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COMPUTING FUZZY SUBGROUPS OF SOME SPECIAL
CYCLIC GROUPS

BABINGTON MAKAMBA AND MICHAEL M. MUNYWOKI

ABSTRACT. In this paper, we discuss the number of distinct fuzzy sub-
groups of the group Zyn X Zgm X Zy, m = 1,2,3 where p, ¢, r are distinct
primes for any n € Z1 using the criss-cut method that was proposed by
Murali and Makamba in their study of distinct fuzzy subgroups. The
criss-cut method first establishes all the maximal chains of the subgroups
of a group G and then counts the distinct fuzzy subgroups contributed
by each chain. In this paper, all the formulae for calculating the number
of these distinct fuzzy subgroups are given in polynomial form.

1. Introduction

The group G = Zyn X Zgm X L, where p, q, 7 are distinct primes and m,n € Z+
is cyclic. In this paper, we will sometimes use p"¢™r to denote the group
Lpn X Lign X Zr. We believe that the study of fuzzy groups, including their
classification, is very important and interesting because of the importance of
fuzzy logic in general. As Murali and Makamba in [5] puts it: one of the
most interesting problems in fuzzy group theory is to classify fuzzy subgroups
up to some unique invariants of the underlying group. In our classification
and counting, we use the equivalence relation defined in [1]. The concept of
fuzzy sets was introduced by Zadeh [12] in 1965 and Rosenfeld [9] followed
by introducing the concepts of fuzzy subgroupoids and fuzzy subgroups. Fuzzy
subgroups have recently been studied by [1,3,4,7] among others, thus extending
the work done by the earlier authors like Das in [11] and Sherwood in [10].

We begin by first giving some fundamental concepts, definitions and propo-
sitions that will be used in this paper. The number of maximal chains of the
finite abelian group p™¢™r is given in [7] and briefly discussed here. Using the
equivalence relation given by Murali and Makamba in [3] and their criss-cut
counting technique therein, we classify the fuzzy subgroups of the abelian group
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p"q™r for m = 1,2, 3,4. This will extend the work of [3] where a classification
of the fuzzy subgroups of the finite abelian group p™¢™ was done using the
cross-cut counting technique.

2. Preliminaries

Since our counting of fuzzy subgroups is anchored on the maximal chains of
subgroups of a group G, we look at some important concepts relating to the
maximal chains of subgroups of G.

Definition. A proper subgroup M of a group G is called mazimal if whenever
M < H < G, then either H = M or H = GG. A chain of subgroups of a group
is said to be a maximal chain if it cannot be properly contained in another
chain.

O. Ndiweni in [7], working on the number of maximal chains of finite abelian
groups, gave the following results in Proposition 2.1.
(n+m+s)!

it mazimal chains.

Proposition 2.1. The group Zyn X Zgm X Zys has

Remark 2.2. The word chain(s) in this paper is used to mean subgroup maximal
chain(s) unless otherwise stated.

Let I = [0, 1] be the unit interval of real numbers with the usual ordering and
let X be a non-empty set. A fuzzy subset of X is characterized by a function
w: X — I. pis called the membership function and p(z) is the degree of
membership of the element x to the fuzzy subset of X defined by u.

Definition. The support of u, denoted by supp(u), is defined as supp(u) =
{r e X :pu(x) >0}

Definition ([9]). Let G be a group. A fuzzy subset u of G is said to be a fuzzy
subgroup of G, if for all z,y € G

() ulay) > min{m(z). u(y)}.

(i) p(@™t) = u(2).
Definition ([3]). Two fuzzy subgroups p and v of a group G are said to be
equivalent denoted p ~ v if

(i) for all z,y € X, p(z) > p(y) if and only if v(z) > v(y),

(ii) p(z) =0 if and only if v(z) = 0.

Clearly this relation is an equivalence relation on IX and it coincides with

equality of sets when restricted to 2%X.
Definition ([9]). Let G be a group. A fuzzy subset p of G is said to be a fuzzy
subgroup of G if for all z,y € G

(i) u(ay) = min{m(@), u(y)},
(i) p(a) > ().
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Remark 2.3. According to Murali and Makamba [4], two fuzzy subgroups are
distinct if they are non-equivalent.

In our current work, we use the criss-cut method [6, 8], in counting distinct
fuzzy subgroups. In this method, we first list all the maximal chains of the
group and then use the counting technique (criss-cut) to enumerate the distinct
fuzzy subgroups. The technique is explained in detail in [2,8], but we give its
summarized discussion below.

Remark 2.4. The order of listing our maximal subgroup chains does not matter
and so does not alter the number of distinct fuzzy subgroups. Thus we can start
the counting from any chain in the list and proceed in any order. Therefore we
number our maximal chains here according to the order in which we consider
the chains in our counting.

Criss-cut counting technique

Let G be a group having the property that all its maximal chains are of the
same length. By length, we mean the number of subgroups in the maximal
chain. From the list of the maximal subgroup chains, suppose our first chain is

(1) 0CH CHyC---CH,=0G.

By [3], the chain (1) contributes 2"+! — 1 distinct fuzzy subgroups of G. Let
our next maximal chain be

(2) 0CJ,CJyC--CJ, =G

such that for some i, J; # H; where i € {1,2,...,n — 1}. This new subgroup
J; is called a distinguishing factor of the maximal chain as it distinguishes the
chain from the previous one. If this new chain has two or more subgroups that
were not in the first one, we simply pick one and call it a distinguishing factor
for the chain. The other new subgroups will be used in subsequent maximal
chains as distinguishing factors. Thus if a Jj is new in the second chain but
was not used to distinguish that chain from the first, it may be used in the next
chosen chain that contains it as a distinguishing factor. However, once used,
a new subgroup cannot be a distinguishing factor in another maximal chain.
The number of distinct fuzzy subgroups of G contributed by the chain (2) is
given by Proposition 2.5.

Proposition 2.5 ([8]). The number of distinct fuzzy subgroups of G contributed

by a maximal subgroup chain with a distinguishing factor is equal to % =27
forn > 2.

This process of identifying distinguishing factors is continued until there are
no distinguishing factors in the chains. Note that none of the subgroups in the
first chain may be used as a distinguishing factor.

After exhausting all distinguishing factors, the next step is to use pairs of
subgroups to distinguish maximal chains. Suppose in our counting process, we
encounter a maximal subgroup chain 0 C K; € K, C --- C K,, = G, such
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that there are no (single) distinguishing factors, but there is a pair {K;, K;},
i # 7, of subgroups in this chain that have not appeared in any previous chain
(together) not necessarily consecutively. We call this pair a distinguishing pair
for the chain. So if subgroups K; and K; have not appeared together in the
previous maximal chains, then they are indeed a new pair. As in the case of
single distinguishing factors, if there is another new pair (H, K) in that chain
containing K; and K, then the pair (H, K) may be used in a subsequent chain
as a (new) distinguishing pair. The focus is on using a subgroup or a pair of
subgroups to tag (or identify) a maximal chain. The number of (new) distinct
fuzzy subgroups contributed by this chain (with a distinguishing pair) is given
below.

Proposition 2.6 ([8]). In the process of counting distinct fuzzy subgroups,
a mazimal subgroup chain that has no single distinguishing factor but has a
distinguishing pair, contributes 22; = 2" new distinct fuzzy subgroups of G
forn > 4.

After exhausting all distinguishing pairs, we proceed to distinguishing triples.
These are treated just like distinguishing pairs. A chain with no distinguish-
ing factor and no distinguishing pair but has three subgroups (H,J, K) that
have not appeared together in any previous chain, has a distinguishing triple.
Another new triple in the same chain may be used in a subsequent chain as

n+1 . .
223 new distinct fuzzy sub-

a distinguishing triple. Such a chain contributes
groups.

If the maximal chains have not been exhausted, continue to use a distinguish-
ing quadruple. Continue until all the maximal chains have been exhausted. This
counting argument can be generalised in Proposition 2.7, which gives only the
contribution of a single maximal chain to the total number of distinct fuzzy
subgroups other than the first two chosen maximal chains.

Proposition 2.7. In a finite group G, if a mazimal subgroup chain of length
n + 1, other than the first two chosen chains, has no distinguishing (m — 1)-
tuple, but has a distinguishing m-tuple for m > 2, then the chain contributes

2;: = 2nHl=m pey distinct fuzzy subgroups of G, n+1 > m.

Note that a distinguishing 1-tuple is distinguishing factor; a distinguishing
2-tuple is distinguishing pair, and so forth.

Remark 2.8. In this paper, a distinguishing factor is indicated by x, a dis-
tinguishing pair by {x,**} and a distinguishing triple by {x, %, % % x}. This
indication can be extended similarly to a distinguishing quadruple and beyond.

Murali and Makamba in [5] worked on the number of distinct fuzzy sub-
groups of the group Z,» X Zgm using the cross-cut method. They obtained
important results which we summarize in Theorem 2.9.
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Theorem 2.9 ([5]). The number of distinct fuzzy subgroups for the group Zyn X

qu 8
i n m
n+m—+1 —r
[2 TEZOQ (r)(r)] -1, n>m.

3. Distinct fuzzy subgroups of Zp» X Zgm X Z,, n,m € 7T,
m =1,2,3; p, q, r distinct primes

To achieve our objective of counting the distinct fuzzy subgroups in each
group, the maximal chains of each group are listed. The number of distinct
fuzzy subgroups is then counted using the criss-cut method of [5]. The counting
method used here is different from the one used in [7]. Moreover, the formu-
lae presented here are in polynomial form. The polynomial formulae make it
easy for one to see from the coefficients of powers of 2, the number of chains
contributing a distinguishing factor, a distinguishing pair, and so on.

3.1. Distinct fuzzy subgroups of Zy» X Zg X Zy

We begin with the case m = 1. When n = 1,2, we list the maximal chains
and their corresponding distinct fuzzy subgroups which have been computed
manually. For n = 1,2, Z, X Zy X Z, and Z,> X Zq X Z have 1+ (2* —1) +4-
234+ 1-22 =51 and 1-(2° —1) +7-2%*+4-23 = 175 distinct fuzzy subgroups
respectively. This is shown in Figure 1.

pqr2qpr 2pg2p20:2° —1
pPqr 2qpr2pg2¢20:2*
p’qr2qpr 2pr2p20:2*

pgr2pg2p20:2*—1 pPqr 2qpr 2pr2r20:2*
pqr2pg2q20:2° pqr2qpr2qr2q20:2*
pgr 2pr2p20:23 pPqr 2qpr 2qr 2r 20:2°
pgr 2pr2r20:23 p2qr 2 p*¢2pg2p20:24
pgr2qr2q20:2° pqr 2p*¢2pg2q20: 23
pgr 2 qr2r20:22 p2q1‘2p2q2p22p20:24

pPqr 2p*r 2pr2p20:2*
pPgr 2p°r 2pr 27 20:2
p’qr 2p*r2p* 2p20:23

FIGURE 1. Fuzzy subgroups of pgr and p?qr

For n = 3,4, Zys x Zy x Zy and Zs x Zy x Z, have 1-(20—1)+10-25+9-24 = 527
and 1-(27 — 1) +13-25 416 - 2° = 1471 distinct fuzzy subgroups respectively
as shown in Figure 2 and Figure 3.



plgr 2p’qr 2pPqr 2qpr 2pg 2 ¢ 20
plar 2p°qr 2pPqr 2qpr 2pr2p20:
plqr 2 p*qr 2p%qr 2 qpr 2 pr
plar 2p°qr 2p%qr 2qpr 2qr 2¢ 20
p'ar 2pPqr 2 pPqr D qpr 2 qr
plqr 2 pPqr 2p’qr 2p°¢2pg 2p 2 0:
plqr 2 pPgr D p*qr 2p*¢ 2 pg2¢20:
p'qr 2 p’qr 2 p*qr 2 p*q 2 p*
p'qr 2 p’qr 2 pPqr 2 pPr 2 pr
plar 2p*qr 2p%qr 2p*r 2pr2r 20:
plar 2pPqr 2 p’qr 2p°r 2 p?

plar 2p°qr 2p*¢2p*q2pg 2p20:

plar 2p°gr 2p*q 2p*q2pg2¢20:

plar 2p%qr 2p°¢ 2p°¢ 2 p?
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plgr 2qpr 2pg2p20:2°—1
pPqr 2 p*qr 2qpr 2pg2¢20:2°
plar 2p*qr 2qpr 2pr2p20:2°
25
25
24
25
24
25
25

plar 2p’qr Dqpr 2pr2r20:
pPqr 2p*qr 2qpr 2qr 2q20:
plgr 2p*qr 2qpr 2qr2r 20:
pPqr 2p*qr 2p*¢2pg2p20:
pPqr 2p*qr 2p*¢2pg2¢20:
Plar 2p*qr 2p%¢2p° 2p20:
plar 2p*r 2pr 2pr 2p 20

=
Ctd.---

24
24

plqr 2p*qr 2p°r 2pr 27 20:
pPar 2p*qr 2p’r 2p° 2p 20:
Plar 20°¢2p°¢2pg2p20:
24
24
25

plar 2p’¢2p’¢Dpg2q20:
pPqr 2p*¢2p’¢2p> 2p20:
pPer 2p’¢2p* 2p* 2p20:
Plar 2p*r 2p*r 2pr2p20:
24
24
24

Plar 2p°r 2pr Dpror20:
pPar 2p*r 2p*r 2p> 2p20:
pPer 2p°r2p* 2p* 2p20:

FIGURE 2. Fuzzy subgroups of p3qr

p'qr 2p’qr 2 qpr 2pg 2p20:27 -1

2r20:

2r20:

2p20:

2p20:

2p20:

2p20:

= plar 2p'e2p°¢ 2% 2 p?

U

19]
= s
V]

p*qr 2 pPar 2 p°¢ 2 p° 2 p°
plar 2p’qr 2p°r 2 p*r 2 pr

19}
19]

plqr 2 plqr 2pPr 2pPr D pr

1V)
v

plqr 2 pPqr 2 p%r 2 p*r 2 p?

19
9]

plqr 2 pPqr 2 p*r 2 p* 2 p?

19}
19}

plqr 2p*q¢ 2% 2p’¢ 2 pg
plqr 2p'¢ 2 p%¢ 2 p*¢ 2 pg

v
v

U 1y
e T~ T~ T~ S ST - 2~ R~ |

V)

19)

plar 2p*q 2P 2 p* 2 p?
p'qr 2p'q 2 p" D p* 2 p?

19]
19}

1V)
v

plar 2p'r 2pPr 2p%r 2pg
plar 2p'r 2% 2p%r D pg

V]

plar 2p*r 2pPr 2 p*r 2p?

U 1u
ST~ T
U

pgr D ptr D pPr D p? D p?

IOANIV)
o o o o ©

plqr 2p'r 2p* 2 p* 2 p?

1V)

19]
o o ©o © o ©

V]
o o o o

FIGURE 3. Fuzzy subgroups of p*qr

TABLE 1. Fuzzy subgroups of Z,» x Zg X Zy,

H n H pqr ‘ Number of fuzzy subgroups H
L[ pgr [51=1-(2"—1)+4-25+1.22
2 || pPqr [175=1-(2°-1)+7-2%+4-23
3| plqr [527=1-(2°-1)+10-2°+9 .21
4 || plgr [1471=1-27-1)+13-20+16-2°
5 || pPqr [ 3903 =1-(28 — 1) +16-27 +25.25
6 || pPqr [ 9983 =1-(29-1)+19-2% +36-27
7| pTqr 24831 =1-(210 — 1) +22-29 44928
k || pFqr | 2FF3 — 1+ 8k +1) - 2FF2 4 2. 2FFT
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Table 1, which extends these results to higher values of n, suggests:

Proposition 3.1. The number of distinct fuzzy subgroups of the group Zypn x
Lg X Ly s
23 14 (3n+1)-2"T2 4 p? .20t

Proof. We proceed by induction on n. For n =1, Z,, x Zy x Z, has 6 maximal
chains as computed in the discussion that lead to Table 1.

The first maximal chain yields 2% — 1 distinct fuzzy subgroups. Each of the
next 4 chains has a distinguishing factor, thus contributes 23 distinct fuzzy
subgroups. The last chain has a new pair and therefore contributes 22 distinct
fuzzy subgroups. Hence Z, x Z; X Z, has 2% — 1 + 4 - 23 + 22 distinct fuzzy
subgroups. Clearly this number is also obtainable by letting n = 1 in the
formula of Proposition 3.1. Thus the proposition is true for n = 1.

Now assume Zy. X Zq X Zy has 2873 — 14 (3k + 1) - 2842 4 k2. 21 distinct
fuzzy subgroups. We want to show that Z,r+1 X Zq X Z, has 2574 — 1+ [3(k +
1) +1]- 2553 4 (k+1)%- 2572 distinct fuzzy subgroups. Let G = Zyi+1 X Zg X Zy..
The maximal chains of G have length k + 4. These maximal chains are shown
in Figure 4.

o {
k1 k k—1 k—1
r 2D r2p r D S
Proar=par=p 4r =19 615 p’“+1q7'2p’“+1q2p’“q2{p q,{“_
P2
pF=lr D p}““qr Dpk+1q qul ka ka—l 20
Ctd--- .
1
k=1, k41, k+1,. k P 2
P lgr D prgr 2 pfg 2 (T q’{m pRar 29 297 2
k pk 2.
pF 2
pk+1q,r, Dpk+17, Dpk+1 ka Dpk71 2 O
k—1
X X r2
P gr 2 pFgr 2 pbr 2 { P *{
p* 2

FIGURE 4. Maximal chains of p*tlgr

The group G has 3 maximal subgroups H; = pfqr, Hy = pFtlq and
Hjz = pF*+1r from which all the maximal chains extend. So we proceed along
these three subgroups.

Case (i) : Hy = Zyx X Lg X Ly

By Proposition 2.1, this subgroup has (k + 2)(k + 1) maximal chains. By the
inductive hypothesis, H; yields 254 — 1 + (3k + 1) - 283 4+ k2 . 2542 distinct
fuzzy subgroups.
Case (ii) : Hy =7

ph+1 X Zq



1056 B. MAKAMBA AND M. M. MUNYWOKI

The subgroup Hs has (k+2) maximal chains. It has only 2 chains with a distin-
guishing factor (in the language of [8]), viz. p**1gr D p**+1lg* D pFq D p*~1¢ D
-+ 2pg 2 p20and pFlgr 2 pFtlg D pF+t D pF O ... D pg 2 p 20, which
contribute 2 - 2513 distinct fuzzy subgroups. Each of the remaining & maximal
chains along Hy contributes a distinguishing pair. This accounts for k - 2++2
distinct fuzzy subgroups. Therefore, H yields 2 - 283 4 k. 2542 distinct fuzzy
subgroups G.

Case (111) : H3 = Zpk+1 X Z,«

The subgroup H3 has (k+2) maximal chains and only 1 chain has a distinguish-
ing factor: p**Tlqr D pktlr* D pk D pF~1 O ... D p? D p D 0. This contributes
2F+3 distinct fuzzy subgroups the group G. Each of the remaining (k + 1)
maximal chains contribute a distinguishing pair, accounting for (k + 1) - 2542
distinct fuzzy subgroups. Thus, Hz yields 283 + (k + 1) - 252 distinct fuzzy
subgroups. Summing up the contributions from case (i)—case (iii), we have

2k+4 -1 + (Sk, + 1) A 2k+3 + k'2 . 2k+2
+92. 2k+3 T k- 2k+2
+1 . 2k+3 + (k + 1) . 2k+2

=2k 1 4 Bk +4) - 283 4 (K% 4+ 2k + 1) - 282,

Therefore, the number of distinct fuzzy subgroups of Zyr+1 X Zg X Z, is given
by 2F+4 — 1+ [3(k + 1) +1] - 2543 4 (k + 1)2 - 28*2. This can also be obtained
from the formula 2773 — 1 4+ (3n + 1) - 272 + n? . 2"+ with n = k + 1. O

3.2. Distinct fuzzy subgroups of Z,» X Zg2 X Z,

For n =1, Z,, X Zs> x Z, has 12 maximal chains by Proposition 2.1. From
Figure 5, it is clear that pg?r has 1- (2% —1)+7-2%+4.23 = 175 distinct fuzzy
subgroups.

pg*r 2pgr 2pg2p20:2°—1 pe*r 2pg® 2pg2p20:2°
pg*r Dpqr 2pg2q20:2* pg*r 2pg® 2pg2q20: 2
pg*r 2pgr 2pr 2p20:2* pe*r 2pg® 2¢°2¢20: 2

=
pg’r 2 pgr 2 pr 2 20: 2! Ctd pg®r D ¢*r Dgr2¢20: 2
pg’r 2pgr2qr2¢20:2* pi*r2¢*r 2qr2r20:2°
pg’r 2pgr 2 qr 2r20: 2% pi’r2¢°r2¢°2¢20:2°

FIGURE 5. Fuzzy subgroups of pg?r

When n = 2, Z,2 X Zsz x Z, has 30 maximal chains and 1- (2% — 1) +12-
25 +15- 2% 4+ 2. 23 = 703 distinct fuzzy subgroups (see Figure 6).
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p’’r 2p’qr 2pgr 2pg 2 p20:2°-1

This process can similarly be extended to p3¢®r, p*¢®r,...

P?¢*r 2p*qr 2pgr 2pqg 2q20:
P’¢*r 2p*qr 2pgr 2pr 2p20:
p®r 2p*qr 2pgr 2pr 21 20:
P*r 2pPqr 2pqgr 2qr 2¢20:
P’a*r 2p*qr 2pqr 2qr 21 20
p¢°r2p*r 2p’¢2pg 2p20:
P¢r 2p*qr 2p*¢2pg2¢20:
p¢Pr 2p*qr 2p’q2p° 2p20:
P 2p*r 2p*r 2pr 2p20:
Pr 2p7qr 2p*r 2pr 27 20
PPr2p*r 2pr 2p° 2p20:
p2q*r 2 pg*r 2pgr 2pg 2p20:
p*¢*r 2pg*r 2pgr 2pg 220
p*¢°r 2 pg’r 2 pgr 2pr 2p 20

25
25
25
25
21
25
24
25
25
24
24
25
24
24

p’®r 2pg’r 2pgr 2pr 2r 20
P’*r 2pg®r 2pgr 2qr 2q20:
P’a*r 2pg’r 2pqr 2qr 21 20
P’Pr 2p°r 2¢*r 2qr2¢20:
P’Pr2pr 2¢*r 2qr2r20:
PP 2pr2¢°r2¢* 2¢20:
P’¢*r 2pg’r 2pg® 2pqg 2p 20
= p’¢*r 2pg°r 2p® 2pg2q20:
PP 2 pePr D p 2P D p 20
P’¢*r 2p°¢* 2pg® 2pg 2p 20
p*¢*r 2p°¢* 2pg* 2pg 2 ¢ 20
P’Pr 20’ 2p* 24 2¢20:
P’r2p*? 2p*q2pg 2p20:
P*a*r 2p** 2p*¢2pg2¢20:
p’Pr2p°¢* 2p*q2p* 2p20:

FIGURE 6. Fuzzy subgroups of p?¢?r

results of Table 2.

TABLE 2. Fuzzy subgroups of Zpn X Zg2 X Zy

24
24
23
25
24
25
25
24
21
25
24
24
24
23
24

H n H T ‘ Number of fuzzy subgroups H
1 [pdr [175=1-(2°-1)+7-21+4.23
2 [[p?¢> [703=1-(25-1)+12-25+15.27+2.23
3| pPdPr | 2415=1-(2"—1)+17-25+33-25+9.21
4 [ pq?r [ 7551 =1-(2°—1)+22 .27 +58-26+24.2°
5[ p°g?r [ 22143 =1-(2—-1) +27-28+90-27 +50- 25
6 || p¢%r 161951 =1-(2"0 —1) +32-27 +129-2% + 90 - 27
7 p7¢?r | 167167 =1- (2" — 1) +37-210 4 175.2% + 147 .28
k|| pbgPr | 2544 14 (24 5k) - 2443 (W%) ok+2 4 {kQ(I;—l)] . gk+1

10

5

7

,p"¢*r to get the

This discussion suggests that the number of distinct fuzzy subgroups of the
finite abelian group p"q?r is 2% — 1 + (5n + 2) - 27+3 4 (7"2%) D

2
[%} - 2"+ which we state in Proposition 3.2.

Proposition 3.2. The number of distinct fuzzy subgroups of the group Zpyn x

Z

q

2><Z,« 18

2n+4 _

1+(5n+2)-2”+3+<

7n2+n) '2n+2+ |:n2(’n,1):| .2n+1
—_— 7' .

2!

2!
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Proof. We proceed inductively on n. Whenn = 1, Z, X Zy2 X Zy = L2 X Lg X Ly
has 2% — 1 4 7-2% + 4. 23 distinct fuzzy subgroups by Proposition 3.1. This
number can clearly be obtained by the substitution of n = 1 in the formula of

Proposition 3.2.
Suppose the result holds for n = k, i.e., Zy X Zy2 X Z; has 2874 — 1+ (5k+2)-

2k+3 4 @ SQkF2 % -2k+1 distinct fuzzy subgroups. We need to show
that G = Zys1 X Zga X Zy has 2545 — 14 [(5(k+ 1) + 2] - 2k+4 D241
2k+3 4 %71,)2’“ - 2k+2 distinct fuzzy subgroups. The group G has 3 maximal
subgroups Hi = p*¢®r, Hy = pFtlqr and Hs = pFt1¢? through which all the

maximal chains of G pass. These % chains are sketched below:

PP opFr oS

P 2pf gr 2 ¢ and

PP D pFtg? O {

Case (i) : Hy = Zyk X Lgz X Ly

By the inductive hypothesis, H; has 2045 — 1+ (5k +2) - 2k+4 4 Th2tk  gk+3 |
% - 2k+2 distinct fuzzy subgroups

Case (11) : HQ = Zpk+1 X Zq X Zr

There are 4 maximal chains with a distinguishing factor along this subgroup
illustrated in Figure 7.

PP2r D pFtigr* Dpkgr D pFlgr DpF2gr D - Dpgr 2 pg 2 p 20
PP Dt gr D Mg DpF g 2 gD D p*g 2 pg 2 p 20
P 2 pF g D P g D PP D D D PP D p? Dp 20
PP 2 p g D D pFr D D D D pr2p 20

FIGURE 7. Maximal chains of Hy = pFTlgr with a distin-
guishing factor

The subgroup Hs has 5 clusters shown in Figures 8-12 which have respec-
tively k, k, (k+1), k, (k+ 1) maximal chains with a distinguishing pair.
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e 2 p* gt D pFagr D lgr 2o D pqr 2 p2qr 2 pgr 2 pg™* 2 ¢ 20
P 2 p" e D pPar D lgr 2o D pgr D pPgr 2 p*¢** D2 pg2p 20
PP 2 p" gt DpFgr 2" tgr 2 2 pPer 2 PP 2 p*q 2 pg 2p 20

k+1_2

PP 2 phtt

qr* 2pkqr 2 pF¢™ 2p" g2 - 2P 2 p*¢ 2 pg2p 20

FIGURE 8. First cluster of k chains of Hy = p**l¢r with a
distinguishing pair

PP D p" g D pfagr D lgr Do D pigr D p2gr Dpgr D pr*t 2¢ 20
g D" g D phgr 2plgr 2 2 pPgr 2 pPqr 2P 2 prop 20
PGP 2 pM gt D pfqr 2p T lgr 2 D pPr 2P 2 pPr Dpr 2p 20

PP 2 pM gt D pFgr Dk 2Py D D 2P D pr2p 20

FIGURE 9. Second cluster of k chains of Hy = pFt1gr with a
distinguishing pair

pk+1q2r Dp

PP 2p

P 2 p" g D pFer 2P gr 2 D pPr D pPqr 2 p*q 2 p* 2p 20

Flgr* D pFgr 2 pFlgr 2 D pPgr 2 pPqr D2 pgr 2 gr** 2¢ 20

Flgr* D pFgr D pFrgr 2 D pqr D pPgr Dpgr 2 qr 21 20

k+1 2

gy 2 pht?

g 2pPqr 2P lgr 2 2 pPr 2pg 2 p® T 2p? 2p 20

pk+1(]21" Dp

Mgt D ptqr 2pfq 2p 2P D p" 2?27 2p 20
FIGURE 10. Third cluster of k+1 chains of Hy = p**lgr with
a distinguishing pair

pk+1q2r Dyp

PP 2 g D pF g Dpfg 2 lg D - 2P 2 p*g 2P 2p20

k+1 k+1_x

g 2" DpFq 2 pF gD - D p%¢ D% D pg D¢ 20

PR DMl DMl 2P D PP g 2 - D pPg 2P 2p?P 2 p 20

F1GURE 11. Fourth cluster of k chains of Hy = p*+1¢r with a
distinguishing pair
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PP D pF g D Mt D pfr D D D PP D PP D pr Dt 2
PG D pF g D pF T D pFr D e D D pPr D p2r D p2 T D
3

pk“qzr ) pk“qr ) pk“r* ) pkr ) pkflT ...

PE G DM g DMt D pFr DT DM D 2P D p? D

p*2op
PP D it D pt L DT Dk D pt Tl DL Dt D p? D

FIGURE 12. Fifth cluster of k+ 1 chains of Hy = p*t1gr with
a distinguishing pair

From these 5 clusters, we have that Hs has a total of (5k+2) maximal chains
with a distinguishing pair.

Similarly, Ho has clusters of chains with a distinguishing triple. Each of
these clusters has k chains which we enumerate as follows: The first cluster has
chains ending with pr O r 2 0, the second ends with pg 2 ¢ O 0, the third,
p?> O p 2 0, the fourth, p?> O p? D p O p 2 0 and so on, with the last cluster
comprising of chains ending with p*~' D p*=2 D> ... D p> D p D p D 0. This
gives a total of k clusters. Hence H, has k% maximal chains with a distinguish-
ing triple.

Case (111) : H3 = Zpk+1 X Zqz

There is only 1 maximal chain with a distinguishing factor through this sub-
group. This is the chain pFT1¢%r D pFt1¢?” D pFg? D pF 12 D pF2¢2 D --- D
pg® 2 pg D p D 0. Extending through Hj, we have 2 clusters of maximal chains
with a distinguishing pair. The first cluster (in Figure 13) has (k + 2) maximal
chains. The second cluster has k£ maximal chains from Figure 14. Therefore,
the subgroup Hj yields 2k + 2 maximal chains with a distinguishing pair.

k+1 2 k+1 _2*

PP 2t D D T P D PP D 2 p? P 2 2 pg 2 ¢ 20
pk+lq2r2pk+1q2*ka‘q2kaflq22pk72q22...2p2q22pq22q2**quo

P DY Dk D P D 2P D D p?P D PP D pg 2 p 20
—1

PP D p e Dk DR D D PP D PP D PP D2 pg 2 p 20

PP D e Dk D kg D p gD - D PP D p?g D2 pg 2 p 20

PP D pF e DRt D kg D"l D - D% D p?g D pg 2 p 20

F1GURE 13. First cluster of k + 2 chains of Hs = p*t1¢? with
a distinguishing pair
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PP 2" DR DI 2 D' 29 D PP 2 PP 2 P

V]
V]

PP DM DpP? 2P D - D pte? D PP D P D pP D p?

PP DpF Y D DR D - Dt D ptg™ D pt D p° D p?

U
ST S

J
o o o

U
19]

])quzr ) pk+1q2* 2 pkq2 o) pkq** D pk' ) pkfl ) pk72 D---D ])3 ») P

2

V]
V]

(=R ]

P 2P D pF g DT D pF D pF T D2 D D pP Dy

U
SIS
U

FIGURE 14. Second cluster of k chains of Hz = pFt1¢? with
a distinguishing pair

Next we look at the maximal chains through Hs contributing a distinguishing
triple. Following similar criteria, we have two major clusters of maximal chains
with specific patterns. The first cluster has k (Figure 15) maximal chains
with a distinguishing triple. All of these first cluster maximal chains end with
pq O q 2 0. The second cluster consists of maximal chains ending with p? D
p 2 0 and is broken down into subclusters in Figures 16-19. So far, the first,
second, third and fourth subclusters have respectively 3, 3, 4 and 5 maximal
chains. Similarly the fifth, sixth and seventh (which we have not included here)
subclusters have respectively 6, 7, and 8 maximal chains. In total there are
(k — 2) subclusters and the last subcluster, shown in Figure 20 has (k — 1)
maximal chains.

PP D DM DM P D D P D P D07 2P 2 pg 2 g 20
PP DY Dt 2P D DM 2P 2P 2P 2 pg 2 20
pk+1q27>2pk+1q2* kaqZ** kaflq o... 2p4q2 2]]4(1*** 2]]3(] 2])2{] 2]7(]2(]2 0

k+1_2 q’ kaq2 kaflq22.”2paq22p5q***2p4q2p3q2p2q2pq2q20

PP D ph Tt

PPt DpF e Dpf? DI D gt D DpPq D' D¢ 2 p*¢ 2 pg 2 g 20

PP 2 2 pF T 2P 2 gD 2P 2 2P 2 P22 pa 2 20

PP 2P DM D 2 pF g D 2P 2 p'q 2P 2 PP 2 pg 2 20

FIGURE 15. First cluster of k chains of Hy = p*T1¢? with a
distinguishing triple

PP DM 2P 2P I D D P 2P 2P 2 P2 2P 27 20

pk+1q2r o) pk+1q2’ o) pkq2 o) pk—qu .

PP 2 p Y DR 2P 2 Dt Dt 2 PP 2T 2P 2p 20

*

-2p' 2plg 2P 2 p?q 2 p”  2p 20

FIGURE 16. First subcluster in second cluster of 3 chains of
Hjz = pF*t1¢? with a distinguishing triple
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pk+1q2r3pk+1q2 Dpqu2H.Dp5q2Dp5q**3p4q2p3q2p2q2p2 ngo
pk+lq27,2pk+lq2 DkaZQ qu Dpoq**3p4q2p3q2p3 21)221)20

PP 2 g DR 2 2P D PP D ptg 2t T 2P 2 P2 2p 20

FIGURE 17. Second subcluster in second cluster of 3 chains of
Hjz = pF*+1¢? with a distinguishing triple

PP DT 2pFP 2 292 2% 2 pPa D pta 2P 2P’ 2P 2p 20

pl‘HquDpquQ Dpqug Dp(’q Dphq** Dp5q2p4q2p3q2p3‘ 2p2 2]?20
pk+1q2rjpk+1q2 DpquQ~'~Dp6q23p6q**3p5q2p4q2p4 21)321)221)20

PP 2 e DR 2 2% 2% 2P 2" 2 2P 2P 2p 20

FIGURE 18. Third subcluster in second cluster of 4 chains of
Hj = pF*+1¢? with a distinguishing triple

PP 2" 2 2" 207 2% 2pPq 2 ptq 2 pPq 2 PP 2 P

PP 2" 2 2P P 2 e 2% 2P 2t 2 PP 2 p*T 2 p?
PP 2P 2 2T 29T 2% 2P 2" 28" 2% 20
pk‘+1q2,’,3pk+lq2 33p7q23p7q** Dp6q2p5q2175 21)421)321)2

PP 2 pftgY o

\U U
U

U

ST S TS TS
U

o o o o o

V]

V]

J
J

T kk

2P 2p"q 2p% 2% 2p° 2p* 29 2P

V]

FIGURE 19. Fourth subcluster in second cluster of 5 chains of
Hs = p*t1¢? with a distinguishing triple

PP D 2P D pFq D gD 2% 2 p e D PP 2 p% 2P 2p 20
PP DM DM DR D g D 2P D D PP 2 pY T 2P 2 p 20
PEFgr DM DM DR D g D 2P DM D ptT 2P 2 P2 2p 20
PP DM D D pFg 2 pF gD 2P 2 2t D PP 2P 2p 20

pk+1q2,r ») pk+1q2 o) pk+1q** >} pkq 2 p q ») P

P DRl D g D pbg 2 T 2P D 2P Dt 0P 2P 2p 20

T o 0p? 0" 0’ 2P 2p 20
F1GURE 20. The k — 2"‘i subcluster in second cluster of k — 1
chains of Hs = p*¥*1¢? with a distinguishing triple

The number of maximal chains in the subclusters of the second cluster is
summarized in Table 3.
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TABLE 3. Maximal chains of Hy = p™*1¢? with a distinguish-
ing triple in each subcluster of the second cluster

m 4
o 3456 78 k
1 3333 3 3 3
2 33333 3
3 4.4 4 4 4
4 5 5 5 5
5 6 6 6
6 7 7
k=2 k-1

In Table 3, S-cl means subcluster. When m = k, each of the first two
subclusters has 3 maximal chains. From the third subcluster onwards, the
number of chains form an arithmetic sequence 4,5,6,7,8,...,(k — 1). This
sequence has k — 4 terms with the first term a = 4, common difference d = 1
and last term [ = k — 1. Thus, the number of maximal chains from the third
subcluster is S, = §(a +1) = %2(]%3)'
maximal chains with a distinguishing triple contributed by Hj is
(6 + k) = &L

Summlng up the contributions from case (i)-case (iii), we get 28T° — 1+ (5k+
7)-2k+4 4 w 2k+3 1 M 2k+2 Hence the group Zyi+1 X Zg2 X Zy
has 255 4 [(5 (k:+1)+2)+2} 2k+4+w gh+3 1 (B Dk 9k +2 digtinet
fuzzy subgroups. This result can also be obtamed by substltutlng n=k-+1in

the formula 274 — 1+ (5n42) - 27F8 4 (Togn ) cont2 4 [2GD ] gnit. O

Therefore the total number of
(k—4)(k+3) +
21

3.3. Distinct fuzzy subgroups of Zyn X Zgs X Z,

As in Subsections 3.1 and 3.2, distinct fuzzy subgroups for various values of
n and ¢ = 3 fixed were computed. The results are reflected in Table 4.

TABLE 4. Fuzzy subgroups of Zyn X Zgs X Zy

n H g ‘ Number of fuzzy subgroups H
3

1 pg®r [527=1-(25-1)+10-2°+9-2¢

2 || p?¢3r [ 2415=1-(27"-1)+17-25+33-2°+9-2*

3 pP®r 9263 =1-(28-1)+24-27+72-26+40-25+3.21

4 (| p*®r | 31871 =1-(29 — 1) +31-28 + 126 -27 + 106 - 25 + 16 - 2°

5 || p°¢3r | 101759 = 1- (210 — 1) +38-29 + 195 - 28 +220 - 27 + 50 - 26

6 || p%¢°r | 307445 =1 (211 — 1) +45-2104+279.29 + 395.2% + 120 - 27

7| p7¢3r | 890111 =1- 212 1)+ 522 +378- 210 - 644 - 29 + 245 - 28

k|| phgPr 2k+5_1+(7k+3),2k+4+3(5k2+k) ,2k‘+3+(2k3_k2_2k+2).2k+2+k4—2k3—§1192+11k—6.
2k+1
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The intricacies involved in the construction of the above table are unpacked
in the following proposition.

Proposition 3.3. The number of distinct fuzzy subgroups of the group Zpyn x
2 . 2
Zys X Ly is 2n+5,1+(7n+3).Qn+4+w.2n+s+% Lognt2 4
nz(n—l)(n—Q) . 2n+1
3! :

Proof. The proof is by induction on n. When n = 1, Z;, X Zgs X Z, = Zps X
Zgq x Zy has 20 — 14 10-2% 49 -2% distinct fuzzy subgroups by Proposition
3.1 and 1 of Table 4 . This can also be obtained by substituting n = 1 in
Proposition 3.3. Similarly, when n = 2, Zp2 X Zgs X Zy = Zps X Lg2 X Zy has
27 —1417-26433.25+9.24 distinct fuzzy subgroups by Proposition 3.2 and
2 of Table 4. )
Suppose the group Z,« x Zgs x Zy has 285 — 1 4+ (Tk 4 3) - 284 + (15%7,#’“ .
2k+3 4 W,’% ok+2 4 W - 2k+1 distinct fuzzy subgroups. We
need to show that the group G = Z,i+1 X Zgs x Z, has 2846 — 1+ [7(k + 1) +
3] Lok+5 15(k+1);+3(k+1) ok+4 [13(k+1);+(k+1)]k k43 4 (k+1)231'c(k71) . ok+2

distinct fuzzy subgroups.

The group G has 3 maximal subgroups Hy = Zyx X Zgs X Ly, Hy = Lprt1 X
ZLgz X Ly and Hz = Zyn+1 X Zgs through which all maximal chains of G pass.
These maximal chains are sketched as

P o o ¢ PP D P P D (- and

pk+1q3r > pk+1q3 > { -

As in Proposition 3.1-3.2, we first proceed along these three subgroups to find
the number of chains with a distinguishing factor, a distinguishing pair and
a distinguishing triple. Then in the fourth case, we look at the number of
maximal chains with a distinguishing quadruple in both Hs and Hj.

Case (i): Hy = Zyr X Lgs X Ly

By the inductive hypothesis, H; has 2¥t6 — 1 4+ (7k + 3) - 285 4 (15%7#%) .
2k +4 (1%22% k3 4 M - 2k+2 distinct fuzzy subgroups since
maximal chains of G have length k + 6.

Case (11) H2 = Zpk+1 X Zqz X Zr

The subgroup Hs has 6 maximal chains in Figure 21 with a distinguishing
factor.
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P D ph 2 r D D pg®r D pgr 2pg 2p 2 0

g Dpfqr 2 p"lgr D DpPgr D pgr 2 pg 2 p D0

pk+1q3r ) pk“qzr* D pkq27' Dp

P DpF g D p

PP D pF e D pF gr D pF g D pFg D D% D p?g D pg 2 p 20

k+1

P Dt r Dp

PG D D g DM e DpF D D P D PP D pr2p 20

Flgr D pFtlg oMt ... D pt Dp* 2 p2 2 p 20

PG D P D 2 D PP D pF e D D% D 2pg 2 p 20

FIGURE 21. Maximal chains of Hy = p*T1¢?r with a distin-
guishing factor

The subgroup Hs has 7 clusters of maximal chains with a distinguishing pair.
The process of enumerating these chains follows a similar technique as shown
in the proof for Proposition 3.2. Therefore, we simply state the representative
of each cluster and the number of chains therein.

The first and second clusters consist respectively of chains ending with pg D
p 20 and p? D p D 0 and each cluster has (5k — 3) maximal chains. The third
cluster has 4 chains ending with pg O ¢ 2 0. The fourth and fifth clusters’
chains end respectively with pr O r 2 0 and gr O ¢ 2 0 and each has 3 chains.
The sixth cluster has 2k chains all of which end with pr O p O 0; the seventh
cluster has 2 chains both of which end with ¢ D ¢ D 0. These 7 clusters give
a total of 2(5k —3) +4 4 6 + 2 = (12k + 6) maximal chains through Hy with a
distinguishing pair.

For maximal chains with a distinguishing triple, the subgroups p?¢?r, p3¢®r,
ptq®r, p°¢®r, ... have 6, 22, 48, 84, ... maximal chains respectively. Therefore,
as k increases, the number of chains for p*t1¢?r with a distinguishing triple
exhibits a quadratic sequence. The n'" term of the sequence is given by T}, =
an?+bn+c, where 2a = first term, 3a+b = first term of the first difference row
and 2a = second term. This sequence is illustrated in Figure 22(A).

6 22 48 84 2 7 15 26
~~ ~~ ~~ 5 8 11
16 16 36
~~ ~~ 3 3

10 10
(a) Triples for Hy = p*T1¢%r

(B) Quadruples for Hy = p*'¢*r

and Hz = pF+ig®

FIGURE 22. Distinguishing triples and quadruples

We therefore have the system 2a = 10, 3a + b = 16 and a + b + ¢ = 6,
whose solution is a = 5, b = 1 and ¢ = 0. For our sequence, n = k, implying
that Ty, = 5k% + k = k(5k + 1) is the number of maximal chains in Hy with a
distinguishing triple.



1066 B. MAKAMBA AND M. M. MUNYWOKI

Case (111) H3 = Zpk+1 X qu

There is 1 maximal chain passing through H3 with a distinguishing factor. This
is the chain p"1g®r D pF*1¢3" D phgd D p*1¢® D - D p?¢3 D pg® D pg? 2
pg2p20.

The subgroup Hj3 has 4 clusters of maximal chains with a distinguishing
pair. The first cluster has all its maximal chains ending with pg O p 2 0 and
has 2k such chains. The second and third clusters’ maximal chains end with
pq D ¢ 2 0 and g% O g D 0 respectively and have respectively 1 and 2 maximal
chain(s). The fourth cluster consists of k& maximal chains all of which end with
p2 D p 2 0. These 4 clusters contribute a total of (3k 4+ 3) maximal chains
with a distinguishing pair. Similarly, Hs has W maximal chains with a
distinguishing triple.

Case (iv): Quadruples in both Hy and Hs

Lastly, we look at the number of chains with a distinguishing quadruple con-
tributed by Hs and Hs combined. This last category has four clusters. The
first cluster has (K — 1) maximal chains all of which end with gr 2 r 2 0. The
second cluster consists of chains ending with pr O 7 O 0. The number of chains
with a distinguishing quadruple in this cluster for the groups p3¢>r, p*qir,
p°@r, p8¢3r, p'gir, ..., is 1, 3, 6, 10, 15, ..., respectively. This is a sequence

of triangular numbers whose n-th term is given by T,, — % In our case,

n = k — 2. Therefore, the second cluster has Ty, _o = (k*l)zﬁ chains.

The third cluster has chains ending with p¢g 2 ¢ 2 0. The number of
chains in this cluster for the groups p3¢®r, pi¢3r, p°¢®r, p®¢r, ..., is 2, 7,
15, 26,... respectively. This is a sequence of quadratic numbers as shown
in Figure 22(B). In our case, n = k — 1 thus we have 2a = 3, 3a+b =5
and a + b+ ¢ = 2. Solving this system gives a = %, b = % and ¢ = 0.
So T, = %ng + %n = "(327,“) and therefore, the third cluster has Tp_1 =
(k—D)[3(k—1)+1] _  (k—1)(3k—2)

] - |

(k—1)(k—2)(4k—3)
31

_ maximal chains. The fourth cluster consists of
chains ; all of which end with p? O p D 0. The sum from this
case yields (k — 1) + (k—l)z(!k—Q) n (k—1)2(!3k—2) " (k—l)(kg!Z)(4k—3) _ k(k—1;54k+1)
maximal chains.
Summing up the contributions from case (i)-case (iv), we get [2F+6 — 1 +
2 2 2
(7/€+3)-2k+5+ (15k2!+3k) .2k+4+ (13k ‘Zﬁ)(k*l) _2k+3+k (k*;)(k*Q) ‘2k+2]+[6+1]‘

2k+5+[(12k+6)+(3k+3)],2k+4+[k(5k.+1)+k(312€!+3)}.2k+3_|;[k(k71:)))§4k+1)].2k+2.

Therefore G has 246 — 1 4 [7(k + 1) + 3] - 2845 + w okt 4

w kA3 % -2k+2 distinct fuzzy subgroups. This can

also be obtained by substituting n = k + 1 in 275 — 1 + (7n + 3) - 274 4

7(15";”") Lontd 7(13n2+£)(n71) o2 7712(”7;!)(”72) .27+ This completes the

proof. (I
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4. Conclusion

Using the criss-cut method, this paper has discussed and given in polynomial
formulas the number of distinct fuzzy subgroups of Zy» X Zgm X Z; for n, m €
Z7 for the cases m = 1, 2, 3. An immediate question in extending this work
would be to get general results for all value of m in Z,n X Zgm x Z,. One would
also extend this work to the group Z,n X Zgm X Zys, n, m € Z*. This forms a
basis of our next research and paper in the future.
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