Commun. Korean Math. Soc. 34 (2019), No. 4, pp. 1245-1259
https://doi.org/10.4134/CKMS.c180448
pISSN: 1225-1763 / eISSN: 2234-3024

ON GROWTH PROPERTIES OF TRANSCENDENTAL
MEROMORPHIC SOLUTIONS OF LINEAR DIFFERENTIAL
EQUATIONS WITH ENTIRE COEFFICIENTS
OF HIGHER ORDER

NITYAGOPAL BiswAsS, SANJIB KUMAR DATTA, AND SAMTEN TAMANG

ABSTRACT. In the paper, we study the growth properties of meromorphic
solutions of higher order linear differential equations with entire coeffi-
cients of [p, q] — ¢ order, ¢ being a non-decreasing unbounded function
and establish some new results which are improvement and extension of
some previous results due to Hamani-Belaidi, He-Zheng-Hu and others.

1. Introduction, definitions and notations

We shall assume that the readers are familiar with the fundamental re-
sults and the standard notations of the value distribution theory of entire and
meromorphic functions, and the theory of complex differential equations (see
[9], [15] and [20]). Here, we use some notations for r € [0,00), exp;r = €
and exp,,, T = exp (expp T), p € N. For all sufficiently large r, we define
logy r = logr and log,,, 7 = log (logp T) , p € N. Also expy 7 =1 = log,r and
exp_;r = log; r and log_; r = exp; r. Moreover, we denote the linear mea-
sure for a set E C [0,00), by mE = [  dt and logarithmic measure for a set
E C (1,00), by mE = [, 9.

The upper density of a set £ C [0,00) is defined as

Tons F — HM7
r—00 'S

and the upper logarithmic density of a set E C (1,00) is defined as

EnNJl
logdens £ — T 0L
r—o0 logr

For k > 2, consider the complex linear differential equations
(1.1) A () f®) + Ay (2) fP D 4+ A () f + Ao (2) f =0
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and
(1.2)  Ap(2) fP + A1 () fE Y 4+ A (2) f + Ao (2) f = F (2),

where the coefficients Ag (2), A1 (2), ... , Ax—1(2), Ak (2) (2 0) and F (z) (Z 0)
are entire functions. It is well-known that if Ay (2) = 1, then all solutions of
the differential equations (1.1) and (1.2) are entire functions but when Ay (2)
is a non constant entire function, then solutions of the equations can possess
meromorphic. For example, the equation

2f" 43" =27+ (2 —2)e ¥+ (32 —2)e P +2e %) =0
has a meromorphic solution f (z) = %

From the last few years, many authors have been investigated the growth
properties of solutions of the complex linear differential equations and obtained
many valuable results about their growth (see [1,4,5,7,8,10,11,16]).

In 1976, O. P. Juneja and his coauthors ([13] and [14]) investigated some
properties of entire functions of [p, g]-order, and obtain some results. In [17],
in order to maintain accordance with general definitions of the entire function
f (2) of iterated p-order, Liu-Tu-Shi gave a minor modification of the original
definition of the [p, g]-order given in [13] and [14]. With this concept of [p, ¢]-
order, the solutions of complex linear differential equations are investigated
(see, [2,11,16,17]). Recently, X. Shen, J. Tu and H. Y. Xu [18] introduced the
new concept of [p, q] — ¢ order of meromorphic functions in the complex plane
to study the growth and zeros of second order linear differential equations,
where p, g are positive integers satisfying p > ¢ > 1. In this paper, we consider
this subject and investigate the complex linear differential equations (1.1) and
(1.2) when the coefficients are entire functions of [p, q] — ¢ order.

To express the rate of growth of meromorphic functions, we recall the fol-
lowing definitions:

Definition 1.1 ([18]). Let ¢ : [0,00) — (0, 00) be a non-decreasing unbounded
function. Then the [p, ] — ¢ order and [p, q] — ¢ lower order of a meromorphic
function f are respectively defined by

—log,, T'(r, f)
Olp.q (i) = TE{&W
q

log, T (r, f)
foo) = lim —2—°~°.
HKip,q] ( 90) fareet logq 0 (T)

)

Definition 1.2 ([3]). Let f be a meromorphic function satisfying
0 < 0pq (fip) =0 <00
Then the [p, q] — ¢ type of f is defined by

_ log —1 T (Ta f)
’ =1 p—a'
Tlp.al (f1 ) i [logq,1 o (r)]
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Definition 1.3 ([18]). Let f be a meromorphic function. Then the [p,q] — ¢

exponent of convergence of zero-sequence (distinct zero-sequence) of f is defined
by

oo = ()
, @)= 1m —————
(- o0 log, o (r)

_ log, (r, %)
)\ = 1 B a——

o () = B8 s
Remark 1.1. If ¢ (r) = r in Definitions (1.1)-(1.3), then we obtain the standard
definitions of the [p, g]-order, [p, q]-type and [p, g]-exponent of convergence.

Remark 1.2 ([18]). Throughout this paper, we assume that ¢ : [0,00) — (0, 00)
is a non-decreasing unbounded function and always satisfies the following two
conditions:

. . lo, T
(i) lim j Boii’ — () and
r—+00 08¢ ®(r)

.. . log, p(ar) .
(ii) Tgrfooilogq o) — 1 for some o > 1.

Recently, K. Hamani and B. Belaidi [8] have proved the following theorems:

Theorem A ([8]). Let p > 1 be an integer and let Ao(z), A1(2), ..., Ax—1(2),
Ay (z) with Ag (z) £ 0 and Ay, (z) £ 0 be entire functions such that iy (Ag) < 1,
i(4;)=p(=0,1,2,...,k) and max {0, (4;) : j =1,2,...,k} <0, (Ao) = 0.
Suppose that for real constants «, B, 681 and 02 satisfying 0 < f < «a and 67 < 62
and for € > 0 sufficiently small, we have

| 4o (2)| > exp, {a |Z\°_5} ’
and
45 () S exp, BT} G=1.2,0k)
as z — o0 in 01 < argz < 05. Then every meromorphic solution f #Z 0 whose

poles are of uniformly bounded multiplicity of the equation (1.1) has an infinite
iterated p-order and satisfies i (f) =p+1, opy1 (f) = 0.

Theorem B ([8]). Let Ao (2), A1(2),..., Ak_1(2), Ak (2) with Ag(z) £ 0
and Ay (z) # 0 be entire functions satisfying the hypotheses of Theorem B and
let F' £ 0 be an entire function of iterated order with i (F) = gq.

1) Ifg<p+1lorqg=p+1and opy1 (F) < 0, (Ag) = o, then every
meromorphic solution f whose poles are of uniformly bounded multiplicity of the
equation (1.2) satisfies ix (f) = ix (f) =i (f) = p+1 and M\py1 (f) = Apg1 (f) =
op+1 (f) = o with at most one exceptional solution fy satisfying i (fo) <p+1
or opy1 (fo) < 0.

2)Ifg>p+1orq=p+1and o, (Ay) < opt1(F) < 00, then every
meromorphic solution f whose poles are of uniformly bounded multiplicity of
the equation (1.2) satisfies i (f) = q and o4 (f) = 04 (F).
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In this paper, our aim is to investigate the growth properties of meromorphic
solutions of the linear differential equations (1.1) and (1.2) by using the concept
of [p, q] — ¢ order of entire functions and obtained some results which improve
and extend some previous results due to Hamani-Belaidi [8], and He-Zheng-
Hul[10].

2. Main results

In this section we state the main results of the paper.
Theorem 2.1. Let H be a set of complex numbers satisfying
logdens{|z| : z € H} > 0,

and let Ao (2), A1 (2),..., Ak_1(2), Ak (2) with Ao (2) (£ 0) and Ay () (£ 0)
be entire functions satisfying

max {O’[p,q] (Aj,0):j=1,2,..., k} < Ofp,q (Ao,0) (P> q=>1 are integers) .

Suppose that there exist real constants « and B satisfying 0 < 8 < «, and for
€ > 0 sufficiently small, we have

40 ()] > exp, {or (log, -y () 077,
and
145 (2)] < exp, {8 (log, 1 0 ()7L (G =1,2, k)
as z — oo for z € H. Then every transcendental meromorphic solution f (# 0)
of equation (1.1) with Ap, g (%,gp) < lppq (f, ) satisfies opi1,q (frp) =

O[p,q] (AOa QO) .
Corollary 2.1. Let A;(z) (j =0,1,...,k), H satisfy all of the hypotheses of
Theorem 2.1, and let g (2) (£ 0) be a meromorphic function satisfying

O[p+1,q] (gu SO) < Op,q] (A07 (P) .

Then every transcendental meromorphic solution f () (# 0) with A g (%, go)
< lip.q (f, ) of equation (1.1) satisfies

Apt1,g) (f = 9:90) = Apr1g) (f—9,¢0)= Opt1,q (f — 9, p) = Op.q) (Aos ) -
Theorem 2.2. Let H be a set of complex numbers satisfying dens {|z| : z € H}
> 0, and let Ao (2),A41(2),...,Ar—1(2), Ak (2) with Ao (2) (#£0) and Ay (2)
(£ 0) be entire functions satisfying
max {O’[p,q] (Aj,0):j=1,2,..., k} < Ofp,q (Ao, ) (P> q=>1 are integers) .
Suppose that there exists a sequence of complex numbers (2,),,cy with li_>m Zp =

n oo

oo and two real numbers o and B satisfying 0 < B < a such that for all e > 0
sufficiently small, we have

[ Ao (2n)] = exp,, {a (log(F1 © (rn))a[p,q](Aow)—a} 7
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and
Op,q (Ao,0)— .
[4; (z)] < exp, { B (log1 0 () " (=12, k)
as n — 00, z, € H. Then every transcendental meromorphic solution f (# 0)
of equation (1.1) with Ap, g (%,(p) < lppq (f, ) satisfies opiy,q (fi@) =
O[p,q] (AOa ‘P) .
Corollary 2.2. Let A;(z) (j =0,1,...,k), H satisfy all of the hypotheses of
Theorem 2.2, and let g (z) (£ 0) be a meromorphic function satisfying
U[p+1,q] (gv (P) < U[p,q] (A07 90) .

Then every transcendental meromorphic solution f(z) (# 0) with A g (%, 4,0)
< ip.q (f, ) of equation (1.1) satisfies

Ap+1,) (F = 9:0) = Apr1,g) (f = 9,0) = i1, (f — 9,0) = 0pp,q (Ao, ) -
Now, for the non-homogeneous linear differential equation (1.2), we obtain

the following results:

Theorem 2.3. Let Ay (2), A1 (2),..., Ap—1(2), Ak (2) and F (Z 0) with Ag (2)
(#£0) and Ay (2) (£ 0) be entire functions. Suppose that H and Ay (z), Ay (2),
ooy Ak (2), Ak (2) satisfy the hypotheses of Theorem 2.1, then the following
holds:

1) Ifp>q>1and opi,q (F,0) < 0pq (Ao, ), then every transcendental

meromorphic solution f of the equation (1.2) with \p, g (%,g@) < Wp,q (f,0)

satisfies Np11,q) (f,0) = Apr1,q) (Fs0) = Oppr1,q) (f19) = 0 q) (Ao, ) with at
most one exceptional solution fo satisfying op,i1,q (fo, ) < opp.q (Ao, @).

2) If p > q > 1 and oppp1,4 (Fy@) > 0ppq (Ao, @), then every transcen-
dental meromorphic solution f (% 0) of the equation (1.2) with A, g (%, 4,0) <
Pip.g) (f5p) satisfies api1.q) (f,#) = Opi1.q) (F 0)-

Theorem 2.4. Let Ay (2),A1(2),...,Ar—1(2), Ak (2) and F (£ 0) with Ay (2)
(#0) and Ay (2) (£ 0) be entire functions. Suppose that H and Ay (2), A1 (2),
cooy Ak (2), Ak (2) satisfy the hypotheses of Theorem 2.2, then the following
holds:

D Ifp>q>1and opi,q(F,@) < 0ppq (Ao, p), then every transcen-

dental meromorphic solution f (# 0) of the equation (1.2) with A, (%7 <,0) <
Kip,q (f, ) satisfies

X[p+1,q] (f,0) = /\[p+1,q] (f,0) = O[p+1,q] (f,p) = Olp,q] (Ao, )

with at most one exceptional solution fq satisfying

Olp+1,q (fo, ) < oppg (Ao, ) -
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2) If p > q > 1 and oppi1,q (F,0) > oppq (Ao, @), then every transcen-
dental meromorphic solution f (% 0) of the equation (1.2) with A, (%, <p) <
Hip,q) (f,p) satisfies o(pi1,q (f; ) = Oppy1,q (F, ).

3. Lemmas

In this section, we present some lemmas which will be needed in the sequel.

Lemma 3.1 (see [15]). Let g : [0,00) — R and h : [0,00) = R be monotone
non-decreasing functions such that g (r) < h(r) outside of an exceptional set
E5 of finite linear measure. Then for any o > 1, there exists ro > 0 such that
g (r) < h(ar) for alr > rg.

Lemma 3.2 (see [8]). Let f(z) be a meromorphic function. Let o > 1 and
€ > 0 be given constants. Then there exist a constant B > 0 and a set E5 C
[0,00) having finite linear measure such that for all z satisfying |z| = r ¢ Es,

we have
f(j) (2)
f(2)

By using the similar proof of Lemma 3.5 in [19], we easily obtain the following
lemma when oy, g1 (9, 0) = opp.q (f, @) = 0.

< BT (ar, f)rlogT (ar, f))  (j €N).

Lemma 3.3. Let f (z) = flgz; be a meromorphic function, where g (z) and d (2)
are entire functions satisfying pip.q (9,9) = tp.q (fr0) = 1 < 0pq(9,0) =
g (frp) < 00 and Ay g (d,0) = 0pq (dsp) = Ap g (%,gp) < p. Then

there exists a set Eg C (1,00) of finite logarithmic measure such that for all
|z| =7 & [0,1] U Eg and |g (2)| = M (r,g) we have

6 (O i
= () oy e,

where vy (1) is the central index of g (z) where ¢ satisfies the conditions (i) and
(ii) of Remark 1.2.

Lemma 3.4 (see [18]). Let f(z) be an entire function of [p,q] — ¢ order, and
let vy (r) be the central index of f (z). Then

—log, vy (1)

r=co log, ¢ (r)

By using the similar proof of Lemma 2.8 in [6]; we can easily obtain the
following lemma.

= O[p,q] (fa 90) :

Lemma 3.5. Let f (2) be a meromorphic function such that oy, q (f,¢) = 0 <
00, then there exists a set By C (1,00) of v of finite linear measure such that
for all z satisfying |z| =r & [0,1) U E4, r — 0o. Then for any given ¢ > 0, we
have

7 ()l < exp, (108,10 (1))
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By inequalities in [12, Chapter 6] and in [15, Corollary 2.3.5], we obtain the
following lemma.

Lemma 3.6 (see [16]). Let f (z) be an meromorphic function of [p, q|—¢ order.
Then

Tp.q) (%) = Op.g) () -
Lemma 3.7 (see [3]). Let f1, fa be meromorphic functions of [p.q] — ¢ order

. ) !
satisfying oy, q) (f1,0) > Tp.q] (f2, @), where o(r) only satisfies Tginoo%

= 1 for some a > 1. Then there exists a set E3 C (1,400) having infinite
logarithmic measure such that for all r € FEs, we have

im T (Tv f2)
r—>+ooT (7’7 fl)

Lemma 3.8. Let p, q be integers such that p > q > 1, and let F (z) (£ 0),
A;(2) (=0,1,...,k) entire functions, let f (z) be a meromorphic solution of
the equation (1.2) satisfying

max {U[p,q] (AJHQO) y O[p,q] (F7 90) :7=0,1,.. ~7k} < Olp,q] (fv 90) .

Then

X[p,q] (fip) = Alp,q] (fip) = Olp,q (fi¢)s
where @ satisfies the conditions (i) and (ii) of Remark 1.2.

Proof. By (1.2) we have

1 1 f(k) f(k—l) f!
3.1 -==1(A 4+ Ay 4+ A —+ Ay ).
s =i ranl s ham L
It is easy to see that if f has a zero at zg of order 8 (8 > k) and if Ag, A4, ..., Ay
are all analytic at 2y, then F' has a zero at zy of order 5 — k. Hence

(3.2) n (r, ch> <kn (r, ch> +n <r7 ;) + jzi:on (r,Aj)
and
1 (1 1 a
(3.3) N (7‘, f> < kN (7‘, f> +N (r, F) + ;)N (r,Aj).
By Lemma of the logarithmic derivative and the equation (3.1), we have

B m(ng)<m(ng)+ ém (. A7) + O (08T (r, ) + logr).

holds for all z satisfying |z| = r ¢ E3, where Ej3 is a set of finite linear measure.
From (3.1),(3.3) and (3.4) for |z| = r & Es5, we get that

T(r,f):T<r,}>+0(1):N<r,})+m<r,})+0(1)
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(3.5) < kN< 1) 4T (r, ;) + Zk:T (r, A;) + O (log 1T (r, £)) -

T, ?
=0
Since

max {o-[p,q] (Aja 90) y O[p,q] (F7 (p) : j = Ov 17 IR k} < O[p,q] (fa 90) .
Then using Lemma 3.7, we get that

maX{T(T’F) T(TaAj),
T(r,f) T(rf) "

For sufficiently large r, we have
O (logrT (rn, f)) = o (T (rn, f)) -

By (3.5) and (3.6), we obtain that for sufficiently large r ¢ Ej3, there holds
(1=o(W)T (r, f)) <kN (m ch) :

Then by Definition we get that

Op,q] (f7 90) < X[p,q] (f? QO) .
Again, by Definition we have

X[p»q] (f,0) S A (f,0) S opq (1 0) -

(3.6) jO,l,...,k}%Oasr%oo.

Hence

X[p,q] (f,0) = )‘[p,q] (f,0) = Olp,q) (f, ).
This proves the lemma. (I

4. Proof of Theorems and Corollaries

Proof of Theorem 2.1. Let f(#0) be a transcendental meromorphic solution
of the equation (1.1) with Ap, g (%, <p) < Hip,q (f, ). From equation (1.1), we

have

k () (5
(@) 40 :) < Y- 14y a1 |22

By Lemma 3.2, there exist a constant B > 0 and a set Ey C [0,00) having
finite linear measure such that for all z satisfying |z| = r ¢ Es, we have

‘f(j) (2)
f(2)

By the hypotheses of theorem there exists a set H with logdens{|z|: z € H} >
0 such that for all z € H as z — 0o, we have

(4.3) |4o (2)| = exp, {a (log, 1 ¢ (r))g[p"”(AO"P)_E} ,

(4.2) <Br[T@rHF (=1,2,... k).
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and
o Ag,p)—e .
(44) 145 (2)] < exp, {8 (log,_y @ ()OI (G =12, k).

Let Hy = {|z| : z € H} \ E», so that logdens {|z| : z € H1} > 0. It follows from
(4.1), (4.2), (4.3) and (4.4)

exp, {a (log, 1 (1) 7 < Bri (T (2r, )

(4.5) exp, {8 (log, 1 o ()7 077

exp { (1= 0 (1)) exp,y {a (g, 0 () L} < Bhr (1 (2, )

as |z| = oo, |z| =7 € Hy.
By help of Lemma 3.1 and (4.5) we obtained

(I) J[p-i-l,q] (f> 90) > U[p,q] (A07 50) .
We can rewrite equation (1.1) as
g At () gy o ALE) e A2 ey )

A (2) A (2) A (2)
Obviously, poles of f can only occur at the zeros of Ay (z). Note that
the multiplicity of the poles of f is uniformly bounded, and thus we have

Alp.g] (%7@) < Opp,q (Ao, p) < 00

Again, by the Hadamard factorization theorem, we can write f as f(z) =

28, where g (2) and d (z) are entire functions satisfying

Hip,q] (gv 90) = M[p,q] (fa 90) =p< Op,q] (g, 90) = Olp,q] (fa §0> < oo
and

1
Apa) (d9) = 07p.q (d,0) = Appg) (f’ ‘P> < p
By Lemma 3.3 there exists a set Eg C (1, 00) of finite logarithmic measure such
that for all |z| =7 € [0,1] U Es and |g (2)| = M (r, g), we have

f9) (ugz(r))](lJro(l)) (G=1,2,....k).

(4.6) 702

Again by Definition 1.1, for any given € > 0 and for sufficiently large r, we
have

Olp,q A07 € .
(A7) 145 (2)] < exp, { (logy_y 0 () I (= 0,1, k- 1),

And by Lemma 3.5, for the above ¢ > 0, there exists a set E4 C [1,00) of r of
finite linear measure such that for all z satisfying |z| = r ¢ [0,1] U Ey, r — oo,
we have

(48) ‘ < exp,, ((Iqu—l © (,,,))U[P»Q](AO»w)'FE) '

Ak (Z)
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Also, we can rewrite equation (1.1) as

) fE=1) f!
(4.9) —Ak(z)T:Ak,l (2) 7 +- 4+ A (z)7+A0(z).
Substituting (4.6), (4.7) and (4.8) into (4.9), we obtain
1 vy (1) :
14+0(1
exp,, {(1qu—1 ® (T))J[p’Q](AOWHE} e
k—1
(4.10) < kexp, {(logq_1 ® (r))a[p’Q](AO’WHE} v (1) 1+ 0(1)],

z
where 2| =7 € [0,1]UEg U Ey, r — o0 and |g (2)| = M (r,g) .
By Lemma 3.1 and (4.10) , we obtain

lo
(4.11) lim sup 2820 ()
r—00 Iqu ® (7")
By Lemma 3.4, and (4.11) we obtain
(H) O[p+1,q] (f7 QO) < Olp,q] (A0> 90) .
Hence from (I) and (II), we have

J[p-i-l,q] (f> 90) = U[p,q] (A07 50) .
This proves the theorem. O

< O[p,q] (A07 90) :

Proof of Corollary 2.1. Suppose h = f — g such that

Olp+1,q) (9,9) < Opp.qg (Ao, ) -

By Theorem 2.1, we have o114 (f, ) = 0p,q (Ao, ). Using the properties
of [p,q] — ¢ order, we have

Olp+1,q] (h7 ‘P) = O[p+1,q] (fv 50) = O[p,q] (A07 30) .
Substituting f = h + ¢ into equation (1.1), we obtain

Ap ()™ + Ay ()% Y o A ()W 4 Ag (2)
=~ [Ak (@) g™ + A1 (2) g5 4 A (2) g+ Ao (2) 9]
Let
F(2) = = [Ak () g™ + Apr (2) g0 4o+ A1 (2) g + Ao (2) g] -
If F'(z) =0, by the first part of Theorem 2.1, we get

Opt1,q) (9, 9) = 0p.q (Ao, @)

but it contradict with op,11 4 (9,¢) < 0.4 (Ao, ).
Thus, F (z) £ 0 and

O—[p-‘rl,q] (F7 50) < O—[p-l-l,q} (ga @) < J[p,q] (AO’ 30) = O—[p-l-l,q} (fv 90) .
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Therefore, we have

max {U[p+1,q] (Aja 90) ) Op+1,q] (Fa 90) :7=0,1,..., k} < Op+1,q] (fv 50) .

By Lemma 3.8, we obtain

/\[erl,q] (h,o) = )‘[p+1’q] (h,p) = Olp+1,q] (h, ).

Hence,

Apt1,a (f = 9:0) = Apt1,q) (f = 9,0) = Oppr1, (f = 9,9) = 0p,q (Ao, 0) -
This completes the proof of the corollary. ([

Proof of Theorem 2.2. Suppose that f(#0) be a transcendental meromorphic

solution of equation (1.1) with Ap, 4 (%, <p) < fifp,q (f; ). From the equation

(1.1), it follows that

9 (2)
7 .

By Lemma 3.2, there exist a constant B > 0 and a set Ey C [0,00) having
finite linear measure such that for all z satisfying |z,| = r, ¢ Fa, we have

) (4
=

By the hypotheses of Theorem there exists a set H with log dens {|z,| : z, € H}
> 0 such that for all z, € H as n — oo, we have

o Ag,p)—¢
(4.14) | Ao (2n)| > exp,, {a (log,_1 ¢ (rn)) tp.a) (Ao:2) } ,
and
(4.15) |4 (2)] < exp, {5 (log, . (p(rn))a[p,q](f“ms@)—f} =12 . k)

Set Hy = {|zn| : 2n € H} \Es, so that logdens {|z,| : z, € Hi} > 0. It follows
from (4.13), (4.14), (4.15) and (4.12), we have

exp, {a (10g,_1 ¢ () VT < Brk T (20, )

(416) - exp, {6 (logq—l © (Tn))U[P,q](AOM)—s} ’

k
(4.12) 140 (] < 314 (2)] \
j=1

< Bro [T (2r, /)] (G=1.2,...,k).

exp {(170 (1)) exp,_y {a (log, 1 ¢ (Tn))gl”“”(AOW)is}} < Bkry, [T (2r,, f)]"™

for all z, satisfying |z,| = r, € Hy,r, — o0. By Lemma 3.1 and (4.16) we
obtained

O[p+1,q] (f7 90) > O[p,q] (AOv 90) .
On the other hand we replace z by sequence {z,} in the same arguments
as in proof of the last part of Theorem 2.1, as the similar way, we can get
Olp+1,q (fs ) < Opp.q (Ao, ).
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Hence
O[p+1,q] (f,0) = Olp.q] (Ao, ).
This proves the theorem. O

Proof of Corollary 2.2. Similarly as the proof of Corollary 2.1, one can easily
prove Corollary 2.2 in the line Theorem 2.2. O

Proof of Theorem 2.3. 1) Suppose that f (# 0) is a transcendental meromor-
phic solution whose poles are of uniformly bounded multiplicities of equation
(1.2) and f1, fa,..., fr are solution base of the corresponding homogeneous
equation (1.1) of equation (1.2).

By Theorem 2.1, we have o1, (fj,¢) = 0pp,q (Aosp) (G =1,2,...,k).
Then f can be expressed in the form

(4.17) f(z) = Bi(2) fr(2) + Ba(2) f2(2) + -+ + Bi (2) fi (),

where By (z),Bs (2),..., By (2) are suitable meromorphic functions satisfying

(418) B;'(Z):F'Gj(fhf%"'afk)'W(flan,“wfk)il (j:]-,Qv"-ak)a

where G; (f1, f2, ..., fr) are differential polynomials in f1, fo,..., fx with con-
stant coefficients, and the Wronskian W (f1, f2,..., fx) is also a differential
polynomial in f1, fo, ..., fr with constant coefficients. Thus by using Theorem
2.1, we deduce that

(4.19) oppg1,q (W, @) < max {O'[p+1’q] (fi,p):i=1,2,..., k} = Olp,q (Ao, ®)
and
Olp+1,q] (G]a QD) < max {U[p+1,q] (fja 90) : ] = 17 27 B k}
= J[p7q] (AO,Lp) (] = 1,2,...,k).
Therefore we get
(4.20) Olp+1,q] (Gj, ) < Olp,q] (Ao, ) (J=1,2,...,k).
By Lemma 3.6, (4.18), (4.19) and (4.20) for j =1,2,...,k,

O[p+1,q] (Bja<P) = Olp+1,q] (B},cp)
< max {0[p+1,q] (F7 (P) )y O[p,q] (AOa 90)}
(4.21) = 0fp,g (Ao, ) -

From the equations (4.17) and (4.21), we obtain

Olp+1,q] (f7 90) < max {U[;DJrl,q] (fja QD) y Op+1,q] (ij QD) : .7 =12,..., k}
(422) = O[p,q] (A07 90) .
Now, we assert that every transcendental meromorphic solution f whose poles

are of uniformly bounded multiplicity of equation (1.2) satisfies o114 (f, ) =
Op,q) (Ao, ¢), with at most one exceptional solution fq satisfying op,41,4] (fo, )
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< Olp,q) (Ao, ). In fact, if f* is another transcendental meromorphic solution
with oppi1.9 (f* @) < 0p.q (Ao, ) of the equation (1.2), then
Olp+1,q] (fO - f*a 90) < Olp,q] (A(]v 90) .

But fy — f* is a transcendental meromorphic solution of the corresponding
homogeneous equation (1.1) of equation (1.2). This contradicts Theorem 2.1.
Therefore op,11,q) (f, ) = 0Opp.q (Ao, ) holds for all transcendental meromor-
phic solutions of equation (1.2) with at most one exceptional solution fj satis-

fymg CT[P-‘rl,q] (an 90) < 0[]),!1] (A07 90)
(0]

max {U[p—i-l,q] (Aj7 90) aa[p+1,q] (F7 30) : ] = 07 17 27 sy k} < U[p-l—l,q] (fa (,O) .
By Lemma 3.8, we have
X[P-ﬂ-l,q] (fv 90) = >‘[p+1,q] (fv 410) = O[p+1,q] (fv 90) .
Therefore
X[19+1,q] (f) QD) = )‘[p+1,q] (f) QD) = O[p+1,q] (fa 90) = O[p,q] (A07 50)
with at most one exceptional solution fj satisfying
Olpt1,q) (f0, ) < 0pq (Ao, ) -
2) By Lemma 3.6, (4.18), (4.19) and (4.20) for j =1,2,...,k, we have
U[p+1,q] (Bja 90) = U[p-l—l,q] (B;a QD)
< max {U[p+1,q] (F’ 50) ) Olp,q] (fja SD) tj=1..., k}
= Olp+1,q] (Fv 80) .
Therefore we get
(423) O[p+1,q) (Bja (P) < Olp+1,q] (F7 (P) :
From (4.17) and (4.23), we obtain
O[p+1,q] (f7 <P) < max {U[erl,q] (Bj7 90) )y O[p,q] (fja 90) : j =1,2,..., k}
(4.24) = 0pt1,q (Fr ).

If p>q>1and opypy g (F,9) > 0ppq (Ao, ), it follows from the equation
(1.2) that a simple consideration of [p,q] — ¢ order implies o114 (f,0) >
Opt1,q (F ).

By this inequality and the fact (4.24) we thus obtain

Olp+1,q] (f7 90) = O[p+1,q] (F> 30) .

This completes the proof of the theorem. (I

Proof of Theorem 2.4. By using similar reasoning of Theorem 2.3, we can prove
Theorem 2.4. (|
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