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k*"-ORDER ESSENTIALLY SLANT WEIGHTED TOEPLITZ
OPERATORS

ANURADHA GUPTA AND SHIVAM KUMAR SINGH

ABSTRACT. The notion of k*-order essentially slant weighted Toeplitz
operator on the weighted Lebesgue space L?(f) is introduced and its
algebraic properties are investigated. In addition, the compression of
kth-order essentially slant weighted Toeplitz operators on the weighted
Hardy space H2() is also studied.

1. Introduction

Let 8 = (Bn)nez be a sequence of positive numbers with 8y = 1 and
0 < BﬁL < 1lforn>0and 0 < % < 1 for n < 0. Consider the space

L2(B) = {f(2) = X0l anz"; an € C, |[f115 = 3202 _ lan|?B] < oo} The
space L?(f3) is a Hilbert space with the norm ||-||5 induced by the inner product

o

<fag> = Z anaﬁi
for f(z) = Y0 apz™and g(2) = >.or _ byz™ in L?(B). The collection
{ek(z) = Z%}kez forms an orthonormal basis for L?(3). The space H?(f) is

the collection of all those power series in L?(3) which are analytic, that is,
H*(B) = {f(2) = Xoloanz"; an € C, |[fIIF = X0 o lan]?B; < co}. The
space H?() is a subspace of L?(3) and the collection {ek(z) = E—Z}k>0 forms

an orthonormal basis for H2(3).
Let L=(8) = {¢(z) = >.0° ___ a,2" such that ¢L?(B) C L*(p) satisfying

ll6flls < cllf]lg for some ¢ > 0 and for all f € L?(3)}. Then L>°(B) is a Ba-
nach space with respect to norm defined by

[6]loc = inf {c: [¢flls < c[| ]l for all f e L*(8)}.
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1230 A. GUPTA AND S. K. SINGH

Let H*(B) = {¢(2) = Yoo anz" such that pH?*(3) C H?(p) satisfying
l6flls < cllfllp for some ¢ >0 and for all f € H?(3)}. One can refer [15]
and the references therein for the details of the spaces L?(8), H?(3), L>=(B)
and H>°(3). If for each n, B8, =1 and if we consider the functions as the com-
plex valued measurable functions over the unit circle T, then these weighted
spaces are nothing but the spaces L*(T), H?(T), L°(T) and H>(T). For the
detailed information of these spaces one can see [9]. Around the year 1966,
the notions of the weighted sequence spaces H?(3) and L?(3) were brought
forth by R. L. Kelley [13] during his systematic study of weighted shift op-
erators. Further Shields [15] extended the study of multiplication operators
over the space L?(3) and that made the study interesting as the space L?(3)
cover spaces such as Bergman spaces, Hardy spaces and Dirichlet spaces. Bar-
ria and Halmos in [6] studied the class of essentially Toeplitz operators which
are basically the essential commutant of the unilateral shift. In 1996, M. C.
Ho. [11,12] introduced and studied the class of slant Toeplitz operators having
the property that the matrices with respect to the standard orthonormal basis
could be obtained by eliminating every alternate row of the matrices of the cor-
responding Laurent operators. Later on Arora and his research associates [3, 5]
introduced and studied the notion of slant weighted Toeplitz operators on the
spaces L2(8) and H?(B3). Lauric [14] in the year 2004, studied particular cases
of weighted Toeplitz operators on the space H?(3) and obtain the description
of its commutant. Many other invariants of Toeplitz and weighted Toeplitz
operators are further studied by many mathematicians. Recently, Datt and
his research associate [7] studied the notion of essentially generalized A-slant
Toeplitz operators on the Hilbert space L? for general complex number . In
[10], the notion of slant H-Toeplitz operator on the Hardy space is introduced,
which connects with the study of slant Toeplitz and slant Hankel operators.

Let P8 : L?(B) — H?(j) be the orthogonal projection of L?(3) onto H?(f).
The operator MP : L2(8) — L?(B) defined by MPe,(2) = wpeni1(z) where
Wy, = % for all n € Z, is known as weighted shift operator. The sequence
(wy,) is usually called weight sequence. For a given ¢ € L*°(f), the induced
weighted multiplication operator (also known as the weighted Laurent opera-
tor) is denoted by Mf and given by Mf : L2(8) — L?(B) such that Mff =
¢f for all fin L?(B3). A weighted Toeplitz operator Tf on the space L%(f3) is
nothing but the operator that is in the commutant of weighted multiplication
operators, that is, an operator A on L?(3) is a weighted Toeplitz operator if
it satisfy AMP = MPZA. For detailed study of weighted Toeplitz operator one
can refer [4] and the reference therein. An operator A on the space L?(3) is an
essentially weighted Toeplitz operator if the operator MP A — AMP is compact
on L?(B).

Through out the paper we assume that k£ > 2 is an integer and the sequence

[, satisfies an extra condition sup < 00. The kt"-order slant weighted
n

Bn+1
Bn
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Toeplitz operators A’;ﬁ, with the symbol ¢, on the space L?(3) is defined as
A’;B = WkMB, where W}, is the operator on L?(j) given by

Bulie, i nis divisible by k,

Wien(z) = { Bn

0 otherwise

for n € Z. The adjoint of the operator Wy, is given by Wj(e,) = %ﬂekn.

In particular, for k = 2, the operator A’;ﬁ becomes slant weighted Toeplitz
operator on the space L?(3) (see [3]). A bounded linear operator T on a
Hilbert space is said to be a Fredholm operator (see [1]) if Range(T) is closed
and Ker(T') and Ker(T™*) are finite dimensional. For a Fredholm operator T, its
index, denoted as ind(T"), is given by dim(ker(T"))—dim(ker(7™)). The essential
spectrum of the operator T', denoted by o.(T), is defined as 0.(T) = {A € C:
T — A is not a Fredholm operator}.

Motivated by the recent progress of the spaces L?(3) and H?(3) and the
multi-directional applications of the Toeplitz operators, we further extended
the study of Toeplitz operators by introducing the notion of k**-order essen-
tially slant weighted Toeplitz operator and studied its algebraic properties. In
particular, the conditions under which the set of essentially k**-order slant
weighted Toeplitz operator on L?(f3) is closed with respect to multiplication
are obtained. We have also studied the compression of k**-order essentially
slant weighted Toeplitz operators on the weighted Hardy space H?(f3). More-
over, it has been shown that the Fredholm operators can never be a k"-order
essentially slant weighted Toeplitz operator on H?(j).

2. kth-order essentially slant weighted Toeplitz operator on L?(3)

In 2009, Arora and his research associates [2] introduced the notion of es-
sentially slant Toeplitz operators and studied its properties. Arora in [5] gave
the following characterization for the class of k*-order slant weighted Toeplitz
operators:

Theorem 2.1. A bounded operator A on L*(3) is a k'"-order slant weighted
Toeplitz operator on L?(B) if and only if AMf = MBA, where MP and Mfk
are weighted multiplication operators induced by z and z* respectively.

Motivated by the characterization of the class of k"-order slant weighted
Toeplitz operators, in this section we introduce the notion of k*"-order essen-
tially slant weighted Toeplitz operators. Let K(L?(3)) denote the set of all
compact operators on the weighted space L?(3).

Definition. A bounded linear operator A on L?(f) is a k'"-order essentially
slant weighted Toeplitz operator if MZA — AMfk € K(L3(B)).

We denote the set of all k*"-order essentially slant weighted Toeplitz operator
on L?(B) by W-ESTO(L?(B)).
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Proposition 2.2. Let A be a bounded linear operator on L?(B). Then the
following are equivalent:
(i) A€ W-ESTO,(L?(B)).
(i) A— M7, AMS € K(L*(B)).
(i) A—MPAM', _, € K(L*(B)).

Proposition 2.3. The identity operator can not be a kt"-order essentially slant
weighted Toeplitz operator on L?(f3).

Proof. Let I be the identity operator on L?(3). Then for each integer n, we
have

/Bn ﬁn k
(MET = 1ML (en(2) = T enia(2) = TEE ens(2)
Hence, the operator M2 T —IM f . is not compact on L?(3) and therefore identity

operator I is not a k'"-order essentially slant weighted Toeplitz operator on
L2(B). O

We denote the set of all k*"-order slant weighted Toeplitz operators on L?(3)
by W-STO,(L?(B)). Since the zero operator on L?(f3) is a compact opera-
tor, therefore definitions of the classes W-STOy(L?(3)) and W-ESTO(L?(5))
gives that W-STOy,(L?(8)) € W-ESTOx(L?(B)). That is, every k*"-order slant
weighted Toeplitz operator is trivially in the set W-ESTOy(L?(3)). In fact, if
A is any compact perturbation of a k*-order slant weighted Toeplitz operator
on L?(B3), then A € W-ESTO(L?(3)). It is known that the only compact
kth-order slant weighted Toeplitz operator is the zero operator. Therefore, it
follows that

W-STOx(L?(8)) N K(L*(8)) = {0}
Also, from the definition of k*"-order essentially slant weighted Toeplitz op-
erator on L2(j), it follows that every compact operator on L?(3) is in W-
ESTO(L?*(8)) and hence

W-ESTO(L?(8)) N K(L*(8)) = K(L*(8))-
Thus, every non-zero compact operator on L2(f3) is in the class
W-ESTO(L*(B))

but not in W-STO(L?*(3)). In the following example, we construct a non-
compact operator in the class W-ESTOy,(L?(3)) but not in the class

W-STO(L*(8)).
Example 2.4. Consider an operator A on L?(3) defined by

ey + e1 if n =0,

Alen) = ﬁg:’“ en/k if n # 0 and n is a multiple of k,

0 otherwise,
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where e, (z) = g—n for all n € Z.

The matrix representation of A with respect to orthonormal basis {e,, } of L?(3)
is given by

Vi 0 0--- 0[O0 0 ---0 0 0
—2k

0 0 52~ 0/0 0 -0 0 0

0 0 0-- 0|1 0 ---0 0 0

0 0 0.« 0|1 0 -5 0 0

0 0 0« 000 -0 0 -+ 42

2k

From the above matrix, it follows that the operator A is not in the class
W-STOx(L?*(8)). In order to show that the operator A is in the class W-
ESTO(L?(B)), we define the operators K and S on L?(3) as follow:

K(e ) - €1 ifn= 07
"0 otherwise,

and

S(en) = e1 if n is not a multiple of k,
" e, if nis a multiple of k.

Recall that the operator Wy on L%(3), is defined by

(%) ensn if k divides n,

Wien(z) = )
0 otherwise,
is a bounded linear operator with ||Wj| s = sup |/§Ti| Thus, we can write the
operator A = Wy S + K. Moreover, !
MPA— AMS, = MP(WiS + K) — (W3S + K) M,
= MPW,S + MPK — W,,SM5, — KM,
(1) = (MPW,.S — Wi,SM’,) + K’ for some K’ € K(L*(3)).

We consider the following two cases:
Case 1. If n is not a multiple of k, then

(MEWLS — Wi SMPE, ) (en(2)) = MEW;S(en(2)) — WiSMP, (en(2))

= MOWi(er(2)) - ﬁg*’“wks<en+k<z>>

=0 (mod K(L*(B))).
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Case 2. If n is a multiple of k, then

(MZBWkS — WkSMfk)(en(z)) = MZBWk(en(z)) — MWkS(en_,_k(z))

Bn,
_ %Mﬂem(z)) L ACE)
L B
= E«Z( TR %(e(n-&-k)/k(z))

_ Bi (275 = 2"F") = 0 (mod K(L(8))).

Thus, it follows that, (MSW.S — WSMfk)(en(z)) =0 (mod K(L?(B))) for all
n € Z and from the equation (1), we get that MPA — AMZB,C is in K(L%(B3)).
Hence, the operator A is in W-ESTO(L?(3)) but not in W-STOy(L?(3)).

Proposition 2.5. If ky and ko are integers such that ki # ko and ky, ko > 2,
then W-ESTOy, (L*(8)) N W-ESTOy,(L?(B)) = K(L?*(B)).

Proof. Let k1, ko > 2 be distinct integers and assume that the operator A € W-
ESTO4, (L2(8)) N W-ESTOy, (L*(8)). Then, it follows that MFA — AME,, €
K(L?(B)) and MPA— AMsz € K(L*(B)). This further implies that A(Mfk2 -
Mfkl) € K(L*(B)) and hence we must have A € K(L?(3)). This shows that

W-ESTOy, (L%(8)) N W-ESTO, (L?(8)) < K(L?(B)). Since the reverse con-
tainment always holds, therefore we get the required result. O

Next, we study the basic properties of the set W-ESTO(L?(3)). Let the
operator A* denotes the adjoint of the operator A.

Proposition 2.6. The space W-ESTO.(L?(B)) is a closed vector subspace of
B(L?(B)) under the *-strong operator topology, where B(L?(B)) denote the set
of all bounded linear operators on L*(3).

Proof. Let Ay, Ay € W-ESTO(L?(3)) and a1, as € C. Then,
MZB(OélAl + 042142) — (041141 + OéQAQ)Mfk
= a1 (MPA, — A ME,) + an(MP Ay — A, MPB) € K(LA(B)).

Hence, a3 A1 + agA; € W-ESTO4(L?(3)) and the set W-ESTOy(L?(3)) forms
a subspace. Now for each n, consider the sequences of operators A4,, and A’ in
W-ESTOy(L?(B)) such that A, — A and A} — A* uniformly in B(L?(3)) as
n — oo. For each integer n, we have

MPA, — A,MP, = K, and MPAY, — AL MP, = C,,
where K,, and C,, are compact operators on L?(3). On using this we compute
IMPA— AMS, — Kyllp = |MPA— AML, — MP A, + A M 5
< (1215 + 1M5015) 140 = Allg
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Br+1 Brtn

< (su A, — Als,
< (e 52 o |2 -

which goes to 0 as n — oco. Therefore, as n tends to oo, the sequence of
compact operators (K,) — MBA — AM f . uniformly. Since (K,) is uniformly
closed, therefore M5A — AMfk is compact and hence A e W-ESTO(L?(5)).
Similarly, using the same technique, we have

+ sup

n

| M5 A —A*Mfk —Cyllpg = 0 as n — oco.

So, it follows that A* € W-ESTO(L?(3)). Thus the set W-ESTOy(L?(8)) is
a closed subspace of B(L?(/3)) in x-strong operator topology. O

In general the product of two k**-order essentially slant weighted Toeplitz
operators need not be in the class W-ESTOy(L?(3)) which can be seen by the
following example:

Example 2.7. Let A = B = W}, S+K on L?(j3), where the operators S and K
are defined as in Example 2.4. Then, A and B are in the class W-ESTOy(L?(3))
and take C' = AB. We have

MPC — OMP, = MPAB — ABM,
= (ME(WS)? — (Wi, 8)2ML, ) (mod K(L2(8))).

Therefore, MPC —CM?, € K(L*(8)) if and only if M (W},S)? — (W;,S)2 MY, €
K(L?(B)). But, from the definitions of the operators W, S and K, we have

0 if £ does not divide n,
%61 if n = k% —k,
P ifn="k —k
(Mﬂ(w S)2 — (WyS)2M?° ) (en) = Pos T ’
z \VVk k 2k ;= 2o ifn=k"—k,

B s ifn=k® —k,

and therefore M?(WS)2? — (WS)QMfk ¢ K(L*(B)). Hence, it follows that C ¢
W-ESTO(L?(B)).

From the above example, it is clear that the set of k'’-order essentially
slant weighted Toeplitz operator does not form an algebra. In the following
theorem, we determine the condition under which the set W-ESTO(L?(8)) is
closed with respect to multiplication.

Theorem 2.8. Let T1,T5 € W-ESTO(L*(B)). Then the operator TiTy €
W-ESTO(L2()) if and only if TLM”, Ty € K(L2(B)).

zk—2
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Proof. Let Ty, Ty € W-ESTO(L?*(3)). Then
MPTy — T\ MP, = Ky and MPTy — ToMP, = Ko,
where K; and K are in K(L?(3)). Also,
MPT\T, — TiTo MY, = (Ti M5, + K\)To — Ty (MPTs — Ko)
=T\ M5, Ty — TV MPTs + K\ Ts + T1 Ko
)T+ K

zk—2

- T (Mﬁ

where K' = KTy + T1 K € K(L2(8)). Thus, MST\ T — TiTo M5, € K(L?(5))
if and only if Ty M, x_, Ty is in K(L?(3)) and hence the result follows. O

For a natural number s > 2, let n(s) denotes the number of partitions of s
as sum of two natural numbers. Then for each i;1 < i < n(s), we can write
s = p; + g; such that p; and ¢; are natural numbers. The following result is a
direct consequence of Theorem 2.8.

Corollary 2.9. Let A € W-ESTO (L*(B)) and s €N, s > 1. If s = p; + q;
where p;,q; € N fori =1,2,...,n(s) and APi, A% € W-ESTOy(L?(B)), then
the following are equivalent:

(1) A* € W-ESTO,(L*(5)).
(2) APi(M,i_)A% € K, i=1,2,...,n(s).
(3) A% (M AP € K, i =1,2,...,n(s).

In the following theorem, we provide necessary condition for the class W-
ESTO(L?(B)) to be closed under multiplication.

Theorem 2.10. If T\, T, € W-ESTOy(L?(B)) such that either Ty commutes
essentially with Mzﬁ or Ty commutes essentially with Mfk, then TYTy, € W-
ESTOx(L*(B)).

Proof. Let T1,Ty € W-ESTOg(L?(3)) and consider the following two cases:
Case 1. If T\ M? = MSTy (mod K(L?(B))), then

MPTNTy — T ToMP, = (MW T, — Ty MPT,) (mod K(L2(B)))
= (IMPT, — Ty MPTs) (mod K(L*(B)))
= 0 (mod K(L*(8)))-
Therefore, it follows that 71T € W-ESTO(L?(3)).
Case 2. If T, MY, = M/, T, (mod K(L?(8))), then
MPTYT, — Ty Ty M5, = (TlekTg - TngMfk) (mod K(L2(8)))
_ (TlekTg - TlekTQ) (mod K(L2(8)))
= 0 (mod K(L*(8)))-
Therefore, it follows that 717> € W-ESTOg(L?(B)). O
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Corollary 2.11. If the operator Ty(or Ty) commutes essentially with M? and
Ty(or Ty) € W-ESTOR(L*(B)), then TyTy € W-ESTO(L*(B)).

From the above result, it follows that if M 5 is a weighted multiplication
operator on L?(f) induced by ¢ € L°°(8) and A € W-ESTO(L?*(8)), then
both the operators AM£ and MfA are in W-ESTO(L?(3)). In the next

result we show that the product of k*"-order essentially slant weighted Toeplitz
operators with essentially weighted Toeplitz operator is in W-ESTOy(L2(3)).

Theorem 2.12. If A € W-ESTO(L*(8)) and X is an essentially weighted
Toeplitz operator, then AX and XA are in W-ESTOy(L*(B)).

Proof. Let A € W-ESTO;,(L?(8)) and X is an essentially weighted Toeplitz
operator on L?(3). Then, by definition it follows that MfA—AMfk € K(L?(B))
and MPX — XMP € K(L*(B)). On using this we have

MPAX — AXM', = AMS, X — AXMY, (mod K(L?(B)))
=AM, X — AM’, X (mod K(L*(B)))
= 0 (mod K(L*(8))),
therefore, the operator AX € W-ESTO(L?(3)). Again,
MPXA— XAM', = XMPA— XAM, (mod (K(L*(B)))
= XMPA - XM? (mod K(L*(B)))
=0 (mod K(L?(B)))
and so it gives that the operator X A eW-ESTO,(L?(B)). O

Remark 2.13. It can be noted that if X is an essentially weighted Toeplitz
operator which is also essentially invertible, then the converse of Theorem
2.12 holds. Indeed, whenever the operator AX or XA is in the class W-
ESTO(L?(B)) for some bounded operator A on L?(f3), then

A € W-ESTO(L*(B)).

The class W-ESTOy(L?(3)) is not closed with respect to adjoint, which is
shown in the following example:

Example 2.14. For k > 2, the operator A = W}, defined on L?(3) is in the
class W-ESTO(L?(8)). Indeed, when the integer n is a multiple of k, then we
have

(MEA — AML,) (en) = MEWi(en) = WiME, (e0)

_ Bn/k Mzﬁen/k . ﬁnJrk Cnih
Bn
Btk /k Bink)/k

B s ey e T
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If n is not a multiple of k, then again we have
(MfA - AMfk> (en) = 0.

Therefore, for each integer n, (MZﬁA — AMfk> (en) = 0 and hence the operator

Wi, € W-ESTOy(L?(8)). Since the adjoint W} of the operator W, satisfies that
Wi(en) = Buk e and therefore using this we compute

B"L
(a2 = WeME) (en) = B 0t2ens — P W )
_ Bkt ey — »B(n+k)k€ .
B nk+ Bn (n+k)

which does not belong to K(L?(3)). Hence, the operator A* = W} is not in
the class W-ESTO(L?(B)).

In the next theorem, we have shown that whenever both the operator and
its adjoint are in the class W-ESTOy,(L?(3)), then the operator AT essentially
equals to T*A on L2(8), where T = MZ + Mfk

Theorem 2.15. If A, A* € W-ESTO(L?*()), then AT = T*A (mod K),
whereT:MngMfk.

Proof. Let A, A* € W-ESTO(L?(3)). Then, we have
(2) MPA - AMS, = K,

(3) MPA* — A M, = K,

where K1, Ko € K(L?(3)). On taking adjoint of both sides of the equation (3)
and subtracting equation (2) from this, we obtain that

AMEY — MO A - MPA+ AMY, = K — K,
which further implies that
A (Mf n Mfk) . (Mfk " Mf) A = K; for some K3 € K(L2(8)).
Therefore, AT = T*A (mod K(L2(8))), where T = M? + Mfk O

Hence, from Theorem 2.15, it follows that a necessary condition for any
operator A € W-ESTO(L?(8)) to be self-adjoint is that AT = T*A (mod K),
where T' = M2 + M.

Theorem 2.16. Let A € W-ESTO(L?(B)) be an essentially normal operator.
Then the operators A*A and AA* are both in W-ESTO(L?(B3)) if and only if

A* commutes essentially with AMER.
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Proof. Let A € W-ESTO(L?(83)) be such that AA* = A*A (mod K(L?(B))).
Then, we get

MPA*A — A*AMD, = MPAA* — A*AMP, (mod K(L*(B)))
- (AMfk) AF A (AMfk> (mod K(L2(8))),
and therefore, A*A € W-ESTOy(L?(8)) if and only if A* commutes essentially
with AM f - Similarly, we have
MPAA* — AA*MD, = AMP, A" — AA*MP, (mod K(L*(B)))
= (AMB) A" — A" (AMY,) (mod K(L*(B))),

which implies that AA* € W-ESTOg(L?(8)) if and only if A* commutes es-
sentially with AM?,. O

Datt et al. [8] have studied the notion of k"-order slant weighted Hankel
operator and have proved that an operator B on L?(j) is a k'f-order slant
weighted Hankel operator if and only if ME,IB = BMfk. In the next theorem,
we obtain the condition for the product of k-order essentially slant weighted

Toeplitz operator and k'"-order slant weighted Hankel operator to be in the
class W-ESTOy(L?()).

Theorem 2.17. Let the operator A € W-ESTOy(L?(B)) and B be a k'"-
order slant weighted Hankel operator on L?*(B). Then the operator AB € W-

ESTO(L*(B)) if and only if A(M’, — M? ,)B € K(L*(B)).
Proof. Let the operator A €W-ESTO(L?(3)) and B be a k'f-order slant
weighted Hankel operator on L?(3). Therefore, we have MPA — AM Zﬂ . €
K(L?*(B)) and Mzﬁ,lB = BMfk. Using this we get that
MPAB — ABM’, = AM®, B — A(BM?,) (mod K(L?(8)))
=AM, B— AM" | B
=AM’ - M”)B.

Hence, AB €W-ESTO(L?(B)) if and only if A(MF, — M” ,)B € K(L*(8)).
O

Theorem 2.18. If an operator A € W-ESTOy(L*(3)) is a k'"-order slant Han-
kel operator, then A(I — (Mfk)2) € K(L?(B)), where I denotes the identity
operator on L?(f3).

Proof. Let A €W-ESTO(L?(8)) be a k'"-order slant Hankel operator on
L%(B). Then the operator A satisfies the relation MfA — AM', € K(L*(B))
and also MZ’B,IA = AMfk. Using these relations, we have

MPA =AM, = A= MJ_, AMY, (mod K(L*(8)))
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AT (ME)R).
Hence, this gives that A(I — (Mfk)Q) € K(L3*(B)). O

We conclude this section by proving that the essential spectrum of a k'"-order
essentially slant weighted Toeplitz operator contains zero.

Theorem 2.19. Let A € W-ESTO(L*(B)). Then 0 € o.(A), the essential
spectrum of A.

Proof. Let A € W-ESTO(L?(8)) and if possible assume that 0 ¢ o.(A). This
means that A is essentially invertible on L?(3). Since the operator A satisfies

the relation MPA — AM', € K(L*(B))) and therefore it follows that M —

AMP, A=Y € K(L?(B))). This gives that MY and M’ are essentially similar.
But this is not possible as their Fredholm indexes are not same. Hence, we get
that 0 € g.(A). O

3. Compressions of k*"-order essentially slant weighted Toeplitz
operators

In 2013, Arora and Kathuria [5] obtained a characterization for the compres-
sion of a k'"-order slant weighted Toeplitz operator to H?(3) and they have
shown that a bounded linear operator B on H2(f) is the compression of a k'"-
order slant weighted Toeplitz operator to H?(f) if and only if 7B = BTfk,
where T2 and T fk are weighted Toeplitz operators on H?(3) induced by z and
2¥ respectively. Motivated by this study, we define the compression of a kt"-
order essentially slant weighted Toeplitz operator to the weighted space H?(3).
Let K(H?(j3)) denote the set of all compact operators on the weighted space
H(B).

Definition. An operator B on the space H?(3) is the compression of a kt"-
order essentially slant weighted Toeplitz operator of L?(3) to H?(3) if B —
TS BTS, € K(H?(B)).

Since weighted Toeplitz operator T? is essentially unitary in H?(8), therefore
equivalently we define an operator B on the space H?(f3) as the compression of a
kth-order essentially slant weighted Toeplitz operator to H2() if T? B —BTZB » €
K(H?(B)). We denote the set of all compression of essentially k*"-order slant
weighted Toeplitz operators to H?(3) by W-ESTO(H?(8)). Clearly if T is
the compression of a k'"-order slant weighted Toeplitz operators to H?(f),
then T € W-ESTOy(H?(3)). The class W-ESTO(H?(3)) enjoys the similar
properties that holds for the set W-ESTO(L?(3)).

Proposition 3.1. The set W-ESTO(H?()) satisfies the following properties:
(i) W-ESTO(H?*(B)) is a norm-closed vector subspace of B(H?()).
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(i) W-ESTO(H?*(B)) is not an algebra of operators on H?(j3).

iii) W-ESTOR(H?*(B)) is not a self-adjoint set.

iv) K(H?(B)) N W-ESTO(H?(B)) = K(H*(B)).

(v) Let Ay, Ay e W-ESTO,(H?(j3)). Then

the operator Ay As € W-ESTO(H?(B)) if and only ifAl(Tﬁ./ ~TH) Ay €

K(H2(5)).

(vi) If Ay, Ay € W-ESTO,(H?(B)) such that either A; commutes essen-
tially with T2 or Ay commutes essentially with Tfk, then A1Ay € W-
ESTOx(H?(B)).

(vii) Let an operator A € W-ESTOy(H?(8)) be self adjoint and T = T +
Tfk. Then the operator T A is essentially commutant on H?(f3).

(ix) Let A€ W-ESTOL(H?(B)). Then 0 € a.(A), the essential spectrum of
A.

(x) For integers ki, ko > 2 such that k1 # ks, the following holds

W-ESTO (H?(8))nW-ESTOL(H2()) = K(H2(8)).

Theorem 3.2. If Tf is a weighted Toeplitz operator on H?(B) induced by
symbol ¢ in L>=(B) and A € W-ESTOx(H?*(8)), then ATf and TfA both are
in W-ESTO,(H?(3)).

Proof. Let A € W-ESTO(H?(8)) and Tf be a weighted Toeplitz operator on
H?(B) induced by symbol ¢ in L>°(3). By the characterization of weighted
Toeplitz operator [4], it follows that the commutator of Tf and T is compact.

In fact for any positive integer n, the commutator of Tg and T, Zﬁn is a compact
operator on H%(f3). Then, we have

TH(T)A) = (T)A)TE, = TJTS A — T ATY, (modK(H?(B)))
= TJ(TP A) — TJ(ATY,) (modK(H?(B))).
Therefore, T/ (T,;BA - ATfk) € K(H?(B)). Similarly,
TP(AT]) — (AT))T.. = TP AT — AT, T} (modK(H?(8)))
= (TP A— AT..) T)] (modK(H*(B))).
Therefore, TP (AT})) — (AT})T,« € K(H?(B)). 0

It may be noted that if Tf is an invertible weighted Toeplitz operator, then the

converse of Theorem 3.2 holds. In the next theorem, we show that a k‘"-order
essentially slant weighted Toeplitz operator can not be a Fredholm operator on
the weighted space H2(3).

Theorem 3.3. The space W-ESTOy(H?(3)) contains no Fredholm operator.

Proof. Let us suppose that A € W-ESTO(H?(8)) be a Fredholm operator of
index n. Then, TSA — ATzﬁk = K for some compact operator K on H?(f3).
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Since A is a Fredholm operator of index n and TP A = ATZﬁ » + K, therefore
it follows that 72 A and ATZi + K are Fredholm operators of index n — 1 and
n — k respectively. This gives that ind(7°4) = n — 1 = ind(ATfk +K) =
n — k, which is absurd. Thus, there is no Fredholm operator in the space
W-ESTO(H?(B)). O

Remark 3.4. In particular, from the last theorem we can conclude that the set
W-ESTO(H?()) does not contain weighted shift operators. Indeed, consider
the weighted shift 7/ defined on H2(8) by T/(e,) = ze, 1, which is a
Fredholm operator of index —1. Now consider

(1272 = 272 ene) = 2 (25 enin(2) = 25 cnin ()

- ng enpal2) — %emma.

Hence, by Theorem 3.3, T8 ¢ W-ESTO(H?(B)).
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