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CONVEXITY OF INTEGRAL OPERATORS
GENERATED BY SOME NEW INEQUALITIES OF
HYPER-BESSEL FUNCTIONS

MuHey U. DIN

ABSTRACT. In this article, we deduced some new inequalities related to
hyper-Bessel function. By using these inequalities we will find some suf-
ficient conditions under which certain families of integral operators are
convex in the open unit disc. Some applications related to these results
are also the part of our investigation.

1. Introduction

Let A denote the class of functions f of the form
(1.1) f(z) :z—|—Zanz",
n=2

which are analytic in the open unit disc U = {z: |z| < 1} and S denote the
class of all functions which are univalent in &. Let $* («), C («) and K ()
denote the classes of starlike, convex and close-to-convex functions of order «
and are defined as:

S*(a):{f:feAandRe<Zj:/(S)>>a, zeu,ae[(),l)},
C(a):{f:feAandRe<1+ZJ{,N((Zz)))>a, zE€U, ae[O,l)}
and
K(a):{f:fGAandRe(w>>a, zeu,ae[o,l),ges*}.

It is clear that
S*(0)=8*, C(0) =C and £ (0) =K.
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The Bessel function of the first kind J,, is defined by

0 -1 ZQn—i—v

n=1

where I' stands for Euler gamma function. It is a particular solution of the
second order linear homogeneous differential equation

2w (2) + 2w’ (2) + (22 — v} w(z) = 0,

where v € C. For some details see [1,6]. Bessel functions are indispensable in
many branches of mathematics and applied mathematics. Thus, it is important
to study their properties in many aspects. Next, we consider the hyper-Bessel
function in terms of the hypergeometric functions defined below (for details see

[2])
_ - d+1
1 . __ [
oFd<(ad+ ); (d+1) ),
where the notation

B3, ) - — (B1), (B2),, -~ (Bp),, 2"
(1.4) oFy <<(7)q>’ > T2 ), (02)n (),

represents the generalized hypergeometric function, where (3),, represents the
shifted factorial or pochhammer’s symbol and ay represents the array of d
parameters ag, Qa, ..., qq. By combining (1.3) and (1.4), we get the following
infinite representation of the hyper-Bessel function

= (1) :
15)  Jasz) =Y
n=0p] i I'(og+n+1) <d+ !
i=1

z

d+

)al+a2+~~-+ad

—

(13)  Jay() = (

—a

i=1

n

) n(d+1)+a1+as+-~aq

The normalized hyper-Bessel function J,,(z) is defined by

. aytaz+-+ag
(1)

(L6) Jos(2) = 5
1T (a+1)

jad(z)-

By combining (1.5) and (1.6), we get the following representation of the hyper-
Bessel function

> -1 n—1
(17) Jau(z) =1+ (=1) L(n=1)(d+1)_
n=2 (n _ 1)l(d+ 1)(n71)(d+1) H (Ozi + ]‘)n—l

i=1
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It is observed that the function 7, defined in (1.7) does not belong to the
class A. Here, we consider the following normalized form of the hyper-Bessel
function for our own convenience.

Hay(2) = 2J0,(2)

_ - (=pr! (n—1)(d+1)+1
(1.8) =24y y z .
=2 (n— 1)(d + 1)-DE+D [T (a5 + 1),
1=1

Recently, Deniz et al. [3], Din et al. [4] and Din et al. [5] have obtained
sufficient conditions for the univalence of certain families of integral opera-
tors defined by Bessel, Struve and Dini functions respectively. The families of
integral operators are defined below:

(1.9) Foianc(2)= {g/jt“f{l (fit)) = dt}l/g,

n 1/(né+1)
(110)  Gen(s) = {<n§+ o [Tl <t>>fdt} ,

> n 1w
(L.11) Hsy, b (2) = {u/o t’“IH (F(#)” dt}

and

(1.12) Ox (2) = {A/OztA—l (ef(”)kdt}m.

In this paper, we are mainly interested in the convexity of the integral op-
erators involving Dini function ¢,.These integral operators are defined as

O G, (¢ o
(1.13) Fovmian,am (z)—/oli[<t()> dt,

=1
and
Zmn 5
(1.14) Hoponirosn () = [ T] el (0)
0 i=1

Now we prove some functional inequalities which are useful in establishing our
main results.

Lemma 1.1. Leti € {1,2,3,...,d}, a; > —1 and {n > 1, where { = (d+1)%+1,
n= H?:l (a; +1). Then Ha, defined in (1.8) satisfy the following inequalities:

NS (%) (d+1)(2¢n—1)
W) |7 — 1’ < G-naom—s (1> 1
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¢n(2¢n—1)(d+1)(2d+3)
= ((n—=1)(2(n—3)—(2¢(n—1)(d+1)’ (n>1

o 2, ()
ag
(i) ‘ e, ()

Proof. (i) By using the well known triangle inequality and the inequalities

n!'>n, (a;+1), > (v+1)", VneN,

we obtain X
, Hea, () (d+1) ( 1 )”
Ha Z)— S ~ 9
‘ + ) z (n 2 (n
where
d
¢(=(d+1)"" and n=]](i+1).
i=1
This implies that
’ Had (Z) d + 1
. — < .
(1.15) L (2) . S -1

Furthermore, if we use the reverse triangle inequality and the inequality
n!>2""1 (a;+1), > (a; +1)", VneN,

then we get

‘Ha(; ()| _ 1+3 (-t _ L (n=1)(d+1)
21 (n = Dd + =D T (05 + 1),
i=1
1 1 n—1
>1— —
n ; (2477)
B 2(n—3
(1.16) e
By combining (1.15) and (1.16), we get
Ha, (2) (d+1)(2n—1)
- , >1.
Hosle) | S Cr-n0—3
(ii) Consider
—1)n B
Hoy(:) = Y . a4,
2 i(d 4+ 1) T (o 1),
i=1

Z{n (d+1)2 +n(d+1)}( ne ndt1),

PE0 i(d+ 1) T (o 1),
i=1

HN
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(n—1)"(d+1)? n(d+1)

d
P (0= DI+ DI [T (g 41,

(n-1(d+1) n(d+1)
+2. d o
n2l (n = 1)(d+ 1)=DED T (o + 1),
i=1

By using the well known triangle inequality with inequalities

(n—1)?
(n=1!> " (n=D!>n—1, (@ +1), > (@ +1)", ¥neN,
we have
(nfl)’*’(dﬂ)j Hn(d+1)
, n>1 (n=1)Y(d+1)" =D T (e +1),,_y
2K, (2)] = Ly (n—1)(d+1) Ln(d+1)
d
n>1 (n=1)1(d+1)(»=DE@+D [T (e +1),,_,
i=1
1 n—1 1 n—1
2wy (L) v (5)
1 NS AN
where
d
C=(d+1)™ and n=](ai+1).
=1

This implies that
(n(d+1)(2d+3)
(Cn—1)
Furthermore, if we use the reverse triangle inequality and the inequalities

n!>n, n!>2""1 (a;+1), > (;+1)", VneN,

(1.17) |2H, (2)| <

then we get

d+1 1\ 1 1\"!
21(77,;(07) 52 (a)
_ (=1 @Mm—-3)—-(2n—-1)d+1)
(Cn—1)(2(n-1) '
By comblnmg (1.17) and (1.18), we get
w

m2¢n—1)(d+1)(2d+3)
T (Cn—=1)(2%n—-3)—(An—1)(d+1)’

(1.18)

¢n>1.
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2. Convexity of integral operators with normalized hyper-Bessel
function

The main objective of this paper is to give convexity properties of integral
operators involving normalized hyper-Bessel function. The main results are
given as follows.

Theorem 2.1. Let i € {1,2,3,...,d}, a; > —1 and ¢n > 1, where {( =
(d+1)3+1 = H?:l (a; + 1) and Hy, defined in (1.8). Suppose that o1, ... 0,
be positive real numbers such that these numbers satisfy the following inequality

@ em-y
R TERCTEr P

Then, the function Fgion defined by (1.13), is in the class C (B), where

n

ey
gt (Cn—l)(QCn—?));Z

1) (F) )= H (”“”) .

Differentiating logarithmically, we get
"
5 (Fo150n Py n 2H! o ( )
(2.2) ( ;‘11’_-_7;61), () _ o e P )
(F(h:.--:a:il) (Z) i=1 H(O‘d)i (Z)
This implies that

) ) [ Hian, @ B
! {1+ (Faizn) (2) } Z . <H<ad @)\ Z‘” ‘

Now, by using the assertion (i) of Lemma 1.1 for each M; = (Cn)i, where
i=1,2,...,n, we obtain

. z(ng,..:'.’,g;)// (2) n s (d+ 1) (2M; o
i {H (Falam) (2) }>§_; ’(1 (M; — 1) (2M; —3) ( Z )

7 - (d+1)(2M; — 1)
717;%(]\41‘—1)(2]%—3)'

Consider the function ¢ : (%, oo) — R defined as

(d+1)(2M —1)
(M —1)(2M —3)

¢ (M) =
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is a decreasing function such that

d+1)(2M; —1) _ (d+1)(2M —1)

< =12 ..
(M, —1)(2M; —3) = (M 1)(2M—3)’W 2&ye e s
Therefore
2 (Fggm)' (2) d+1)2M —1) &
Rel 14+ ———1v >1-— g;.
{ (FEa ) } (1) (207 8) 2=

Since 0 < 1 — % 221 o; < 1, therefore F7l:~on € C(B), where

n

_ (d+1)(2¢n—1)
N ECTE Dk

which completes the proof. ([

By setting 01 = 02 = -+ = 0, = ¢ in Theorem 2.1, we obtain the result
given below.

Corollary 2.2. Let i € {1,2,3,...,d}, a; > —1 and (n > 1, where { =
(d+ 1)+t n = Hle (o; + 1) and Hy, defined in (1.8). Suppose that o be
positive real number such that satisfy the following inequality

0<1_ no(d+1)(2¢n—1)
(Cn—1)(2¢n—3)
Then, the function Fy, ,  defined by

= [T (2

is in the class C ($1), where

8=

~no(d+1)(2¢n—1)
(Cn—1)(2¢n —3)
The next theorem gives convexity properties of the integral operator defined
n (1.14). The key tool in the proof is inequality (ii) of Lemma 1.1.

Theorem 2.3. Let i € {1,2,3,...,d}, oy > —1 and (n > 1, where ( =
(d+1)4+, n= H?Zl (o; + 1) and H,, defined in (1.8). Suppose that 01, ... ,0p
be positive real numbers such that these numbers satisfy the following inequality

(n(2¢n —1)(d+1)(2d + 3)
VTG Dem -8 - e - D@+ 25 <l

Ne %)

B ¢n(2¢n—1)(d+1)(2d+3)
(Cn—1)(2¢n—3) = (2¢n—1)(d+1) 25

Then, the function H‘sh O defined by (1.14), is in the class C (), where

’y:



1170 M. U. DIN

Proof. Tt can easily be observed that, the operator defined in (1.14) belongs to
class A, that is H3!»% (0) = (H3! ;-»f;n)’ (0) — 1 = 0. Differentiating (1.14),
we have

(Hye ) () = 1_1 (Hzadmz))‘” .

Differentiating logarithmically, we obtain

This implies that

(H51 ..... 5n )” (Z)

aiia Mo, (2)>
P =1+)> 4R .
(H:iy,::::iq)'(z) Z ) ( HM (2)

Now, by using the assertion (ii) of Lemma 1.1 for each M; = ((n),, where
i=1,2,...,n, we obtain

"
- ()" )
51 !
(o) )

- M; (2M; — 1) (d+ 1) (2d + 3)
i 1_;& <(Mi1) (QMi3)(2M¢1)(d+1))'

Re< 1+

Re< 1+

Consider the function ¢ : ((2d+7)+ . td2+20d+25, oo) — R defined as

M@2M—-1)(d+1)(2d+3)
(M-1)(2M -3)—(2M - 1)(d+1)
is a decreasing function such that

M; (2M; —1)(d+1) (2d + 3)
(M; —1)(2M; —3) — 2M; — 1) (d+ 1)
MQ@2M—-1)(d+1)(2d+ 3)
“(M-1)2M -3)—(2M —1)(d+ 1)’
It follows that

(M) =

Vi=1,2,...,n

- () ) MEM-1)(d+1) (2d43) <
Re{ 1+ (Hii»-_-_‘ygn)r(z) 1 ) @3 — @M 1) (d+1);5i.
Since

Ogl_(M*].)(QM—?,) (QMf]_ d+1 Z(S <1,
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therefore H3! =% € C (), where

7a7L

n

M (2M —1)(d+ 1) (2d + 3) 5
(M—l)(2M—3)—(2M—1)(d+1)Z is

y=1-
=1

which completes the proof. O

By setting §; = do = 6, = ¢ in Theorem 2.3, we obtain the result given
below.

Corollary 2.4. Let i € {1,2,3,...,d}, oy > —1 and (n > 1, where ( =
(d+1)4H, n= Hl 1 (0 + 1) and H,, defined in (1.8). Suppose that b1, ..., 5,
be positive real numbers such that these numbers satisfy the following inequality

0<1_ "2 —1)(d+1)(2d+3)
= -0 -3) = (Xn-1)(d+1)
Then, the function H‘s defined as

HY o ( /H Hian, ( ) dt

is in the class C (1), where

<1

ndé¢n (2¢n—1)(d+1)(2d + 3)
(Cn—=1)(2¢n—3) = (2¢n—-1)(d+1)

m=1-

3. Applications

When we put d = 1 and 1 = v in (1.8), we get the classical Bessel function
defined in (1.2). The normalized classical Bessel function can also be obtained
by putting d = 1 and @1 = v in (1.8). The normalized classical Bessel function
is defined as:

i )
(3.1) Wo(2) = n%:l 4nnl(v +1), o

By choosing v = 1 and v = 2 in (3.1), we get the following forms of the
normalized hyper-Bessel function

Y1 (2) =sinz,
Vs (2) =3 (sinz cosz)

In particular, the results of the above mentioned theorems are given below.

22 z

Corollary 3.1. Let vy,vs,...,v, > —g and ¥, (z) : U — C be defined as

_ (_1)n n
wv(z) - nzzjl 4”%'7(1) n 1)n 22 +1.
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Let v = min{vy,...,v,}. Suppose that o1,...,0, be positive real numbers such
that these numbers satisfy the following inequality
2(8v+7T) -
0<l— ——mm—7—F7—"—— o; < 1.
- (4v + 3)(8v +5) Z ’

Then, the function FY defined by

Fo (o) = /0 <wvt(t))”dt

is in the class C (B2), where

n

B 28v+7) ‘
b=l = T 3B £5) ;U

In particular,

(i) if o < 2B then the function FY :U — C defined by
2

— 227

2

F () = /0 (sint)” dt

is in the class C (B3), where B3 =1 — 22;

(ii) if a < %, then the function F§ : U — C defined by

is in the class C (B4), where B4, =1 — %-

Corollary 3.2. Let vi,va,...,0, > *2%\/5 and ¥, (z) : U — C be defined as

_ (_1)n 2n+1
¥ol2) = nzzjl v+ 1),

Let v = min{vy,...,v,}. Suppose that d1,...,8, be positive real numbers such

that these numbers satisfy the following inequality

10(4v +4) (v +7)
O b= 3yt — 260 +7) ;" <1

n

Then, the function H? defined as

is in the class C (y2), where

n

10(4v + 4) (Sv +7)
T v+ 3)dv+5) —2(8v+7) ;U

Y2 =

In particular,
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(i) if 6 < g5, then the function HS : U — C defined by
2

Hs  (2)= /OZ (cost)‘;dt

2

is in the class C (v3), where y3 =1 — 50;
(ii) if § < 8L then the function HY :U — C defined by
2

1900~
Hyo ()= [ (v40) a

is in the class C (vs), where v4 = 1 — 13905,
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