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THE QUASI-NEUTRAL LIMIT OF
THE COMPRESSIBLE MAGNETOHYDRODYNAMIC FLOWS
FOR IONIC DYNAMICS

YOUNG-SAM KwoON

ABSTRACT. In this paper we study the quasi-neutral limit of the com-
pressible magnetohydrodynamic flows in the periodic domain T3 with the
well-prepared initial data. We prove that the weak solution of the com-
pressible magnetohydrodynamic flows governed by the Poisson equation
converges to the strong solution of the compressible flow of magnetohy-
drodynamic flows as long as the latter exists.

1. Introduction

Magnetohydrodynamic flows arise in science and engineering in a variety of
practical applications such as in plasma confinement, liquid-metal cooling of
nuclear reactors, and electromagnetic casting. The fundamental concept be-
hind MHD is that magnetic fields can induce currents in a moving conductive
fluid, which in turn polarizes the fluid and reciprocally changes the magnetic
field itself. The set of equations that describe MHD is a combination of the
Navier-Stokes equations of fluid dynamics and Maxwell’s equations of electro-
magnetism. These differential equations must be solved simultaneously, either
analytically or numerically.

As a physical model of fluids, we here consider the compressible magneto-
hydrodynamic flows governed by the Poisson equation in the periodic domain
Q = T3 where T? is the three dimensional periodic domain:

(1) at@e + diV(Qeue) =0,
(2)  O¢locue] + div[geue @ uc] + VP(ge) = pAu, + (p + M) Vdivu,
1
+(H. - V)H, — §V|HE|2 — 0.VG.,

(3) oH, + (divu.)H, + (u. - V)H, — (H, - V)u. = vAH,,
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(4) _€2AG€ = 0 —exp G,

where u is the vector field, v > g, 0c is the density, the pressure p(o.) = o7,
H. is the magnetic field, and G, is a potential function. Note that we assume
that the viscosities p, A, v do not depend on € due to the good regularity of
density, velocity, and magnetic field.

We first notice that the global-in-time existence solutions for system (1)-(4)
has been studied by Hu, Wang [9]. However, we can follow the same spirit
of the global existence for the system (1)-(4). In [1], Bresch, Desjardins, and
Ducomet studied the quasi-neutral limit for the isentropic compressible Navier-
Stokes-Poisson system for ions with capillary effect on T3. They established
the existence of global weak solutions of the model and obtained that the weak
solution the primitive model converges to the weak solutions of the compressible
capillary Navier-Stokes equations in the torus T2. For the ionic Euler-Poisson
system, the quasi-neutral limit was studied, for example, in [3,7,8,15].

If we replace the Poisson equation (4) by

() ~e?AG =0~ D(2),

where D(z) is a given function, we obtain the corresponding model for electrons
and a few results on the the quasi-neutral limit are available [2,6, 10,13, 14].
Ju, Li, and Li [10] studied the quasi-neutral limit for local strong solutions to
the Navier-Stokes-Fourier-Poisson system on T2. Chen, Donatelli, and Mar-
cati [2] studied the quasi-neutral limit of a hydrodynamic model for charge-
carrier transport in the framework of weak solutions. In [13], Ju and Li studied
the combined quasi-neutral and zero-electron-mass limit of the Navier-Stokes-
Fourier-Poisson system in the torus T and showed the limit is the the in-
compressible Navier-Stokes equations. In [6], Donatelli and Marcati gave some
descriptions on the quasineutral limit for the full Navier-Stokes-Poisson system
in R3. Very recently, Li, Ju, and Xu [14] improved the result in [13] to allow
the temperature have a large variation. Also, they are many results on quasi-
neutral limit to the electric Euler-Poisson and Navier-Stokes-Poisson system,
among others, we mention [4,5,11,12,16,17].

Motivated by the results in [1,10,13,14], in this paper we want to study the
quasi-neutral limit to the system (1)-(4). Formally, letting e tend to 0 in (4),
we get 0 = exp(G). Thus, the term oVG in (2) turns to V. Hence we can
expect that, as € tend to 0, the limiting system is the following compressible
magnetohydrodynamic flows:

(6) Oro + div(pu) = 0,
(7) O¢(ou) + div(pu ® u) + VII(p)

1
= pAu+ (u+ \)Vdiva + (H- V)H — §V|H|2,

(8) OH + (divuyH+ (u-V)H - (H- V)u = vAH,
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where II(g) = 07 + 0.

The purpose of this paper is to give a rigorous proof of the above formal
process for the well-prepared initial data case.

The remainder of this paper is arranged as follows. In Section 2 we define
the weak solutions to the primitive system (1)-(4) and state our main result.
In Section 3 we give the proof of it.

2. Main result

We now introduce the notion of weak solutions of the system (1)-(4).

Definition 2.1. We say that a quantity {o,u,H,G} is a weak solution of
the magnetohydrodynamic flows (MHD) (1)-(4) supplemented with the initial
data {00, ug, Ho, Go} provided that the following hold.
e The density p is a non-negative function, o € L>(0,T; (LY + L?)(f)),
the velocity field u € L2(0,T; W12(Q;R3)), olul? € L*°(0,T; L' (Q2))
and u represents a renormalized solution of equation (1) on the (0,T) x
), that is, the integral identity

(9) A¥@+M@M@wﬂxf/km+ﬁ@dwmwﬂx

Q

T
= / /Q ((9 +0(0)9p + (0 + ble))u - Vi + (ble) — b’(@)@)divuso) dzdt
0
holds for any test function ¢ € D([0,T) x Q) and any b such that
be C0,00), V(r) = 0 whenever r > 7.

e The balance of momentum holds in distributional sense, namely

(10) [ oug(r.)da— [ (ou)o5(0.)do
Q Q
T 1
:// (ou- 0 +ou® u: V+o! divg+[(H- V)H- VIHP] - 5)dads
0JQ

T
f// (uVu:V(,B+(qu)\)divudivnggVG-gB)dxdt
0Jo

for any test function ¢ € D([0,T); 2).
e The total energy of the system holds,

1 1 1

11 —olul®* + - [H|* +

(1) [ (el + gHF+

+ // (,u|Vu|2 + (p + A)(divu)? + V|VH|2>dxdt < Ey.
0JQ

holds for a.e. 7 € (0,T) where

2
0"+ %|VG|2 + (G - 1)exp G) (r,)da

1 1 €2
EO:/ (igo\llo|2+§|H0\2+ 98+5|VG0|2+(G0—1) exp Go) (1,-)dz.
Q

1
(v=1)
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e The Maxwell equation verifies

(12) /Q H. G(r, )da - /Q (H)o - 30, )dz

T
= //B-at?dxdt
0JQ

+ /OT/Q( VVH:VaJr(H.V)u.?f(u.v)H.af(H,a)divu)dxdt’

T
//B-V¢dxdt:O
0JQ

for all @ € [D([0,T) x Q)]3, and ¢ € D([0,T) x Q).
e the equation (4) holds in D’((0, c0) x ).

Remark 2.1. The existence of weak solutions in (0,7") x € to the compressible
magnetohydrodynamic flows (1)-(4) can be established by slightly modifying
the arguments in [9]. Since we are mainly interested in the quasi-neutral limit,
we omit the details on existence theory here.

Before stating our main results, we recall the local existence of smooth solu-
tions to the problem (6)-(8). Since the system (6)-(8) is a parabolic-hyperbolic
one, the results in [18] imply that

Proposition 2.1 ([18]). Let s > 7/2 be an integer and assume that the initial
data (00,0, Ho) satisfy

(13) 00,00, Ho € H*T2(Q), 0< p < po(x),

for a positive constant p. Then there exist positive constants Ty (the mazimal
time interval, 0 < Ty < 400), and p, such that the system (6)-(8) with ini-
tial data (0,u,H)|;—9 = (00,u0,Ho) has a unique classical solution (p,u, H)
satisfying

peC0,T,), H27YQ)), u, He CY([0,T,), H"272(Q)), 1=0,1;
0<p < pla,t).
Now we can state our main results as follows.

Theorem 2.1. Let(o., u., He, G.) the global weak solution of the system (1)-(4)
with the initial data (0o.c, Wo,e, Ho,e, Go,c). Assume that (00,e, Uoe, Ho,e, Goe)
satisfy

(14) / |00,e — 0o|*dx +/ |Ho,. — Ho|?dx +/ |exp(Go,e) — 00|?dx < Cé,
Q Q Q

(15) 1v/@0,cw0,c — /00072 < C,

(16) e|VGoeliz) < C,
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where (00,0, Hy) satisfy the conditions (13). Then, for 0 < T < T* (defined
in Proposition 2.1), one has

(17) e = oll Lo (0,32 +L7)) () < OV,
(18) [Veeue — oul| Lo (o,m;2(0)) < CVe,
(19) [He — Hl| o 0,7;02(0)) < CVe,
(20) [Vexp(Ve) = vellLeso,m;22(0) < CVe.

Here (o,u,H) is the solution to the system (6)-(8) constructed in Proposition
2.1.

3. Proof of Theorem 2.1

In this section we are going to give a rigorous proof of Theorem 2.1 by
applying and modifying the relative entropy method. The main difficulty here is
that the target system is the compressible magnetohydrodynamic flows. Thus,
we need to pay more an attention on construct the modified energy inequality
and deal with the remainders.

Step I. Let us set

h(ge) = %(QZ — 0" —70" (0 — 0))

1
and define the relative entropy:
1
(21) E(r) = 5/ (g€|u6 —ul® + h(o.) + H. — H]? + €|VG|?
Q

+me In (%) — me + Q)d:lc7

with m. = exp G, where (g, uc, He, G.) is a solution of the system (1)-(4) and
(0,u,H) is a solution of the system (6)-(8).
We remark that in (21), we have used the following computation:

/(GE —1DexpG.dx = / (melnme — me)da
Q Q

and

/meln(l/g)dx:/m07€ln(1/g0)dx—/ me0; In odxdt
Q Q 0Ja

(22) —l—e//ﬁtAGeln(l/g)dxdt—k// ocu. - Vn pdzdt,
0/a 0Jo

where we have used (3).
Let us observe that

//gé(u—ug)'vmgdxdt://meu-Vlng—e//AGeu-VIngdxdt
0Ja 0/ 0JQ
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(23) +// 0cuc - VIn pdzdt.
0Jo

Using (23), (22) implies that

/meln(l/g)dx:/moﬁln(l/go)dxf//meatlngdxdt
Q Q 0Jo
+e /8tAGeln(1/g)dxdt+//Qe(u—u5)~Vlngdmdt
0Jo 0Jo

(24) - / meu-Vinp+ 6/ AG.u -V In pdzdt.
0Ja 0Ja
Taking |ul? and p'(0) with p(o) = ﬁg’y as a test function in (1), we get

1 1 T
(25) / fg€|u|2dx:/ 7Q075|u0|2dz+// (Qeu -Opu+p.u, - Vu - u)dxdt
Q2 Q2 0Ja

and

1 1 T
(26) /*er’(g)de/ fgo,ep’(go)d:H//(Qeatp’(Q)Jrgeue-Vp’(g))dwdt
Q 2 Q 2 0JQ

We choose u as a test function to the moment equation (2) and it provides

(27) —/Q(geue-u)(T)dw

= _/(Qo,euo,e)'uodw—// ocu, - Opudxdt
Q 0Ja

,// (gsue®ue:Vu+g3divunyue:Vuf(,qul/)divuedivu)d:cdt
0Ja

T 2
- / / (medivu— Du: (VG. ® VG,) — %\VGEPdivu)dxdt,
0JQ

T 1
—// ((HG-V)He—fV\HGF)~udxdt,
0JQ 2

where Du = $(Vu + V7u) while the equation (4) together with using the
integration by part provides that

— // 0 VG, -udxdt = —// (me — AG)VG, - udzdt
0JQ 0JQ
T T 1
- / medivudzdt — 2 / / (Du (VG @ VG + f\VG€|2divu) dadt.
0JQ 0JQ 2

We also get
p'(e)e—plo) = ¢
Thus, we deduce, after adding (11), (22), (23), (25), (26), and (27), the
following inequality:

1 1 1
29) [ (Geduc—ul + (o) - 0/ (0) + 5[, — HP + 3|96
Q
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+ meln (%) — me + Q)d.’L‘
o
+ // (u\Vue—Vu|2+(u+)\)\divue—divu|2+V|VHe—VH\2)dxdt
0JQ

1 1
S/ (590,4“0,6 —ug|® + p(00.c) — 00,ep'(00) + 562|VG0,e|2
Q

mo,e

-+ﬂm¢1n( )-—nm¢4-mﬂdx

Qo

i /OT/Q (Qe(atu +tu.-Vu) - (u-— ue))dxdt

+ ,u// Vu: V(u—uc)dzdt + (u+ v) // divu(divu — divu)dzdt

// (0:0:p(0) + ocu. - Vp'(o dxdtf// Y divadadt
//meatlngdzdt+e//8tAG In(1/90)dzdt

—|—// 0e(u —uy) -Vlngdxdt—/ meu - VIn pdzdt
0Ja 0Ja
+ 6// AGeu - Vin pdzxdt
0Ja
™ 2
- // (mﬁdivu —é®Du: (VG ® VG,) — %\VGGFdivu) dadt
Q
- // {((He -V)H, — %V|H€|2) -u+2vVH, : VH — I/|VH|2] dzdt,
—/ H. -H- 1|H|2olgc.
Q 2
Note that
/ o"dx — / odz = // Opo" dxdt
Q Q 0Ja
(29) = // (g@tp’(g) + 0oV (o) - u+ Q”divu) dzdt.
0/

Using the identity (29), the relative entropy in (28) can be written as follows:
(30)

—

£€(t)};+/0/9(u\VueruFJr(qu/\)\diqufdivu|2+u|VH67VH\2)dxdt

7
<> Al
j=1
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Ai:// e 8tu+u6-Vu+Vlng)-(u—ue))dxdt

A2

A3

A4

€

A} =

€

A6

AT =

—u//Vu V(u—u.)dadt 4+ (p+v) //dlvu (diva — divu,)dzdt

// Q 0:)0:p'(0) + V' (0) - (ou — pcu,) — divu(o) — Q"’))dxdt

//m€ (O¢lnp+diva+ u- Ving)dzdt

e//atAGeln(l/g)dxdtJre//AGsu-Vlngdxdt
0JQ 0JQ

T 2
_ / / (¢Du (V6. @ VG.) + S VG, diva)dudt
Q

T 1
_// [(H-V)H, — SVHLP) -t 20VH,  VH - o[ VP dedr

1 1
A% = —/ {HH —Ho,-Ho — -[H]> + 7|H0|2}dx
o 2 2

Step II. We introduce a result of the convex function h as follows:

(31)

ho) > C(K) (o — o), %f 0 €K
C(K)(1+ 00), if o € (0,00) \ K

for any compact subset K C (0,00) and some C(K) > 0. The following nota-
tions will be used later:

[h]css - h]-g/2<ge<2@a h = [h]css + [h}rc&

We first compute the residue and essential part which will be used later. Making
use of the Holler inequality, we get

(32)

FASILORORRE
H(u) ’

< _ S
> H[QE Q]ess||L2(Q)H 0 L3(9)
< CO)E(T) + blluc —ulZo(q),

[ue —ulls ()

where H(u) = pAu+ (u + v)Vdivu + (V x H) x H. We also obtain

(33)

’/ u H(u)~(u5—u)dx‘

Lg(Q)H\/@(ue —u)||r2(0)

+ [resll 22 (o) |1 H (@) || 2 (o) [[1e — ullLs (o)
< C(O)E(T) + O|luc — u|7sq)-

< 02/ Jesll 2 mH—
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We next control the velocity term in Al and the first term can be written as
follows:

//ge(&gu—i—ug-Vu—i—Vlng)(u—ue)dxdt
0Ja
= //QE(U-—UE)@(u—uG):Vudxdt
0Ja
+//Qe(ll—lle)'(atu+u~Vu+V1ng)dxdt
0/
(34) < C’/ Ee(t)dtJr// oc(u—ue) - (Opu+u-Vu+ Vinp)dzdt.
0 0/

Note that
1
(VxH)xH=(H-V)H - 5V|H|2.

Using two facts (32) and (33), we rewrite (34) as
// oc(u—u.) - (Opu+u-Vu+ Ving)dadt
0J0

- / / 0.(u, — ) - V' (0)dadt

+// QE_Q(u_ue).(uAu+(u+y)Vdivu+(V><H)XH)dwdt
oJo ©

+/OT/Q(U —u) - (pAu+ (u+v)Vdiva + (V x H) x H) dedt

N
+/OT/Q [Qefe_g(“ —u)- (MAU + (p+v)Vdivu + (V x H) x H)} dzdt

ess

res

—l—// [u(u —u.)- (uAu + (p+ v)Vdivu + (V x H) x H)} dadt
0JQ 0
+// (u—u,)- (uAu + (1 + v)Vdivu + (V x H) x H)dmdt
0JQ
< 0(9)/ 5€(t)dt+0/ [ue — ul|Zs (o dt
0 0
+ / / (uV(ue—u)~Vu+(u+u)div(ue—u)divquge(ue—u)~Vp’(g))dxdt
0JQ

+/OT/Q(U —w)-[(V x H) x H|dzdt,
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where we have here used Holleder’s inequality, integration by parts, and the
property in (31). Thus, we get

// 0c(Oru+uc - Vu+ Vinp)(u — uc)dadt

0/

< // (uV(ue—u) - Vu+(p+v)div(u. —u)divu+g.(u.—u) - Vp’(g))dxdt
0JQ

6 / e — 20t
0

—i—/o/g(u—ue) (V% H) x H]dxdt+0(e)/0 £.(t)dt

which implies that

Al S// uV(u.—u) - Vu+(p+v)div(u. —u)divu+ g, (u. —u) - Vp’(g))dxdt

+9/ IV (ue — u)|2, Q)dt—i—// (u—u.)-[(V x H) x H|dzdt

(36) +C(0) /0 E(t)dt

where we have here used the Poincare’s inequality.
In virtue of (36), we obtain

AL 4 A2 4 AP < 0|V (ue — )l ) + 0(9)/ £.(1)dt
0

— // divu(gz — 0" —~v0" Hoe — Q))dxdt
0JQ

< GHV(ue — u)”%?(Q;R?’) +//(U. — ue) . [(V X H) X H]d(Edt
0JQ

(37) +C) /0 "eat

while
//(g — 06)(0p'(0) + VP'(0) - u)dazdt = // divu(o. — 0)y0" " 'dadt.
0Ja
Step III. In the continuity equation (6), dividing by o gives

O¢lnp+divu+u-Ving =0,

which implies that A% = 0.
For the terms of A%, A% we can estimate as follows:

A7 < Ce||eVGe| Lo 0.1:22(92)) <||V(“ -VIn o)L= 0,1:L2(0))

(38) + | In Q||WL°°(0,T;H1(Q)))
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and

(39) Af < C€||€VG€H%°°(O,T;L2(Q))||vu||L°°(O,T;L°O(Q))-

Step IV. Finally, it remains to handle A7 and A%. We also use H as a test
function to the magnetic field equation (3) and insert (8), which yields that

- / (H.-H)(7)dx = —/ Hy . Hydz + 1/// VH, : VHdzdt
Q Q 0Ja
+ / [(divuc)H, + (u. - V)H, — (H, - V)u ] - Hdzdt

Q

(40) + // H.-[(divu)H+(u-V)H—(H-V)u—vAH]dzdt.
Q

Multiplying H to the equation (8), we get
1 1
ARG *\H0|2)dl’
/ d1vu|H|2 VH-H - (H~V)u-H+V|VH|2>dxdt.
Q

We now insert (40) and (41) into (30) together with using the previous
results and so we get

(42) [em)

+C// M\Vue—VuF—l—(u—l—)\)\divue—divu|2—|—V|VH6—VH\2>dxdt

// u. H—7V|H\ dadt

+//QHE~[(divu)H—i—(u-V)H—(H-V)u]dxdt

IN

+ / T/Ho[divus H, + (u, - V)H, — (H, - V)u/]dzd
f/T/ divu\H|2+(u~V)H-H—(H~V)u~H)dxdt
+C/ E.(t)dt + Ce
g// [(H.—H)-V]u -(HG—H)—&—[(HE—H)-V]H-(ue—u))dxdt
+/0/Q [(H—H6)~V]H-(ug—u)+(u~V)(H—HE)-(H—HE))dxdt

+C/ E(t)dt + Ce
0
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= ZBg+c/ Ec(t)dt + Ce,
0

j=1
where we have used the integration by parts and using divH, = 0, divH = 0.
For the term of B!, it is easily to get

(43) Bl <cC / E(t)dt,
0

where we have used the regularity in Proposition 2.1.
For the terms of B2, B2, we can use the Young’s inequality and Korn in-
equality to obtain

(44) B?+ B3 50(9)/ 5E(t)dt+9// |Vu, — Vu|?dzdt
0 0JQ

for a suitable 6 > 0. Finally, we are also going to apply the Young’s inequality
to get

(45) B} < C(9) / E(t)dt + 6 / / |VH, — VH|?dzdt
0 0JQ

for a suitable 6 > 0. Consequently, by choosing small number 6§ > 0, the relative
entropy in (42) is given by

(46) |&)]

+C// (u\VuefVu|2+(u+/\)\divus—divu|2+u|VH€fVH\Z)dxdt
0JQ

t=1

< o/ £.(t)dt + Ce.
0

Step V. Complete the proof. Let us apply the Gronwall’s inequality to
(46) in order to obtain:
(47) (1) < exp(TC))E(0)

for all 7 € [0, 7.
For the estimates of the initial data, we use the assumptions (14)-(16) to
obtain

/Qo,eluo,e—uo\de < C/ |\/QO,eu0,e_\/QOu0‘2dx+C/ |\/00.c — /00| *dx
Q Q Q
< C/ |\/QO,eu0,e_\/QOu0‘2dx+C/ |00,e—00|*dx < Ce,
Q Q

/ |H076—H0\2dx < Ce, / h(go,e)dz < Ce,
Q Q
and

/ {exp Vo,e In (exp VO,e/QO) —exp Vo, + Qo}dx < /(GXP Vo.e — 00)% < Ce.
Q Q
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Thus we get

E(0) < Ce

and the Gronwall inequality gives the results (17)-(19) in Theorem 2.1. Indeed,

/ |V/2ru. — vaultdz < C / Vae(u, — w)Pdz+C / Vo - Vade
Q Q Q

< Ce,

/Q ([Qe - «Q]gss + [Qe - Q];Yes)dx < / h(ge)dx < Ck,

Q

/ |v/exp V. — /o|*dx < Ce, / |H, — H|?dz < Ce.
Q Q

Hence we complete our proof of Theorem 2.1. O
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