dyy) (2 + nox? — 1)%)
1=0
p°—1
= Z (aol’x?’ + boil‘Q + coix + dOi)(ar‘l + 775.132 — 1)i+1
=0
p°—1
+u Z (a1i$3 + bli.’L'z + ciix + dli)(x‘l + ’17(53?2 — 1>i+17
=0
where aol-,a”,bOi,bu,COi,cu,dOi,du S ]Fpm for 0 S ) S ps — 1. This 1mphes
that Z;f:gl(amxg + boiz? + coiz 4 do; ) (z* + néx? — 1)+ = 0 and (x* +nox? —
1)( fzal(alixg + blix2 + Cl_iz + dli)($4 + 7755172 - 1)1) = fzgl(alil‘g + bliSCQ +
cuiw + dy;)(x* + néx? — 1)1 = 1. Thus, 2* + nd2? — 1 is invertible. It is
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a contradiction. Clearly, z* + ndz? — 1 & (u) because u and x* + néx? — 1
are nilpotent elements with nilpotent index 2 and p®, respectively. Thus, the

quotient ring Elz]

sy 18 not a chain ring. 0

Proposition 4.6.

(i) Each nonzero polynomial f(x) = az® + bx? + cx + d is invertible in

% where a,b,c,d € Fpm.

. . Fpom [z

(ii) The ring Wﬂ%—ﬂéllw
as ((z* + néx? — 1)) for 0 <i < p* and

is a finite chain ring whose each ideal forms

() ={(a* +nda® — 1)) G- G (& +moa® — 1)) G - & ((&* + noa? — 1)°)
= (1).

Proof. (i) It follows from Theorem 4.3.
i) Let f(x) € # Then f(z) is a polynomial degree up 4p*
((z*+nox?—1)r")
and thus, f(x) can be expressed as

p°—1
flz) = Z (aiz® + bo;z® + cos + doi) (a* + nox? — 1)7,
i=0
where ag;, boi, coi, do; € Fpm. We now consider that
p°—1
flz) = Z (aOixS + boiz? + coix + dOi)(:zr4 +noa? — 1)
i=0
= agoz® + boox® + coor + doo

p—1
+ Z (G,OZ{E?) + bOiLUQ + coix + d()i)(x4 + 775$2 — 1)l
i=1
= agor® + boox? + cooz + doo
p°—1
+ (z* + nox? — 1) Z (agix® + bosx® + coir + do;)(z* + nox? — 1)1
i=1

This implies that f(z) is non-invertible if and only if ago = bog = coo = dgo = 0.
Moreover, the set of all non-invertible elements of %
(x*+ndz? —1). By Proposition 2.1, the quotient ring %
ring with each ideal forms as ((z* + ndz? — 1)?) for 0 < i < p°.

The proof is complete. O

forms as

is a chain

Thus, we characterize all ideals of T Rlz] as the following theorem.

@ Fnoa® 1)

Theorem 4.7. All ideals of m are
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o Type 1: (trivial ideals)
(0) and (1).
e Type 2: (principal ideals with nonmonic polynomial generators)
(u(z* +néz® - 1)"),

where 0 <1 < p® — 1.
e Type 3: (principal ideals with monic polynomial generators)
((z* +nox? — 1) + u(z* +néx?® — 1)'h(2)),
where 1 <1 < p°*—1,0 <t < i, and either h(x) is 0 or a unit which can
be represented as h(x) = Zj(hgjx3+h2jx2+h1jz+h0j)(x4+n5x2 —1)
with h0j7 hlja hgj, hgj € Fpm and h30x3 + h20I2 + hlol‘ + hoo 7& 0.
e Type 4: (non-principal ideals)
w—1
(x4 ndx?® — 1) 4u Z(aojl‘g+b0jx2+C0jl‘+d0j)($4+nél‘271)‘77 u(xt+ndz*—1)*)
§=0
for1 <i < p®—1, agj,boj, coj,doj € Fpm, and w < T where T is the
smallest integers such that u(z* + néx®> — )T € ((x* + noz? — 1)" +
u Z;J:_Ol (apjz® + bojz? + cojr + doj)(z* + ndx? — 1)7) or equivalently,
((x* +néx® — 1)  +u(z* +ndx? — 1) h(x), u(x* +ndx? — 1)) with h(x)
as in Type 3, and degh(z) <w —t — 1.

Proof. First of all, it is easy to see that ideals of Type 1 are trivial ideals. Let I
be an arbitrary nontrivial ideal of %. We processed by establishing
all possible forms that this nontrivial ideal I can have.

Case 1. I C (u): Then any element of I must be of the form u Zf;gl (agix®+
boir? + coix + do;)(z* + ndz? — 1)" where ag;, boi, coi, doi € Fpm. This implies
that there exists an element a(z) € I that has the smallest k such that agra® +
borx? + coxx + dox # 0. Hence each element c(z) € I have the form c(z) =
u(x* +néx? —1)F Efzgl (e0ix® + foix® + goix + ho; ) (z* +ndx% —1)"~F implying
that I C (u(z* + néx? — 1)*). However, we have a(x) € I with

p°—1
a(r) = u(x* + noz? — 1)]C Z (agix® + bo;x? + cosr + do;) (z* + nox? — 1)i_k
i=k

= u(x4 + 175£C2 — 1)k (a(]k.’E?) + bkaz + copx + dok

p°—1
+ Z (agiz® + bpix® + coix + do; ) (z* + ndx? — 1)i_k> )
i=k+1

From agrz> + bopx? + cop + doi, # 0, we can see that aorz® + borpx? + corx +
dox, + Zfzgil(a()ixz + bo;x + co;)(x* + ndx? — 1)~ is invertible, proving that
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u(x* +néx? — 1)k € I. Therefore, I = (u(x* + ndz% — 1)¥), which means that
the nontrivial ideals of m contained in (u) are (u(x*+ndz? — 1)),
0 <k < p® — 1, which are ideals of Type 2.

Case 2. I € (u): Let I, denote the set of elements in I which are reduced
modulo u. Note that I, is a nonzero ideal Qf the ring %,
finite chain ring with ideals ((z*4+nd2%—1)7) where 0 < j < p*. Then there is an
integer i € {0,1,...,p*—1} such that I, = ((z*+ndz%—1)%) C Fpm [o]

= (@i néz2—1)p°y)"
This follows that there exists an element

which is a

p°—1
c(z) = Z (agjz® + bo;x* + coja + do; ) (z* + nox? — 1)
7=0
p°—1
+u Z (a1j$3 + b1j$2 + ¢ + dlj)<$4 + 775.%'2 — l)J
7=0

R|z]
((z* + ndz2 — 1)P°)’

where ag;, a1, boj, b1, coj, €15, doj, d1; € Fpm such that (x?+ndz?—1)"+uc(x) €
1. Since

(z* + noz® — 1)" + uc(x)
p°—1
= (2t +nox? = 1) +u Z (agja® + bo;x? + coja + do;) (z* +ndx? — 1) € 1,
j=0
and u(z* + néz® — 1)F = u((z* + ndx? — 1) + uc(z))(z* + néa? — 1) e I
with i < k < p* — 1, we have (z* +ndz? — 1) + UZ;;B(aojmg + bo;x? + cojz +
do;)(z* +ndz* — 1)7 € I. We now consider two subcases.
Case 2& I = <(£E’4 =+ 77(5%2 — ].y + UZ;;E(GOJ{E?) + b0j1'2 + Coj.’E + doj)(lA +
ndz? — 1)7), then I can be expressed as
I={((z*+néx? —1)" +u(z? + ndz? — 1) h(x)),

where h(x) is 0 or a unit. If h(z) is a unit, then h(z) can be represented as
h(z) = Y02y (hsja® +hoja?+hyjo+hog) (2440022 —1)7 with hoj, b, haj, haj
€ Fym and hooz? + hiox + hoo # 0. it follows that I is of Type 3.

Case 2b. ((z*+ndz? —1)" +u Z:;;B(aojac:5 +bojz? + cojx + doj) (z* +nda® —
1)7) € I. Then, there exists f(z) € I\((z*+ndz?—1)'+u Z;;é(aojm3+b0jx2+
cojx + doj)(z* + néx? — 1)7). By Division Algorithm, there exist polynomials

T(x)aQ(m) € % such that

0#r(x) = f(z) —q(x) <($4 +ndz? —1)°
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i—1
+ UZ(CLOJ‘%S + bOjJUQ + Co; T + doj)(.??4 + 7]5332 — 1)j> S I,
7=0

where deg r(x) < deg((z*+ndz?—1)" +u Z;;B(aojxf‘ +bo; 2%+ cojx+doj ) (z* +
ndx? — 1)7). This implies that r(x) can be expressed as

i—1
r(z) = Z(TSJ"TS + T‘ijQ + rije + 7‘0j)($4 + 77(5:172 — l)j
Jj=0
i1
+ uZ(rgjx?’ + 1 + i@+ rg,) (2t + nda® — 1),
=0

where 70;,715,72;,737,70;,71;> T2, T3; € Fpm. Hence, r(z) reduced modulo u
is in I, = ((z* + néx? — 1)%), and thus, r3; = ro; = r1; = ro; = 0 for all
0<j<i—1,ie,r(x)= uZ;;i)(rgjxg’ + 7“’ng72 + T’ljx + r(’)j)(x4 +néx? —1)7.
Since r(x) # 0, there exists the smallest integer k, 0 < k < ¢ — 1, such that
i +rha? + i,z + ), #0. Then

i—1

r(z) = uZ(rgjxs +rha® + s+ ) (@t + noa® — 1)
j=k

= u(zt +nox? — 1)k (rékxg + rhpa® 4 e 4+ Tl

i1
+ Z (réjx?’ + réij + 7T+ r(’)j)(x4 +néa® — 1)j_k> )
j=k+1

i1
As i a3 +rh a? +rix+rl, #0, rhad +r’2kx2—l—rikx—l—r{)k—kzzzkﬂ(rgﬂ?’+

rhix? +rh w47, (2 +ndxz? —1)77F is an invertible element in m‘
Hence,
u(xt + nox® — 1)k
= (rya® + 1y x® + e + 1y,
i1
+ Z (Téjx?’ + réjxg + r’ljx + hf)j)(a:4 +néz? — 1)) "lr(z) € I
J=k+1
It has been shown that for any f(a:) € I\{(z* + noz? — 1)" + UZ;;B(aojxg’ +
bo;x? + cojx + doj) (x + ndz? — 1)7), there is an integer kf with 0 < ky <i—1
such that u(z*+ndz? —1)kr € I. Let w = min{k; : f(z) € I\((z*+ndz?—1)"+
u Z;;E(aojaﬁ +bo;jx? + coj +doj) (z* +ndz? —1)7)}. Then ((x* +ndx? — 1) +
u Z;;B(aojx?’ + boja? + cojx + doj) (z* +ndx? — 1) u(zt + ndz? — 1)) C I. In
addition, by the above construction, for any f(z) € I, there exists a polynomial
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q(r) € W;_j% satisfying

)
f(x) = q(@)[(z* + néa® — 1)
1—1

+ UZ(GOJ‘.’E3 + boj$2 + cojx + doj)(al‘4 + ’17(5$2 — 1)j]
=0

€ <u(x4 + 775x2 - 1)w>7
implying that

i—1

f(z) € ((z* +nox? — 1) + uZ(aojx3 + boja® + coj + doj) (z* + ndx? — 1)7,
j=0
u(z® +néx? — 1)¥).
Thus,
i1
I={((z*+niz*—1)" + uZ(aojx?’ + bojz? + cojz + doj) (z* 4+ noz® — 1),
§=0
u(z +néx? — 1)¥)
w—1
= ((z* +noz® — 1) +u Z(aojz3 + boja? + cojx + doj) (@ + nox® — 1),
7=0

u(z* +nox® — 1)¥).

Let T' be the smallest integer such that u(x* +noz? — )T € ((z* +néx?® — 1)
+ uzz;é(aojx?’ + bo;x? + cojz + d)(z* + néx? — 1)7). If w > T, then

w—1

I={((z*+néz*-1) +u Z(aojxg + bojx? + coj 4 doj) (x* + ndx? — 1)7,
j=0
u(z* +nox? — 1)¥)
i—1
= ((z* +néx® — 1)" + uZ(aon;B + boja:2 + cojz + doj)(ac4 +nox? —1)9).
§=0

It is a contradiction with the assumption of this case. This implies that w < T,
proving that I is of Type 4. O

Next, we obtain that the properties of the integer 7" in Type 4 as following
proposition.

Proposition 4.8. Let T be the smallest integer such that u(x* +néz? —1)7 €
I = {(z* +ndz?® —1)" +u(z* +ndz? —1)'h(x)), where h(x) is 0 or a unit. Then

- {z if h(z) = 0,

min{s,p* —i+t}, if h(z) is a unit.
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Proof. First of all, we see that T' < i because u(z*+ndz?—1)° u(( +ndx?—

1) + u(z* + néa? — 1)'h(z)) € 1. If h(z) = 0, then I = ((z* + noz? — 1)7),
implying that T = i. Now we consider that the case h(x) is a unit. Since
u(xt + nox? — DT € ((a* + néx® — 1) + u(z* + ndz? — 1)th(x)), there is a
polynomial f(z) € % satisfying u(z? + néz? — 1)7 = f(z)((a* +

néz? — 1)" + u(z* + néz? — 1)'h(x)). So, f(z) can be written as

p—1
f(z) = (a0jx3 + b0j552 + cojx + doj)(w4 + 77(5:102 — 1)j
7=0
p°—1
+u Z (a1j2° + b1;2% + coja + doj ) (z* + nda® — 1)7,
j=0

where agj, a1y, boj, blj, Coj, C1j, dOj; dlj € Fpm. Then u(x4 + ’17(53?2 — 1)T can be
expressed as follows:

p°—1
( Z (aoij + bojl’2 -+ Cojl' -+ doj)($4 -+ 775%2 — 1)J
7=0

p—1
+u Z (aljx?’ + blij + 1T+ dlj)(x4 +néx? — 1)j>

j=0
x ((z* + néz® — 1)" + u(z* + néz® — 1)"h(x))
p°—1
= (l‘ + 176:1} — 1) (aojx?’ + b()j.”[]2 + cojx + doj)($4 + 77(5.’)32 - 1)]
=0
p°—1
+u(z® +nox —1) Z (a1;2° + b1;@* + crja + dyj) (a* + ndx? — 1)
j=0
p°—1
+u(z* + noz? — 1)'h(z) Z (ag;z® + bojx? + cojr + doj) (z* + noz? — 1)7
j=0
p®—i—1
= (z* +néz® — 1) Z (agjz® + bojz® + coja + doj ) (z* + nox? — 1)7
§=0
p°—1
+ (x4 noz—1)P Z aoj373+ bojx2+ co; T+ doj)(:c4+ néx?— 1)i+j’ps
j=
p°—i—1

+ u(zt + nox? —1)° Z (arj2® + byx? + crja + dyj) (a* 4+ ndx? — 1)7
7=0



NEGACYCLIC CODES OF LENGTH 8p® OVER Fpm + uF,m 1405

p°—1
+ u(zt4noz? —1)7" Z (ar;2° 4 byja?+ crjo+ dyy) (@t + noa? — 1)+~
Jj=pe—i
pi—i—1
+u(zt 0oz —1)"h(z) Z (agjz®+ bz’ + cojr+ doj) (vt + noz?— 1)
j=0
p°—1
+ u(z+nox? —1)h(x) Z (agjz®+ boja’ + coja+ doj) (x* 4 ndx? — 1)7
J=ps—i
p°—i—1

= (z* +néx? — 1) Z (agjz® + bojz? + cojz + do; ) (z* + néx? — 1)7
J

s

—i—1
+ u(zt + nox? —1)° Z (arj2® + byx? + crja + dyj) (a* 4+ ndx? — 1)7
=0

I
= O

p’—i—1
+ w2z +nox? —1)h(x) Z (agjz®+ boja’®+ cojz+ doj) (x* + noa® — 1)7
3=0
p°-1
+ u(xt+néx? —1)"h(z) Z (apjz+ bojz°+ cojz+ doj) (x*+ nda? — 1),
Jj=p°—i

We see that (z*+ndz*—1)° ;’;f)i_l(aojx?’—I—boij—I—cojx—i—doj)(x4+n5x2—1) =
0, 1mply1ng that ag; = bOj = Coj; = dOj = 0 for all j = 071,2, AN 7ps —17—1.
Thus,

u(z* +nox? — 17T

p®—i—1
= u(z? + nox? —1)° Z (a1;2° + byja? + cojz + doj) (z* + nox? — 1)
j=0
+u(z? + nox® — 1)P " h(z)
i—1
X D (a0,pr—itj@® + bopr—i4j2° 4 Cope—inj@ + dope—ivj)
j=0

x (x4 nox? —1)7.
Therefore, T > min{i, p* — i + t}. Moreover,
[(z* + noa® — 1) + u(z? + nox? — 1)th(z)](z* + noz? — 1)P" 1
= u(z* 4+ nox? — 1)P " h(z).
Hence,
u(zt +nox? — )P i
= [(z* 4+ nox? —1)" 4+ u(z* + noz® — 1)th(z)](z* + ndaz® — 1) “'h(z) "t e I.
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Thus, T < p® — i + ¢, concluding that T = min{é,p® — i + ¢}. |

Now, we determine the number of codewords of ideals of { Rlz] as

(zt+nda?—1)P%)
following theorem.

Theorem 4.9. Let I be an ideal of the ring %.

of elements of I, denoted by ny is determined as follows.
o IfI1=(0) and I = (1), then ny = 1 and ny = p*™P", respectively.
o If I = (u(x* +ndx?® —1)%) where 0 < i < p° — 1, then ny = p*™®@ —1),
o IfI = ((x*+ndz®—1) +u(xt+ndz?—1)th(x)) where 1 <i < p*—1,0 <
t < i, and h(x) is 0 or a unit, then

Then the number

py = 4P i h() is 0, 1< <p* =1 or h(x) is @ unit, LIS B,
pim® = i h(x) is a unit, P < i < pt — 1.

o IfI = {((z* +ndz? —1)" + u(z* + nda? — 1)'h(z), u(z* + néz? — 1)),
where 1 <i<p°*—1,0<t<i, either h(z) is 0 or h(x) is a unit, and

)
wer=10 ‘ fhiz)=0,
min{i,p* —i+t}, if h(x) is a unit,

then ny = pim@p°—i-w),

Proof. We apply Proposition 2.8 for computing the number of elements of I
and separate this proof into following types in Theorem 4.7.
(i) Type 1:
o If I = (0), then Res(I) = Tor(I) = (0). Thus, n; = |Res(I)|| Tor(I)| =
1-1=1.
o If I = (1), then Res(I) = Tor(I) = (1), implying that

ny = | Res(I)|| Tor(I)| :p4mps CptP = pgmps.

(ii) Type 2: I = (u(z* +ndz? —1)*) where 0 < i < p* — 1, then Res(I) = (0)
and Tor(I) = ((z* + néx? — 1)%). Hence, we get that n; = |Res(I)|| Tor(I)| =
-t =i) — ptm(*—i)

(iii) Type 3: I = ((x*4+ndx?—1)"+u(z*+ndz?—1)'h(z)) where 0 < i < p*—1,
0 <t <4, and h(z) is 0 or a unit. If h(z) = 0, then Res(I) = {(z* + néx? —
1)¥) and Tor(I) = ((z* + ndz? — 1)), implying that n; = |Res(I)|| Tor(I)| =
p4m(ps —i) . p4m(p57i) _ pSm(psfi).

If h(z) is a unit, then Res(I) = {(z* +nd2? — 1)) and Tor(I) = ((z* +ndz? —
1)), where T is the smallest integer such that

i if h(z) = 0,
| min{i,p* —i+t}, if h(z) is a unit.

For 1 < i < %, we see that Tor(I) = ((a* + néx? — 1)%), implying that
n; = |Res(I)|| Tor(I)| = p*m@" =9 . ptm®*=i) — p8m(@" =) Noreover, Tor(I) =
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((x* 4+ nox? — 1)P ) for % < i < p®*—1. Thus, n; = |Res(I)|| Tor(I)| =
p4m(ps —1) . p4m(i7t) _ p4m(psft)'

(iv) Type 4: If I = ((x*+néx® 1) +u(xt+ndx® —1)th(x), u(z* +ndz%—1)*),
where 1 <1 <p®—1,0 <t < i, either h(z) is 0 or h(x) is a unit, and w < T,
then Res(I) = {((z* + ndx? — 1)*) and Tor(I) = {((z* + ndx? — 1)~). Thus,
ny = |Res([)|| TOI(I)| _ p4m(p5—i) .p4m(ps—w) — p4m(2p5—i—w)'

The proof is complete. i

We now investigate the dual codes and determine the annihilator of I where

I is an ideal of the ring %. We need to give the following lemma.

Lemma 4.10. Let I be an ideal of the ring %. If I = {(2* +

ndz? — 1) +u(z* +néx? — 1)t h(z), u(z* +néx? — 1)) where h(x) is 0 or a unit,
then p* —i is the smallest positive integer r such that u(z*+ndz?—1)" € A(I).

Proof. Since (z*+ndz%—1) +u(z*+ndz? —1)'h(z) € I and u(x*+ndx?—1)" €
A(I), we have

0= ((z* +néz® — 1)" + u(z* + néz? — 1)'h(z))u(z* + néz® — 1)"
= u(z? +noz® — 1),
We see that i + r > p®. So, we have the smallest value of r is p°* — i. Hence,

u(z* +nox? — 1)P" ' e A(I). O

Lemma 4.11. Let f(z) = (2* + ndz? — 1)" — UZ;=0(%‘$3 + bja? + cjz +
d;)(z* +ndz* —1)7 be a polynomial over R where aj,bj,cj,d; € Fpm and t < i.
Then

fr(@) = (=1)'(a* = nda® —1)'

¢
—uy (djz® 4 c;x? + bz +a;) (1) (2t — nox? — 1)t =473,
7=0

Proof. By Lemma 2.7, we see that
((x4 +ndx? — l)k)* ((2* +nox® — 1)*)k

(—2* +néx? + 1)*

(=1)*(2* — noa® — 1)*.

Applying Lemma 2.7 again, we have
F*(@) = (~1)'(a* — noa® — 1)’

t
—u Z(ajx?’ +bja? 4 cjr + d;)* (—1)7 (x* — poa® — 1)d =473
=0
= (-1t — e 1)
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t
—uy (dja® + ja® + bz + a5) (—1) (¢* — pox® — 1),
j=0
Now, we obtain that the form of f*(x). O

Theorem 4.12. Let I = (u(x* + ndz? — 1)%) be an ideal of the ring
Rlx]
(@t +nox? —1)r°)

Then A(I)* = ((z* — ndx® — 1)P" %, u).

Proof. Since T Q (uy and I C {(z* + ndz? — 1)%), we have ((z* + ndx? —
P = A(((z* + noz? — 1)')) C A(I) and (u) = A((u)) C A(I). This
implies that ((z* + ndz? — 1)P" =%, u) C .A( ). The other inclusion follows from
the fact that the coefficient Vector of (x* 4+ ndz? — 1)P"~ is orthogonal to the

coefficient vector of u(x* + néx? — 1)* and all its constacyclic shift. Thus,
A(I) = ((z* + ndz? — 1)P"~*,u). By Lemma 2.7, we have

A = ((z* —nox? — 1)P 7 u). O

Theorem 4.13. Let I = {(z* +ndz? —1)" +u(z* +ndz? — 1)t h(z)) where h(z)
1s 0 or a unit. Then
(i) If h(z) =0, then A(I)* = <(x - n5x2 — 1P,
(ii) If h(z) is a unit and 1 <
AI) = (1) (2" - 775552 - 1)ps_i
i—t—1
—u(zt — pox? — 1)P T2+ Z (djz® + c;x* + bz + aj)
§=0

x (=1)7 (z* — nox® — 1)7).
(iii) If h(x) is a unit and % <i<p®—1, then
A" = (1) (" = nda® - 1)"*
p®—i—1

—u Z (djx+cjz?+bjo+a;)(—1) (z* —nox?—1)T g~ 443,
=0

u(zt — néx? — 1)P 71,
Proof. (i) Suppose that h(x) = 0. So, we have I = ((z* + néz? — 1)*). Now, it
is obvious to see that A(I) = ((x* + néx? — 1)P"~%). Since
(2" +nda? = 1P =" = [(a + yoa® — 1)"]"
a4 ndx? +1)P
1P~ (ot — pba? — 1",

(=
= (=

we have A(I)* = ((z* — nox? — 1)P" 7).
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(ii) Suppose that h(x) is a unit and 1 < i < %. Since
0= ((:I:4 4+ nox? — 1) + u(z* + nox? — 1)%(90))
(@ mba? — 17"~ — (e + da? — 1724 ().

we have
(2% + nda® — P —u(at 4+ ndx® — )P 2 (x) € A(I).

Note that 0 = ((174 +ndz? — 1) +u(zt +ndz?® — 1)th(x)) (u(x4 +ndx? — 1)1’5*1')
and, thus u(z* + néx? — 1)?"~* € A(I). This implies that

(@ +nda® = 1) " —u(a* 4+ poa® — 1P "> h(), u(z* + noz® — 1))
C A(I).
Writing,

A(I) = ((z* + nda® = 1)* + u(a* + néz® — 1)’ g(x), u(a* + néz® - 1))

and by Lemma 4.10, we have p® — ¢ is the smallest positive integer such that
u(z* +néx® — 1)P"~* € A(I). Thus, ¢ = p* —i. Now, we consider that

0= ((x4 + 062 — 1)* + u(a? + noa® — l)bg(;v))
((x4 +nox? — 1) 4+ u(z? + noz? — l)th(x)>
= (2 + nox? — 1) 4 u(z? + nox? — 1)PTg(x) + u(z* + ndx?® — 1)*Th(x).

This means that a + i > p®, i.e., a > p® —i. Since a > p® — i, we can choose
a = p® —i. Then, we can set b = p* — 2i +t and g(x) = —h(x). Therefore,

A(T) = (@t + 00z — 1P~ — u(at +noa? — 1P "2+ h(z),
u(z? + nox? — 1)P" 7).
Noting that
w(zt +nox? —1)P 7 = u((z* +néz® — 1P~ — u(a* + noa? — 1)*h(x))
€ ((z* +noa® — )P =0 —w(z* + noz? — 1)th(x)),

we have A(I) = ((z* 4+ néz® — 1)P" " — u(x* + ndz? — 1)*h(z)). Let h(z) =
Zj(ajx3+bj9:2 +cjx+d;)(z* +ndx? — 1) where agx® +box? +cox +do # 0 and
a;,bj,cj,dj € Fpm. Since 1 <3 < %, we have t + j < T = min{i,p® — i + ¢}
=14. S0, j <i—t—1. Thus,

h(z) = (a;z® + bja® + ¢jz + d;)(z* + nda® — 1)/

J

A(D)* = (-1 (@* = noa® — 17"
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i—t—1
—u(zt — poz? — 1)t Z (djx® + cjz® + bjx + a;)(—1)
3=0

% (1’4 _ 7751,2 _ 1)jz4i74j73>
because
[(z* 4+ noa? —1)P" ¢
i—t—1
—u(zt 4 nox? — 1) (a;x® +bjx? + cjz + d;) (z* + ndx? — 1)7)*
j=0
= (=) izt —pox? —1)P 1

‘ i—t—1 ‘

—u(=1)P" "2 (gt — e — 1) (djz® + cjz? + bjx + a;)(—1)
=0

<

x (2t —nda? — 1) %473,

(iii) Suppose that h(x) is a unit and % < i < p®—i. By the above process,
we have
A(I) = (@ +nda® = 1)* + u(a’ +noa® = 1)'g(@), u(a’ +noa® = 1)),
Since
0= ((sc4 +nox® — 1)* + u(z* + néa® — 1)bg(m))
((x4 +noz? — 1) + u(z* + nox? — 1)th(x)>

= (z* + nox? — 1) ozt 4+ noz® — 1P g(x) + u(z® + nox? — 1) h(z),

we have a + 1 > p°, ie., a > p° — 1. Since%<i,wehavepsfi<iftand

choose @ =i —t. Thus, b =0 and g(x) = —h(x). This implies that
A = ((z* 4+ nox? — 1) — uh(z), u(z* + néz? — 1)P" 7).
Let h(z) =}, (ajz®+bx? +cja+d;) (x* +ndx? —1)7 where aga®+box? +cox+
do # 0 and a;, b;,¢j,d; € Fpm. By assumption and ¢ + j < T = min{i, p® —i +
t} =p®—i+t, we have j < p® —i— 1. Thus,
p®—i—1
h(z) = Z (a;x® + bjx? + cjo + d;) (a* + ndx? — 1)7.
§=0
By Lemma 4.11, we get that
AI) = ((-1)"""(@* = noa® = 1)
p°—i—1
—u Z (djz®+ cja®+ bjo+ aj)(—1) (z* — nox? — 1)T g~ 4473,
7=0
u(zt — noz? — 1)P" 7).
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This completes the proof of (i)-(iii). O
Theorem 4.14. Let I = ((z* + ndz? — 1)* + u(z* + noz? — 1)th(z), u(z* +

ndz? — 1)), where h(zx) is 0 or a unit.
(i) If h(z) =0, then
A(D)* = ((z* = noaz® — 1)P =% u(a* — nox® —1)P 7).
(ii) If h(zx) is a unit, then
A(D)* = ((=1)Ha* — pox? —1)P" % —u(z* — noa® — 1)P —imwHt
w—t—1 ] ]
X Z (dja® + c;@* + bz + a;)(—1) (z* — néx® — 1)/,
§=0
u(zt — noz? —1)P" 7).
Proof. (i) Suppose that h(x) = 0. So, I = {(z* +ndz? —1)! u(z* +néx? —1)+).
It is obvious to see that

A = (& + nox? — 1P~ u(z? + noz? — 1)P" 7).
This implies that
A = ((z* = nox? — )P u(xt — noa® — 1)P" 7).
(ii) Suppose that h(x) is a unit. We consider that
0= u(z* +nox? —1)P" 1
X (((x4 +noz® — 1) +u(z? + néz? — 1)'h(x)) + u(z* + noz? — 1)‘*’)
and
0= ((x4 +néx? — )P 7 —u(x? + néa?® — l)ps_i_“’“h(x))
X (((:r4 +nox? — 1) +u(z? + noz® — 1)*h(z)) + u(z* +néx? — 1)‘”).
Thus,
D = ((*+nd2® —1)P" ~9 —u(z* +nox? —1)P" (), u(zt 4 nox? —1)P )
< A(D),
and |D| = p*™(+%). Then, we have

p* i) — D < |A(D)] = ALY
8mp® psmp’ Am(itw)

p
‘I‘ p4m(2p —i—w)

Therefore,
((z* 4+ nox? — )P = —u(at +nox? — 1P " h(z), u(zt + noa® — 1)P 7Y
= A(I).
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Let h(z) = Z;-J:_Ot_l(ajx‘g + bjx? + cjz + dj)(z* + ndz® — 1), where agz® +
box? + cox + dy # 0 and aj,bj,cj,d; € Fpm. By Lemma 4.11, we obtain that

A(D)* = (=) (a* —nda® — 1P —u(a? —noa® — 1P
w—t—1

X 30 (i + e+ by ag) (1) (2t — éa® — 1),
j=0

J
u(zt —nox? — 1)P" 7,
This completes the proof of (i) and (ii). O

5. The case p™ =5 (mod 16) or p™ = 13 (mod 16)

In this section, using Chinese Remainder Theorem, we obtain the algebraic
structures of the negacyclic codes of length 8p® over R with p™ =5 (mod 16)
or p™ = 13 (mod 16). Since p™ = 5,13 (mod 16), we have p™ = 1 (mod 4).
Then 22 +1 = (xz — 7)(x —v%) where y = £° . So,

2 1= (a8 4 1)P
= @' = @ =Y

= (@ =47 (@ =57

s

Remark 5.1. vy3 = 1.
Next, we give the properties about the polynomials z* — v and z% — 3.

Lemma 5.2.

(i) The polynomials x* — v and z* — 43 are irreducible over Fym.
(ii) The polynomials z* —~ and z* — +* are irreducible over R.
(iii) z* — v and z* —~3 are coprimes of R[x].

Proof. (i) We will show that z* — is irreducible over Fpm. Suppose that xt—v
is reducible over Fpm. There exist f(z),g(z) € Fpm[z] such that z* — v =
f(2)g(z).

If deg f(x) = 1, then degg(x) = 3. So, there exists f € Fpm such that
f(B) = 0. Since 2% +1 = (z* — v)(z* — ¥3) = f(2)g(x)(z* — +?), we have
B is a root of % 4+ 1, i.e., B8 + 1 = 0. This implies that 5'6 = 1. Thus,
ord(f) | 16, i.e., ord(f) =1 or 2 or 4 or 8 or 16. If ord(8) =1 or 2 or 4 or
8, then B8 +1=1+1=2# 0. It is a contradiction. So, ord(3) = 16. This
means that 16 | (p™ — 1), i.e., p™ =1 (mod 16). It is a contradiction. Hence,
z* — v is irreducible over Fpm.

If f(x) =2, then g(x) = 2. Let f(x) = 2% +ax +band g(z) = 2% +cx +d
for some a,b,c,d € Fym. Then

ot — v = f(2)g(z) = (2 + az + b) (2 + ca + d)
= 2% + (c+ a)z® + (d + ac + b)2® + (ad + be)x + bd.
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This means that

(5.1) c+a=0,
(5.2) d+ac+b=0,
(5.3) ad +bc =0,
(5.4) bd = —.

From equations (5.1), we have a = —c¢ and, implying 0 = ad+bc = (—¢)d+bc =
c¢(b—d). So,c=0o0rb—d=0.

If ¢ = 0, then a= 0 and d = —b. This implies that —fpm[l = —y=0bd =
—b2. Thus, b= "5 . That is p™ = (mod B). Tt is a contradiction.

It,b—d=0,ie, b=d then £ 27> = 752 = _y = bd = b2.
This implies that b = 53(,3";_1). So, 8 | (p™ — 1), i.e,, p™ =1 (mod 8). It is
a contradiction. Hence, 2* — v is irreducible over Fpm. Similarly, zt — 3 s
irreducible over Fpm.

(i) We will show that z* — v is irreducible over R. Suppose that z* — v is
reducible over R. There exist f(x),g(z) € R[x] such that 2% — v = f(x)g(z).

If deg f(z) = 1, then deg g(x) = 3. So, there exists Sy + uf; € R such that

f(Bo+uB1) =0. Thus,

0= f(Bo+up1)g(Bo +upb)
= (Bo +ubr)* — v
= By — v+ (2°63 61)u.

This implies that 83 — v = 0 and 228351 = 0. By Lemma 5.2(i), we have
Bi —~ # 0 for any o € Fpm. It is a contradiction. Thus, 2* — v is irreducible
over R.

If deg f(x) = 2, then deg g(z) = 2. Let f(z) = 2 + (ag + aju)x + (bo + bru)
and g(x) = x®+(co+cru)z+(do+udy ) for some ag, ay, by, b1, co, c1,do,d1 € Fpym.
Then

zt —v = f(z)g(x)
= (2% + (ao + a1w)z + (b + biw)) (22 + (co + cru)z + (do + udy))
=+ (co +ag+ (1 + al)u)w?’
+ ((do + aobo + bo) + (di + 2a1by + by )u)z?
+ (aodo + boco + 2(ardy + blcl)u)x + bodo + 2b1dqu.
This implies that
cot+ag+ (1 +ar)u=
(do + agbo + bo) + (d1 + 2a1b1 + b1)u
aodo + boco + 2(ardy + bicy)u =0,
bodo + 2b1d1u = v,

0,
0,
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and thus,

(5.5) co +ag = 0,
(5.6) 1+ ar =0,
(5.7) do + aobo +bo =0,
(5.8) di + 2a1b1 +b; =0,
(5.9) agdo + bgcg = 0,
(5.10) ardi + bicp =0,
(5.11) bodo =7,
(5.12) 21d; = 0.

From equations (5.5), (5.7), (5.9) and (5.11), it is a contradiction. (It is similar
to Lemma 5.2(i).) Hence x* — v is irreducible over R. Similarly, 2% — 42 is
irreducible over R.

(iii) Suppose that 2* — v and z* — 42 are not coprimes of R[z]. By Lemma
5.2(ii), we have 2% —~ and 2* —+? are irreducible over R. So, ged(z* — v, 2* —
73) = a* — or 2* —~3. This means that v = v3. It is a contradiction. Hence,
2% — and 2% — 43 are coprimes of R|[x]. O

By Lemma 5.2, we have the algebraic structures of negacyclic codes of length
8p® over R as following theorem.

Theorem 5.3. Let C' be a negacyclic code of length 8p® over R. Then C' =
C, & Cs where C; is a v -constacyclic code of length 4p® over R for i = 1,3.
In particular, |C| = |C4]|Cs).

Thus, every negacyclic codes C' of length 8p® over R can be represented as
direct sum of Cj, which are a v%"-constacyclic codes of length 4p® over R for
i = 1,3. Moreover, the algebraic structures of all constacyclic codes of length
4p® over R have been determined in [9] and [13].

Next, the dual code of a negacyclic code of length 8p® over R is also a direct
sum of the dual codes of the direct summands C;- where i = 1,3 as following
theorem.

Theorem 5.4. Let C = C; & Cs be a negacyclic code of length 8p° over R
where C; is a P -constacyclic code of length 4p® over R for i = 1,3. Then
C+ = C3®Cy. In particular, |C*| = |C1]|Cs].

From Theorem 5.4, we see that the dual of negacyclic codes of length 8p®
over R is isodual. Moreover, we obtain property for self-dual negacyclic codes
of length 8p® over R.

Proposition 5.5. Let C'= C1 @ C3 be a negacyclic code of length 8p® over R
where C; is a """ -constacyclic code of length 4p® over R fori = 1,3. Then the
following hold:
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(i) C; = (u) is a self-dual ¥*P" -constacyclic code of length 4p® over R for
1=1,3.

(ii) C = (u) is a self-dual negacyclic code of length 8p* over R.
i)

Proof. (i) By [13, Theorem 3.7], we can see that C; = (u) is a self-dual "-
constacyclic code of length 4p® over R for i = 1, 3.

(ii) By Theorem 5.4, we have C+ = C3 & C;. Form Proposition 5.5(ii), we
obtain C' = (u) = C+. Thus, C = (u) is a self-dual negacyclic code of length
8p® over R. O

6. The cases p™ = 7 (mod 16) or p™ = 15 (mod 16)

In this case that p™ = 7 (mod 16) or p™ = 15 (mod 16), we have p™ =7
(mod 8), implying p = 7 (mod 8). Thus, 2 is a square element under modulo
p. This means that, there exists v € F,= such that v? = 2. First of all, we give
the properties as follows:

Proposition 6.1. Let v2 = 2. Then either 2 —v, 2+ v orv —2, —v — 2 are
square elements in Fym .

Proof. Let 2 — v = &F for some k € {1,2,...,p™ — 2}.
Case 1: k is even. So, 2 — v is a square element. Note that (2—v)(2+v) =
2 = 2. This implies that
2
24v=

2—-v
Thus, 2 + v is also a square element.

Case 2: k is odd. Clearly, —1 = ¢ for some [ is odd. So, v — 2 = £**L. This
means that v — 2 is a square element. Note that (v —2)(—v —2) =2 =12 We
consider that

—v—2= .
v—2

Thus, —v — 2 is also a square element. g
We now consider
2 1= (28 4+1)"
= (2% +2z% + 1 — 2%
= (z* +1)2 = 22hH?”
= (@' + v+ 1P (2 —va + 1)
Case 1: 2 — v and 2 + v are square elements, i.e., 67 =2 —v and 05 = 2+ v
for some 61,92 € Fpm. So,
2 41 = (@t v + 1P (2t — va® + )P
= (a* + 207 + 1 +va? — 2227 (2t + 227 + 1 — va? — 2227

s

= ((2? +1)? = (2= )2’ ((° +1)* = 2+ v)a®)”
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= ((2% + 1) = 672®)"" ((a® + 1)° — 6527
= (@2 + 01+ 1P (22 — 61z + )P (2 + dpx + 1) (2 — Sz + 1),

Case 2: v—2 and —v —2 are square elements, i.e., 62 = v—2 and §5 = —v—2
for some 61,92 € Fpm. So,

2 41 = (2 +va® +1)P (2t —va? + )7

2t — 222 + 14 va? + 2227 (2t — 222 + 1 — va? 4 2227
(52— 1 = (—v— 22 (2 — 1) — (v — 22’

(¢? = 1) = 6%2®)" ((2® — 1)* — 63%)""

2?24 61z — )P (2% — 81z — )P (2 + Sqz — 1P (2% — Gox — 1)

P

Remark 6.2. The polynomial 287" 4+ 1 can be expressed as

s

2 1 = (22 4 01z + )P (2% = S1z + )P (2% + Sax + )P (2% — o + )P,
where 7 € {—1, 1} such that

52— 2—v, ifn=1
1= .
v—2, ifnp=-1

and

52— 2+, itn=1
2T\ —v—2, ifp=-1.

Let the notation be as in Remark 6.2, the properties of 2% + ud;x + 1 where
i €{1,2} and p € {—1,1} are obtained as following lemma.

Lemma 6.3.
(i) The polynomial x? + 1 is irreducible over Fpm.
ii) The polynomial x* + pd;x + n is irreducible over Fym.
(iii) The polynomial ¥ + pd;x + 0 is irreducible over R.
) 22+ 613+, 2% — 612+, 2%+ dox + 1 and x% — Sox + 1 are coprimes
in Rx].

Proof. Proofs of (i), (ii) and (iv), they follow from Lemma 4.1. Suppose that
x? + pé;x + n is reducible over F,m. There exists 3 € F,m such that

B% + pdiff +n = 0.
Since x2 + pud;z + 1 is a factor of 2% 4+ 1, we have 8 is a root of 28 4+ 1. This
implies that 48 = —1. Thus, ord(B) | 16 because 3¢ = 1. If ord(3) = 1,2,4
and 8, we have
0=p%+1=1+1=2.
It is a contradiction. Thus, ord() = 16. This means that 16 | (p™ — 1) and

then, p™ =1 (mod 8). It is a contradiction. Hence, 22 + ud;z +1 is irreducible
over ]Fpm . O
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By Chinese Remainder Theorem, we investigate the algebraic structure of
negacyclic codes of length 8p® over R.

Theorem 6.4. Let C' be a negacyclic code of length 8p® over R. Then
(i) C=1I, 15 &I, ®Is, where Is,, I_5,, I5, and I_s5, are ideals

R[x] R[x] R[x] R[z]
f (@ rnetmr ) (@—aatnr (@ Toetne) M (@ setmry 76
spectively.

(i) |C| = Lo, |[1-s,| L6, [[1-s]-

(iii) The dual code C+ of C is given by C+ = A(Ls))*®A(I-s,)* @A(Is5,)* ®
A(l_s,)*.

(iv) |CH| = |A(Ls,)*[|A(T—5,)*||A(L5, ) * [ A(T -5, )]

From Remark 6.2, we can determine the algebraic structure of ideals of the

quotient ring % where ¢ € {1,2} and p € {—1,1}. Moreover, we
obtain that the number of elements of each ideal of flr]

W as in Section

5.

Proposition 6.5. FEach nonzero polynomial f(x) = ax + b is invertible in
R[z]

@ oo m)7) where a,b € Fpm.

Theorem 6.6. The ring m is a local ring with the maximal ideal

(u, 2% + pd;x +n), and it is not a chain ring.

Furthermore, we obtain that all forms of all ideals of T Rlz]

EEENT E

following theorem.

Theorem 6.7. All ideals of Wﬁ% are

o Type 1: (trivial ideals)
(0) and (1).
e Type 2: (principal ideals with nonmonic polynomial generators)
(u(@® + pdiz +n)"),
where 0 <1 < p°® — 1.
e Type 3: (principal ideals with monic polynomial generators)
((2® + pdsz + )" + u(@® + pdz +n)'h(z)),

where 1 <1 < p*—1,0 <t <1, and either h(z) is 0 or a unit which
can be represented as h(z) = > . (hiz + hoj)(z? + pdiz + )’ with
hoj, hlj S Fpm and hiox + hoo 75 0.
e Type 4: (non-principal ideals)
<($2 T 5. 7 = . . 2 . J 2 . w
o 4+1n)" +u Z(aojx +bo;)(@® + pdix + ) u(z® + pdx +n)*)
§=0
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for 1 <i<p®—1, apj,boj € Fpm, and w < T where T is the smallest
integer such that u(x®+ pd;x+n)T € (2% +pdiz+n) +u Z;‘}:_ol (agjz+
boj)(@? + pd;x +n)?) or equivalently,

(2% + pdiz + 1) +u(x? + pdx +n)th(z), uw(x? + pd;x +n)*) with h(x)
as in Type 3, and degh(z) <w —t — 1.

Next, we compute the number of elements of each type of ideals of the
: ; R[z]
quotient ring (Tt

Theorem 6.8. Let I be an ideal of the ring e Rz] Then the number

of elements of I, denoted by ny, is determined as follows.
o IfI1={(0) and I = (1), then ny = 1 and ny = p ™", respectively.
o If I = (u(2®+ pdix +n)") where 0 <i < p° — 1, then ny = p>™® =0,
o IfI = {((x*+ pdiz+n) +u(@®+ pdx+n)'h(z)) where 1 <i<p®—1,
0 <t<i, and h(x) is 0 or a unit, then

nl{p‘lm(ps_i)7 if h(z) is0, 1 <i<p°—1 orh(z) is a unit, 1 <i < %,

p?m (P =t if h(x) is a unit, % <i<p®—1.

o If I = ((2% + pdix + )" + u(x? + pd;x + n)th(z), u(x?® + pdiz +n)@),
where 1 <i<p°*—1,0<t<i, either h(z) is 0 or h(x) is a unit, and

)
Lo i ) =0,
min{é,p* —i+t}, if h(z) is a unit,

then ny = p?m(2p°—i-w)

Finally, we get that the dual code of such ideal of m as follows:
Theorem 6.9. Let I = (u(z?+ud;x+n)) be an ideal of the ring m.

Then A(I)* = (2 + pdix +n)P %, u).

Theorem 6.10. Let I = {(z%+ pud;x +n)' +u(x? + pd;x +n)th(z)) where h(z)
15 0 or a unit. Then

(i) If h(z) = 0, then A(I)* = (2% + pd;x +n)P 7).

(i) If h(z) is a unit and 1 < i < EEE . then

' _ it
A = (1) @® + pdiz + ) " —u(@® + pdix + )P 2N bz + a))
§=0
x (=1)7 (2* + pdiz +n)’).

(i) If h(z) is a unit and % <i<p®—1, then

A = (=17 (@ + pdiz + )"
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p®—i—1

—u Y (bjz+ag)(—1) (2% + pbix 4 n) 22

w(x? 4 pd;ix +n)P" ).

Theorem 6.11. Let I = {((2% + pd;iz + n)* + u(x? + pdx + n)th(z), u(x? +
uo;x +n)*), where h(x) is 0 or a unit.

(i) If h(x) =0, then
A = (22 + pbiz + )P =% u(@? + pdix + )P 7).
(ii) If h(x) is a unit, then
A(D)* = <(_1)i—t( 24 s+ n)ps_w —u(e® + pdir + n)p"—i—w+t

X Z bz + aj)(=1)7 (22 + pdix +n)  u(z? + pdix 4+ )P 0.
7=0

7. The case p™ =9 (mod 16)
In this section, we focus on the algebraic structures of the negacyclic codes

of length 8p5 over R with p™ = 9 (mod 16). Since p™ = 9 (mod 16), we
have p™ (mod 8). Then z* + 1 = (x — v)(z — ¥*)(x — 7°)(z — 47) where

751

2 41 = (28 4+1)"
= (2® = )P (® =) (@® = 7°) (@ =TI

= (@ =)@ =)@ =) (@ 4T

Remark 7.1. 49 =1 with i + j = 8.

s

Lemma 7.2.
(i) The polynomial x® —~* is irreducible over Fym wherei=1,3,5,7.
(ii) The polynomial x*> — ~* is irreducible over R where i = 1,3,5,7.
(iii) 22—~ and 22 —~7 are coprimes of R[x] wherei,j = 1,3,5,7 and i # j.

Proof. (i) Suppose that 2% —~" is reducible over F,m for all i = 1,3,5,7. There
exists 3 € F,m such that 8% — 4" = 0. Since 2% + 1 = (2? — ) (2% — ?)(2? —
7¥5)(z?* —~47), we have 3 is a root of z® + 1 over Fpm. So, 8%+ 1 = 0, implying
B¢ = 1. This means that ord(3) | 16, i.e., ord(3) = 1 or 2 or 8 or 16. If
ord(B) = 1 or 2 or 8 then 88+ 1 =1+1 # 0. It is a contraction. Thus
ord(fB) = 16. This implies that 16 | (p™ — 1). That is p™ =1 (mod 16). It is
a contradiction. Hence, 2% — 4 is irreducible over F,m for all i = 1,3,5, 7.

(ii) Suppose that 2 — ~ is reducible over R for each i = 1,3,5,7. There
exists By + uB1 € R such that (8y + uB1)? —+* = 0. So,

0= (Bo+upi)? =" = B3+ (2BoB1)u — v
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This implies that 82 — % = 0 and 28p3; = 0. By Lemma 7.2(i), 82 —~* # 0.
It is a contradiction. Hence, 2 — ~* is irreducible over R for all i = 1, 3,5, 7.
(iii) Suppose that 2% —+* and 22 — 49 are not coprimes of R[x] with i # j.
By Lemma Lemma 7.2(ii), ged(z? — 7%, 22 — 47) = 22 — 4% or 22 — 47, This
means that v* = 47, implying that s = j. It is a contradiction. Hence, z2 — ~*
and 22 — 7 are coprimes of R[x]. (]

Similarly, by Chinese Remainder Theorem, we obtain that algebraic struc-
tures of such negacyclic code as follow:

Theorem 7.3. Let C' be a negacyclic code of length 8p® over R. Then C =
C, @ C3 @ Cs ® Cr where C; is a P -constacyclic code of length 2p°® over R
fori=1,3,5,7. In particular, |C| = |C1||C5]|C5]|C|.

Theorem 7.4. Let C = C1®C30C5®C7 be a negacyclic code of length 8p* over
R where C; is a v*P" -constacyclic code of length 2p° over R for alli =1,3,5,7.
Then C+ = C7 @ Cs ® C3 @ Cy. In particular, |C+| = |C1]|C3||Cs||Cx|.

From above theorem, we see that the dual code of negacyclic codes of length
8p® over R is a isodual code.
Finally, we determine the self-dual negacyclic codes of length 8p*® over R.

Proposition 7.5. Let C = C1; & C3DC5Cr be a negacyclic code of length 8p®
over R where C; is a ™" -constacyclic code of length 4p® over R fori=1,3,5,7.
Then the following hold
(i) C; = (u) is a self-dual ¥*P" -constacyclic code of length 4p® over R for
i=1,3.
(ii) C = (u) is a self-dual negacyclic code of length 8p* over R.

8. Conclusions

We obtain that the algebraic structures of the negacyclic codes of length 8p®
over R in the below table.

Furthermore, we characterize the ideals of the quotient rings %

into 4 types; trivial ideals, principal ideals with nonmonic polynomial gen-

erators, principal ideals with monic polynomial generators and non-principal

ideals; in Theorem 4.7 where u € {—1,1}. Next, the number of elements for
R[z]

(& +pox?—1)r*)

structures of dual codes are determined in Theorem 4.12, Theorem 4.13 and

Theorem 4.14. For the quotient rings M%R??ere i € {1,2} and

u € {—1,1}, it follows from the quotient ring (e
summarize some self-dual negacyclic code of length 8p® over R in Table 2.

each ideals of is mentioned in Theorem 4.9. In addition, the

Finally, we
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comments and suggestions.
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TABLE 1. The algebraic structures of each negacyclic code C
of length 8p*® over R

Cases Algebraic structures
p™ =1 (mod 16) C=C10030Cs®Cr®Co®Cr1 ®Cr3® Chs,

where C; is a £ wplifi)—constacydic code of length
p®over Rforalli=1,3,5,7,9,11,13,15 (see The-
orem 3.2).

p™ = 3,11 (mod 16) C=1;8 1,

where Is and I_s are ideals of %
Rlz

m, respectively (see Theorem 4.2).
p™ =513 (mod 16) C=CoCs,
where C; is a £ He= -constacyclic code of length
4p® over R for all i = 1,3 (see Theorem 5.3).
p™ =7,15 (mod 16) C=1I1;0Is &ls5,d1_,

where I5,,1_5,,15, and I_5, are ideals of
Rz Rlz] R[z]

T N G e G

(@2 =d2z4n)P")

respectively (see Theorem 6.4).

p™ =9 (mod 16) C=Ci®dC30CsDCr,
where C; is a £ Wfsfl)—constacydic code of length
2p® over R for all i = 1,3,5,7 (see Theorem 7.3)

and

and

TABLE 2. Some self-dual negacyclic codes of length 8p® over R

Cases Self-dual negacyclic codes of length 8p® over R

p™ =1 (mod 16) (u) is the unique self-dual negacyclic codes of
length 8p° over R (see Corollary 3.4).
p™ =5,9,13 (mod 16) (u) (see Proposition 5.5 and Proposition 7.5).
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