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EVOLUTION AND MONOTONICITY FOR A CLASS OF
QUANTITIES ALONG THE RICCI-BOURGUIGNON FLOW

FARZAD DANESHVAR AND ASADOLLAH RAZAVI

ABSTRACT. In this paper we consider the monotonicity of the lowest con-
stant A% (g) under the Ricci-Bourguignon flow and the normalized Ricci-
Bourguignon flow such that the equation

—Au+ aulogu + bRu = X (g)u

with fM u? dV = 1, has positive solutions, where a and b are two real con-
stants. We also construct various monotonic quantities under the Ricci-
Bourguignon flow and the normalized Ricci-Bourguignon flow. Moreover,
we prove that a compact steady breather which evolves under the Ricci-
Bourguignon flow should be Ricci-flat.

1. Introduction

Geometric flows are essential tools in the study of Riemannian manifolds and
play important role in mathematics and physics. On the other hand, eigenval-
ues are also very important tools in the study of geometry and topology of
Riemannian manifolds. That is why one can find so many mathematicians
who have worked on the eigenvalues of geometric operators along geometric
flows. In this paper we apply the Ricci-Bourguignon flow which is a general-
ization of the Ricci flow. To be familiar with this flow, suppose (M, g(t)) is
a smooth closed Riemannian manifold of dimension n > 2 which is evolving
under the following second order quasilinear parabolic PDE
(1) 8%7(;) = —2Ricyy) + 2pRy)9(1),
where Ricy() is the Ricci tensor, Ry is the scalar curvature of the manifold
and p is a real constant. Depending on the choice of p, the Ricci-Bourguignon
flow may turn to certain celebrated geometric flows. Namely, for p = % this flow

will turn to the Einstein flow, for p = ﬁ it will turn to the Schouten flow

and for p = 0 it will turn to the famous Ricci flow. If p < ﬁ, then every
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initial compact Riemannian manifold (M, go) has a unique smooth solution g(¢)
solving the flow equation (1) with g(0) = go (see [5, Theorem 3.1.2]).
Perelman [9] introduced the functional

Flg.f) = / (ISR R v,

and showed the F-functional is nondecreasing under the Ricci flow coupled to a
backward heat-type equation. Since the functional F is nondecreasing, it turns
out that the lowest eigenvalue of the operator —4A + R is nondecreasing along
the Ricci flow. Cao [1] showed that on manifolds with nonnegative curvature
operator, the eigenvalues of the operator —A + g are nondecreasing along the
Ricci flow. Afterwards, Li [8] obtained the same monotonicity for the first
eigenvalue of the operator —A + g without any curvature assumption. Later,
Cao [2] considered a general operator —A + bR, where b > i, and proved that
the first eigenvalue of this operator is nondecreasing along the Ricci flow on
manifolds without curvature assumption.

Recently Chen [3] et al. did analogous work to what aforementioned. They
studied the monotonicity of eigenvalues of operator —A + bR, where b is a
constant, along the Ricci-Bourguignon flow and derived the monotonicity of
the lowest eigenvalue of —A 4+ bR. Wang [11] demonstrated the monotonicity
of the lowest eigenvalue of the Schrédinger operator

(1-(n—1)p)
1—2(n—1p R—44,

where p is the same as in (1), along the Ricci-Bourguignon flow and ruled out
the nontrivial steady breathers. Huang and Li [7] investigated the monotonic-
ity of the lowest constant A\’(g) along the Ricci flow such that the following
nonlinear equation has positive solutions:

(2) — Au+ aulogu + bRu = \2(g)u

(3) /M u?dV =1,

where a and b are real constants. In fact, they extended the equation
(4) — Au+bRu = \(g)u

with | M u?dV = 1, to the equation (2) and generalized some results of Cao

[2] and Li [8] as well. Motivated by them, in this paper we will study the

monotonicity of the lowest constant \’(g) along the Ricci-Bourguignon flow

such that the nonlinear equation (2) with (3) has positive solutions. In the

following, we write RB-flow rather Ricci-Bourguignon flow for abbreviation.
The following theorem will be proved in Section 2:
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Theorem 1.1. Let g(t), t € [0,T), be a solution to the RB-flow on a closed

manifold M™ and let \%(g) be the lowest constant such that the nonlinear equa-

tion (2) with (3) has positive solutions. Under assumptions p < 0, b > 1,

R(0) > na and |V f|*> > Af, the quantity

na?(1 —np)?
8

is strictly increasing along the RB-flow in [0,T). Here f = —2log ¢.

A (t) + t

In the case of evolving an initially locally symmetric manifold, we will prove
the following:

Theorem 1.2. Suppose g(t), t € [0,T), is a solution to the RB-flow on a
closed manifold M™. Moreover suppose (M, go) is locally symmetric. Let \2(g)
be the lowest constant such that the nonlinear equation (2) with (3) has positive
solutions. Then under assumptions p <0, b > % and R(0) > na the quantity

na?(1 — np)?
8
is strictly increasing along the RB-flow in [0,T).

() + t

Define the symmetric tensor S = Ric — pRg and let S =trS = (1 —np)R be
its trace. The normalized RB-flow is

(5) aif)—(tt) = 25+ %sg(t),
where
(©) SWGWWUW

and r is the average scalar curvature. In Section 3, we focus on the normalized
RB-flow and we will prove the following theorem:

Theorem 1.3. Let g(t), t € [0,T), be a solution to the normalized RB-flow
on a compact surface M? and let \%(g) be the lowest constant such that the
nonlinear equation (2) with (3) has positive solutions. Under assumptions p <
0,b= % and R(0) > 2a, the quantity

2(1—2p)? i
ut—&-ﬂt—i—s/ AV(s)ds
4 2 o

is strictly increasing along the normalized RB-flow in [0,T). Here \° is the
lowest eigenvalue of (4).

Ao (t) +

We also prove the following result when an initial homogeneous manifold is
evolving along the RB-flow:

Theorem 1.4. Suppose g(t), t € [0,T), is a solution to the normalized RB-
flow on a closed manifold M™. Moreover suppose (M, go) is homogeneous. Let
Ao (g) be the lowest constant such that the nonlinear equation (2) with (3) has
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positive solutions. Then under assumptions p < 0, b > i and R(0) > na, the

quantity

na?(1 — np)?
8

is strictly increasing along the normalized RB-flow in [0,T), where A’ is the
lowest eigenvalue of (4).

2 t
A (t) + t+ —S/ A (s)ds
2 n Jo

2. Monotonicity of )\Z (g9) along the RB-flow
We define the lowest constant \2(g) which satisfies (2) with (3) as

A (g) = inf {gs(g,u) : / w?dV =1, u>0, uc COO(M)} ,
M

in which

G(g,u) = / (|Vul® + au®logu + bRu?)dV.
M

Generally it is not clear for us that the constant A\’(g) and the corresponding
function u(x, t) are differentiable in ¢ along the RB-flow. So we can not use the
differentiability property for A2(g) and u(z,t). But we can use a common trick
to resolve this problem. Namely, we may proceed similar to Chen et al.’s work
[3] to bypass the differentiability of A2(g). For this purpose, we show that on a
compact manifold M, the constant \!(g) exists and it is a continuous function
along the Ricci-Bourguignon flow on [0, 7).

Now we first show that for any compact Riemanniam manifold (M, g), the
constant \?(g) exists. To see that, we should prove the set

(7) {gg(g,u):/Mu2dV=1, u >0, ueCOO(M)}

is bounded from below. We may write
{gg(g,u) : / wWdV =1 u>0,uec C"X’(M)}
M

C {/ (IVul* + bRu*)dV : [ w*dV =1, u>0, ue C“(M)}
M

M
+{/ auzlogud\/:/lﬁd\/1,u>0,u€C’°°(M)}.
M M

By [3] we know that when M is compact, the set

(8) {/M(|Vu|2 + bRu?)dV : /M w?dV=1,u>0,uc C‘X’(M)}

takes its infimum and hence is bounded from below. On the other hand, since
at?logt takes its minimum at t = ﬁ, where e is the Euler’s number, one can
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easily get the lower bound of the set

(9) {/ au210gudV:/ u?dV =1, u >0, uGCOO(M)}
M M

for a > 0.

Since the sets (8) and (9) are bounded from below, we can conclude that
the set (7) is bounded from below and consequently A2(g) exists.

Following the techniques of [3], we will show that A := A’ is a continuous
function along the Ricci-Bourguignon flow.

Lemma 2.1. If g1 and g2 are two metrics on M satisfying
(1+e) 7' <gp<(1+e)gr and R(g1)—e< R(gz2) < R(g1) +e,
then
AMg2) — Alg1)
< (M+e2t —(1+€¢) 2)(1+6)? (Mg1) — min(bRy, + alogw))
+ ((1 + 8)|b| max |Ry, — Ry, | + 26 max [bR,, + alogw|) (1+¢€)2,

where § — 0 as € — 0. In particular, A\ = A’ is a continuous function with
respect to the C%-topology.

Proof. One can prove this using arguments similar to Lemma 5.24 in [4]. O

All over this paper we denote

where h is a symmetric 2-tensor. The following lemma is required throughout
the paper.

Lemma 2.2 (L. Cremaschi [5]). Suppose g(t) is a solution to the RB-flow.
Let R and AV denote the scalar curvature and volume element of metric g(t)
respectively. Then the following evolution equations hold:

%J: =(1-2(n—1)p) AR+ 2|Ric|> — 2pR?,
odv
5 = (np—1)RdV.

Again, suppose that A’(g) is the lowest constant such that (2) with (3)
has positive solution u(z,t). Now we are going to apply a trick in order to
bypass time derivatives of the constant A\’(g) and the corresponding function
u(zx,t). According to [6, Theorem 7.2], for any to € [0,7), there exists a smooth
function ¢(t) > 0 satisfying

/ B(t)2dV =1
M
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and ¢(tp) = u(tg). Let

H(0) = [ (~0(00(0) + ad(e) log 6(0) + bR6(1)?) V.
M
Then u(t) is a smooth function by definition. And at time ¢, we conclude that

Ao (to) = plto)-
Here we state an essential lemma:

Lemma 2.3. Let g(t), t € [0,T), be a solution to the RB-flow on a closed
manifold M™ and let \2(g) be the lowest constant such that the nonlinear equa-
tion (2) with (3) has positive solutions. Suppose that u(ty) is the corresponding
solution to A\2(tg). Then we have

d na?(l—np)? 1 a 2 _
(st 0T Ly = 5 [ | 995 4 50— g T av

dt 8
1
+ <2b 2)/ |R;j|?e=F dv
M
(10) — 2pb/ R%e~1av
M

+B/ IVf[2(na — R)e~f av
2 u

+ <" —2(n— 1)b>p/ ARe~! dV,
2 M
where f = —2log ¢.
Proof. By definition we know
(1) u(0) = [ (V6 +ao? log s+ bre?) av.
M

Using Lemma 2.2 we have

d S ) )
Ol = A ((2Ry; = 2pRgyy) (V'6V79) + 20, V' 60V + 20 log ¢

+ aggy + bRy ¢* + 2bRod, )dV
(12) +/M (Vo[> + ag? log ¢ + bR¢?) (np — 1) RdV.
Applying
2 /M RijV'¢VigpdV = /M (=ViRV'¢)¢ — 2R;;(V'V'$)¢) dV

and

—/ |V¢\2RdV:/ (RAG + V;RV'¢) pdV
M M
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into (12), we have

d

a,ut(t)\t:to = / [ —2R;;(V'VIp)p — 2pR|V | + bRy $* + addy
M

+2¢: (—A¢ + aglog ¢ + bR)
+ R¢ (—A¢p+aglog p+bRo) (np—l)—np(ViRV%)(b} av
(13) = [ [F2Ru(VITI0)6 — 2pRIVG + bR + 5 ()] AV
M
2 _ pyui
wutto) ([ V) |, [ w900y
- / (2R3 (ViVi6)6 — 2RIV + bR6* + S(6°).] aV
M
— / np(V;RV'$)pdV,
M
where the last equality is obtained by
[ @)+ o= DRV =0
M
from (3). According to Lemma 2.2, we have %% = (1—2(n—1)p) AR +

2| Ric|* — 2pR?. So, (13) leads to the following
P

d

aﬂ(t)h:to = /M |:— 2Rij(vivj¢)¢ _ 2pR|Vd)‘2
+0¢? (1 —=2(n —1)p) AR + 2| R;|* — 2pR?)

(1- np)R(b2] av — / np(ViRVig)pdV
M

a

2
(14) = /M [ = 2R, (V') — 20R| VoI
+((1 =2 (n—1) p) bRAG? + 2b8%| Ry |2

— 20b¢?R?) + %(1 - np)Raﬂ av — / np(ViRVig)¢dV.
M

+

Under a transformation f = —2log ¢ which is equivalent to ¢? = e/, we get
i 1 i 1_, . _f

(15) V'Vi¢ = —§ijf+ZVfVJf e 2

and

(16) /M(VZ-RV%M dv = —% /M RAe~ 7 av.
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Hence, (14) can be written as

MOy, = /M [Rijw VIf) = SRV VI f = SRV

—(1=2(n—1)p)bRAf + (1 —2(n—1)p)bR|Vf|?
17
{17 + 2b| Ry |* — 2pbR? + %(1 —np)R|efdV
+22 [ RAe~! av.
2 M

Applying the second Bianchi identity 2V, R} = V; R, we attain
(18) —b(1-2(n—1)p) /M RAfe~/dv
— (1-2(n-1) p) /M(bViRVifbeWfF)e*f av
= (1-2 (nfl)p)/ (= 2bR;; V'V f+2bR;; V' fVI f—bR|V f[*)e~ dV.

M
Thus, inserting (18) into (17) yields

Ol = =20 =20=1)p) [ RV e av
+ <2b(1 —2(n—1)p) — ;) / Rij(VifVif)e=! dv
M
_ a _
(19) +2b /M |Rij|2e~f dV + /M (—2pr2 +50- np)R) el av

+ @/ RAe~! vV — 3/ RIVf|?e~! dV.
2 Ju Y
Integrating by parts, we achieve

L ) ) 1
(20) / Rij(VVIfle™l dV = / Rij(VifVifle/dV — = [ RAe ™ fdv
M M 2 M

and

/Rij(vivjf)e*fdv+/ ViV, fl2e=av
M M

—
[N}
=

S~—

|

1 . 1
7/ A|Vf|26’def/ (ViAf)(VZf)e*deff/ RAe~f dv
2 M M 2 M

—/ [Af — 1|Vf|2 + 1R} Ae=fdv
" 2 2

1
(2b — f)/ RAe=FdV —a [ |Vf|?e~ vV,
2 M M
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where the last equality deduced from the fact that
1
(22) 2u(ty) = <Af T 2bR> (t0).
According to (20) and (21), we get
/ ViV, fl2e ™ dv = zb/ RAe~/dv —/ Rij(V' Vi f)e~l dv
M M M
(23) —a/ IV f|?e=f adv.
M
Using (20) and (23), we obtain
d o
Tl = =20 =20=1p) [ Ry(TV e av
1 . .
+ <2b(1 —2(n—1)p) — 2) / Rij(VfVif)e~l dv
M
2 —f 2 A —f
+2b/ Ri;[%e dV+/ (—2pr —l—f(l—np)R)e av
M M 2
+ 22 [ RAe~fav - 3/ RIVf|?e~! AV
2 M 2 M
L 1 ] )
(24) = / Rij(V'Vif)e=/ dV — 7/ Rij(V' fVif)e=l dv
M 2 M

+b(1—2(n—1)p)/

RAe ™7 dV + Qb/ |Rij|%e~F av
M M

—|—/ (—2pr2 + g(1 - np)R) e~ dv + @/ RAe~/dv
M 2 2 M
—3/ RIVf|2e~f dv
2 /m
= / Rij(V'VI fle~! dV+2b/ |Rij|%e~ T av
M M
2, @ —f 1 2 —f
+ (—2pr +—(1—np)R) e TAv+z [ ViV fRe T av
M 2 2 Jm
+ g/ (Af)e=Tav + (E —2(n— l)b) p/ RAe~/dVv
" 2

2 M

fﬁ/ RV f[2e=! dv
2 M
= / Rij(vivjf)e*fdeb/ |Rij|26*fdvf2pb/ R%e~1av
M M M
1
+ (1—np)/ Re*de—kf/ ViV, fl2e= av
M 2 M

+

Nle e

(1—np) /M(Af)e—f av + gnp/M(Af)e_f av
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np —f —f
+— | RAe™/dV —-2(n—1)bp | RAe™/ dV
2 Jm M

—3/ R|Vf[2e~! dv

2

2

e~ av

1

2

+ (2b— 1)/ |R;j|%e~F AV — 2pb/ R%e~av
2 M M

+B/ IVf*(na — R)e™/ dV
2 /M

a
,/ ’Rij + Vivj‘f + 5(1 — np)gij
M

2 1— 2
+ (ﬁ —2n— 1)b) p [ ARefay - "l =ne)l”

2 M 8 O

Theorem 2.4. Let g(t), t € [0,T), be a solution to the RB-flow on a closed
manifold M™ and let X\ (g) be the lowest constant such that the nonlinear equa-
tion (2) with (3) has positive solutions. Under assumptions p < 0, b > 1,
R(0) > na and |Vf|?> > Af, the quantity

na?(1 —np)?
8

is strictly increasing along the RB-flow in [0,T). Here f = —2log ¢, where the
function ¢ has been introduced before.

A (t) + t

Proof. Using divergence theorem, we have
(25) 0 :/ Ae ! dV:/ (V2 = Af)e fav.
M M

Since by hypothesis |V f|?> — Af > 0, we obtain from (25)
(26) IVfI? = Af.

Integrating by parts and using (26), yields
/ ARe ™/ dV = / RAe~/dV = / R(Vf]? = Af)e~/dv =0.
M M M

On the other hand, by assumption we have R(0) > na. Thus, according to
Lemma 2.3 and Lemma 2.6 in [3], we conclude that either max R(t) > na
or g(t) = ¢(0) for every t € (0,T). Suppose that max R(t) > na, because
otherwise the proof is trivial. Therefore, considering p <0, b > % and |V f|? >
Af, Lemma 2.3 yields

d na?(1 — np)?
o <u(t) g t> R
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By definition, u(t) is a smooth function in variable ¢. Therefore there exists a
sufficiently small § > 0 such that in the interval (to — 0, %0 + 9),

Y PORLLEST S

Thus
na?(1 — np)?
w(to) + na”(l —np)” 3 )

for any t; € (t() — (5, to + 5) and t; < tg.
We note that

na?(1 — np)?

to > p(t1) + 3

tq

plto) = Ao(to) and  p(t1) > Ao(t1).
This implies that

na?(1 — np)?
8

na®(1 —np)?

t
3 1

)\Z(to) + to > )\Z(tl) +

for any to > t1. Since according to Lemma 2.1 the quantity A2 (¢) + Mt
is continuous and since ¢y € [0,7) is arbitrary, we can conclude that \°(t) +
2 2

%t is strictly increasing in [0, 7). O
Corollary 2.5. Suppose g(t), t € [0,T), is a solution to the RB-flow on a
closed manifold M™. Under assumptions p < 0, b = ﬁ and R(0) > na,
the quantity

na?(1 — np)?

t
8

Ao+
is strictly increasing along the RB-flow.

Now, we claim that a locally symmetric manifold remains the same along
the RB-flow. To prove this, we first need the following.

Proposition 2.6 (L. Cremaschi [5]). During the Ricci-Bourguignon flow of
a Riemannian manifold (M™, g(t)), the Riemann tensor satisfies the following
evolution equation.

%Rijkl = ARy i1 + 2(Bijki — Bijik — Bitjk + Bikji)
— 9" (RpjriRei + Ripki Rqj + Rijpi Rak + RijepRal)
— p(ViViRgj — ViViRgji — ViV Rgy + V;ViRgii)
+ 2pRR;j,

where the tensor B is defined as Byjr = gP79"° Ripjr Riqis-

Remark 2.7. Recall that for a tensor field A of arbitrary type, we have the
following formula for commuting the covariant derivative and the Laplacian:

(27) V(AA) — A(VA)=VRm=x* A+ Rm* VA,
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and for a t-dependent tensor field A = A(t) we have

0 0
2 —VA-V_-A=A :
(28) VA=V «Vh
Substituting A with Riemann curvature tensor Rm in (27) and (28), along with

the fact that h = 2(Ric — pRg), we get

(29) V(ARm) = A(VRm) + Rm * VRm
and
0 0
(30) VaRm = EVRm + Rm * VRm + pg * Rm * VRm.
Writing Proposition 2.6 in *-notation, yields
o}
(31) aRm = ARm + Rm * Rm + pg * V*Rm.

Finally, taking covariant derivative of (31) and using (29) together with (30),
we have

0

(32) aVRm = AVRm 4 Rm * VRm + pg * V3Rm + pg * Rm % VRm.

Now we are able to prove our claim.

Proposition 2.8. Suppose ¢(t), t € [0,T), is a solution to the RB-flow on a
closed manifold M™. If (M, g(t)) is locally symmetric at the initial time t = 0,
then it remains locally symmetric for all times t € [0,T).

Proof. Consider the original ODE which according to (32), VRmg ) is its an-
swer. On the other hand, zero is an answer for this ODE too. Therefore, by

the uniqueness of the solution of an ODE, we conclude that VRmgy = 0 for
all t € [0,7).

Lemma 2.3 along with the above fact, gives:

Corollary 2.9. Suppose g(t), t € [0,T), is a solution to the RB-flow on a
closed manifold M™ with g(0) = go. Moreover suppose (M, go) is locally sym-
metric. Then under assumptions p <0, b > % and R(0) > na, the quantity
o na?(1 — np)2t
8
is strictly increasing along the RB-flow.

Proof. By hypothesis, (M, go) is locally symmetric. Hence due to Proposition
2.8, we get

VRm(t) =0
for t € [0,T). Accordingly,

(33) VR(t) = tI‘Vng(t) = 0.
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Integrating by parts and using (33), we obtain
(34) / ARe™Tdv :/ RAe™ 7 dV = f/ (VR,Ve F)dv =0.
M M M

Employing Lemma 2.3 along with the expression (34) and proceeding similar
to the proof of Theorem 2.4, we can conclude the proof of the corollary. ([

Our next aim is to show that isometries are preserved along the RB-flow.
By Theorem 3.1.2 in [5] we know that for p < ﬁ any initial compact
Riemannian manifold (Mgp) has a unique smooth solution (M, ¢(t)) solving
the flow equation (1). Thus we have the following proposition.

Proposition 2.10. Suppose (M, g(t)), t € [0,T), is a compact solution to the
RB-flow with g(0) = go and p < m If ¢ : (M,g90) — (M,go) is an
isometry, then it will remain an isometry along the RB-flow for all t € [0,T).

Proof. Since g(t), t € [0,T), is a solution to the RB-flow, we have

dg(t .
% = —2Ricy(s) + 2pRy1)9(t).
Accordingly, for ¢t € [0,T) we attain
0 * . *
5.0 9(0) = —2Ricsg) + 20 Ry g0)979(2),

which shows that ¢*g(t) is a solution to the RB-flow with ¢*g(0) = go as well.
Hence, by uniqueness of the solutions to the RB-flow, we get ¢*g(t) = ¢(t), for
all t € [0,7). O

Hereunder, using the above fact, we show that the homogeneity is preserved
along the RB-flow.

Proposition 2.11. Suppose g(t), t € [0,T), is a solution to the RB-flow on a
closed manifold M™ with p < ﬁ If (M, g(t)) is homogeneous at the initial
time t = 0, then it remains homogeneous for all times t € [0,T).

Proof. Since (M, go) is homogeneous, its isometry group Iso(M, go), acts tran-
sitively. Now let ¢ : (M,g0) — (M, go) be an isometry. Proposition 2.10
shows that ¢ : (M, g(t)) — (M, g(t)), t € [0,T), is an isometry as well. Con-
sequently ¢ € Iso(M,g(t)) and thus Iso(M, go) C Iso(M,g(t)) for ¢ € [0,T).
So, if ¢,y € M are arbitrary, then there exists a member of Iso(M, gy) and
hence a member of Iso(M, g(t)) such that ¢(z) = y. Therefore Iso(M, g(t)),
t €10,T), also acts transitively and thus (M, g(t)), t € [0,T), is homogeneous
too. O

Corollary 2.12. Suppose g(t), t € [0,T), is a solution to the RB-flow on a

closed manifold M™. Moreover suppose (M, go) is homogeneous. Then under

assumptions p < 0, b > % and R(0) > na, the quantity

na?(1 —np)?
8

Ao(9) + t
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is strictly increasing along the RB-flow.

Proof. Since (M, go) is homogeneous, thus by virtue of Proposition 2.11,
(M, g(t)) must be homogeneous along the RB-flow. On the other hand, we
know that a homogeneous manifold has constant scalar curvature. Therefore,

ARg(t) =0
for t € [0,T"). Hence, by Lemma 2.3 we can conclude the proof. (I
We now recall the definitions of a breather.

Definition. A metric g(¢) evolving under the RB-flow flow is called an breath-
er, if there exist some t; < t2 and « > 0 such that ag(t;) and g(t2) differ only
by a diffeomorphism. A breather is called steady, shrinking or expanding if
a=1,a<1ora>1,respectively.

Theorem 2.13. On a closed manifold M™, a steady breather g(t) evolving by
the RB-flow is Ricci-flat when p < 0.

Proof. We proceed as in [11] to prove the theorem. Let

Fg. f) = / (V2 + bR)e™ av
M
and
Folg, f) = / (VfI* - ol +bR)e~7 dVv.
M 2

So, we can write

(35) ‘Fg(g7f):"rb(gaf)7 "

age*f dV.

We define
X (g) = inf {f};(g,f) : / efdv=1, fe COO(M)}.
M
By [11, Theorem 3.1] and (35) we get

b
a}- (9, f)
=2 | |Ric+ L{)*I)’)Hess(f)ﬁe*f dv
M
Qpb/ |Rg t3 Hess(f)\ze_f dv
(36) + [2(1—2(71—1)/)) 2(1_(1_1 ]/ |Hess(f)|?e™f dV
a

- /M [(np— DR — (1 —2(n—1)p)

+f(L=2(n—1)p)](Af [V f})e™T avV,
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where f evolves by

of
ot

If we assume that |V f|?> > Af, then using divergence theorem we have

_ I Qv — 2 _ -7
0 /MAe av /M(\Vf| Af)ef dv.

=(np—1R—(1-2(n—1)p)(Af — [Vf]).

Thus we obtain
(37) VP =A
So, considering |V f|? > Af, (36) yields

*fb(g £

—
w
0]

~

I

Zb/ |ch+ )pHess(f)\ze*f dv

2
pb/ |Rg + 2bHess(f)\26_f dv

20 == Do) | np] |Hess(f)|?e™! av
M

+ [2(1 —2(n—1)p) — - 3

= a]‘-b(g f)

Under assumptions p < 0, b > %W > 0 and using Corollary 3.3

in [11], one can conclude that F°(g, f) and so by (38), the functional F2(g, f)
is nondecreasing with respect to variable t. Moreover, by (38) along with
Corollary 3.3 in [11], we conclude that F2(g, f) is strictly monotone unless
the metric is Ricci-flat. Now suppose that g(t) is a breather. Therefore, by
definition of a breather, there exist some ¢; < to such that g(¢;) and g(¢2)
differ only by a diffeomorphism. Thus X (t1) = Al(ty). Let f(t2) be the
corresponding function to A?(3). we have

Xo(t2) = Filg(ta), f(t2))
> Fi(g(tr), f(tr))
> inf F)(g(t1), f)
= X)(t1).

As mentioned before, F(g, f) is strictly monotone unless the metric is Ricci-
flat. So the equality \b(¢;) = A2(t2) shows that g(t) is Ricci-flat. O

Remark 2.14. A similar result was obtained by Wang (see [11, Corollary 2.8]).
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3. Monotonicity of A?(g) along the normalized RB-flow

In this section we first state the following lemma which provides the evolution
formula for the scalar curvature and volume element along the normalized RB-
flow.

Lemma 3.1. Suppose g(t) is a solution to the normalized RB-flow. Let R and
dV denote the scalar curvature and volume element of metric g(t) respectively.
Then the following evolution equations hold:

2
%f =2|Ric|* + (1+2p(1—n)) AR — 2pR* — ﬁsR,
d
aa—:/ =—(1—np)(R—r)dV,

where s is as introduced in Section 1.

Proof. Due to Proposition 2.3.12 in [10], the volume element evolves as Bg—tv =

%trh dV. Since along the normalized RB-flow, h = —2Ric + 2pRg + %sg, we
obtain
odv 1 2
—— = —tr | —=2Ric+2pRg+ —sg | AV = —(1 —np) (R —r) dV.
ot 2 n
In order to find the evolution equation for the scalar curvature R along the nor-
malized RB-flow, we note that by Proposition 2.3.9 in [10], the scalar curvature

R evolves as 2 = —(Ric,h) + 62h — A(trh), Thus

OR 2
- =— <Rz’c ,—2Ric+ 2pRg + fsg>
ot n
(39) ,
+ 62 (—2Rz’c + 2pRg + sg> +2(1—np) AR — 1),
n
where for a tensor T, §(T) = —tr12VT is the divergence operator. On the one

hand, by the contracted second Bianchi identity we have 6?(Ric) = $AR. On
the other hand, a direct computation shows that 6?(Rg) = AR. Hence, by (39)
we attain

OR . 12 2 2
e =2|Ric|*+ (1+2p(1 —n)) AR — 2pR —ESR. 0

We will need to the following lemma:

Lemma 3.2. Let g(t), t € [0,T), be a solution to the normalized RB-flow
on a closed manifold M™ and let \2(g) be the lowest constant such that the
nonlinear equation (2) with (3) has positive solutions. Suppose that u(ty) is
the corresponding solution to \b(to). Then we have

d na*(l —np)? sa, 2s [,
e (u(t) + — 5 t+ ?t + ;/0 A"(s) dS) ’t:to

1 2
(10) =1 / ! av
2 M

a
Rij + V,»ij + 5(1 — Tlp)gij
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1
+<2b—>/ |R;j|?e~F dv
2) Ju

—2pb/ RQe—de+3/ IVf|?(na — R)e=f dV
M 2 M

+ (” —2(n — 1)b>p/ ARe 7 av.
2 M

Here f = —2log ¢, where the function ¢ has been introduced before. And \P is
the lowest eigenvalue of (4).

Proof. Let the metric g(t) evolve under the normalized RB-flow. According to

the Lemma 3.1 we have 2&¥ = —(1 — np)(R — ) dV. By a direct computation

ot
we also have,

9 3 9 -

§|V¢|2 = (QR” —2pRg" — n$g”> (VigVo) + 297V, V .
Thus, by virtue of (11) we get

d o 2 i

GOy, = [ [2R(T0VI0) ~ 20RIVOE - 24967 + 27690
(41) + 20961 10g 6 + oy + bRi6* + 2R, | AV

- / (IV3|* + ap®log ¢ + bR$*) ((1 — np)(R — 1)) dV.
M
Applying
2/ Ri;V'¢VipdV :/ (=Vi:RV'¢)p — 2R;;(V'VI$)¢) dV

M M
and

—/ IVo|*> (R —1r) dV = / [(R—7)A¢+ V;RV'¢] pdV

M M
into (41), we obtain
d 7 ] 7 2 2 2
pOly = [ [ 2Ra(TV06 — VR0 — 20RIVOP — 2610l
M n

dt
+ bRp” + ady + 20 (—Ad + aglog ¢ + bRe)
—(L=np)(R—71)p(~Ad +agplog ¢ + bR)
+ (1= np)(ViRV'9)9| av

(42) = [ [~ 2RV V00— 2RIV = ZS|T0F + bRy
+ 5(6%):] AV + palto) ( /| dV>t =,

—np /M ViR(Vig)pdV
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= [ [~ 2Ru(VV00 ~ 2RIV — ZS|T0F + bRi?
+ 51— np)(R—7)¢?| AV —np | ViR(Vig)sav,
where the last equality is obtained by
(@)= = np)(R=n)?) av =0
from (3). By Lemma 3.1 we have, 28 = 2|Ric|?>+ (1 +2p (1 — n)) AR—2pR? —

25R. Thus from (42), we get

d

L 2
THOy, = /M [f 2R;;(V'V/ )¢ — 2pR|V|* — §|V<z>|2 + bR ¢

+ 3(1 —np)(R — r)gﬂ dv — np/ ViR(V'¢)pdV
M
(13) = [ [~2Ru(v'V0)0 — 20RIVOE ~ 2V of
+ bg? ((1 +2p(1—n)) AR+ 2|R;;|* — 2pR* — isR)
+ 21— np)(R— r)gﬂ av — np/ ViR(Vig)pdV
2 M
= [ [~ 2R(VVI6) ~ 2pRIVP + (1 - 2(n - )p) bRAG?
M

+ 2602 |Rij|? — 20bp*R? + g(l —np)(R - r)¢2] av
_ % (|v¢|2 +bR¢?) dV — np/ ViR(Vig)pdV.

By hypothesis we know that f = —2log¢ which is equivalent to ¢ = e~ /.
Keeping this in mind, according to (15) and (16), we can write (43) as follows:

d

a#(t)h:to = /M [Rij(Viij) - *RUVZfV” pRIVf|2
+(1—=2(n—1)p)bRIVf|* — (1 —2(n — 1)p) bRA S + 2b| R;;|*

(44) — 2pbR? + (1 —np)(R - )} e T av
_2 <|Vf|2 + bR) e~ dv + @/ RAe~/ av.

Doing a similar computation such as Lemma 2.3, we achieve

q 2
e~ fav

1 a
au(tﬂt:to =3 /M ‘Rij + ViV, f+ 5(1 —np)gij
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2(1 — )2
+(2b—1>/ |Rij|26*fdv_w

2s
n

—g(l—np)r—kg/ IVf|*(na — R)e= ! dV
2 2 Ju

+ (n —2(n— 1)b>p/ RAe=/dv,
2 M

which according to (4) and (6) gives

d na®?(1—np)?  sa, 2s (',
dt</L(t) + ft+ ?t+ Z/O )\ (S) dS) |t:t0

1
(Af+bR) e*fdvapb/ R%e~Tdv
M 4 M

2

1
= 7/ ’Rij+vivjf+ g(1 —np)gij| e dV
2 )y 2

+ <2b 1)/ |Rj|%e~7 AV — Qpb/ R%e~/av
2 M M
+ 3/ IVf[2(na — R)e~! dV
2 Ju

+ (” —9n — 1)b)p/ RAe~ av.
2 M

Therefore, the proof is complete. O

Remark 3.3. In dimension n = 2, the scalar curvature determines the full
curvature tensor. In fact, in two dimension the scalar curvature is twice the
Gaussian curvature. By Gauss-Bonnet theorem, for a closed Manifold M?, we
have

/ KdV =2nx(M),

M

where K is the Gaussian curvature and x (M) is the Euler characteristic of M.
According to the above argument we get

_ fMQKdV _ 4y (M)
Sy AV A 7

where A is the area of M2. Thus r and consequently s = (1—np)r are constant.
Then due to Lemma 3.2, we achieve the following monotonicity theorem.

Theorem 3.4. Let g(t), t € [0,T), be a solution to the normalized RB-flow on a
compact surface M? and let X\ (g) be the lowest constant such that the nonlinear
equation (2) with (3) has positive solutions. Under assumptions p < 0, b = L

2
and R(0) > 2a, the quantity

21_2 2 t
ut—&-ﬂt—i—s/ AV(s)ds
0

Ao (t
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is strictly increasing along the normalized RB-flow in [0,T). Here A is the
lowest eigenvalue of (4).

Remark 3.5. The normalized RB-flow and unnormalized RB-flow are essen-
tially the same flows. They only differ by a reparametrization of time and
scaling factor in space. So it is reasonable to anticipate that some features of
the RB-flow, such isometry preserving or homogeneity preserving hold for the
normalized RB-flow as well. Thus we are able to state and prove the analogous
of Proposition 2.10 and Proposition 2.11 along the normalized RB-flow. We
do not prove them here, because of the similarity of the proofs to the case of
unnormalized RB-flow.

Proposition 3.6. Suppose (M, g(t)), t € [0, T) is a compact solution to the
normalized RB-flow with g(0) = go and p < 5 =T If ¢ : (M, g0) — (M, go)
is an isometry, then it will remain an zsometry along the normalized RB-flow
for allt €10,T).

The subsequent fact shows that the homogeneity is preserved along the RB-
flow.

Proposition 3.7. Suppose g(t), t € [0,T), is a solution to the normalized RB-
flow on a closed manifold M™ with p < 2(n - If (M, g(t)) is homogeneous at

initial time t = 0, then it remains homogeneous for all times t € [0,T).
The following fact is a direct consequence of Lemma 3.2 and Proposition 3.7.

Theorem 3.8. Suppose g(t), t € [0,T), is a solution to the normalized RB-
flow on a closed manifold M™. Moreover suppose (M, go) is homogeneous. Let
Ao (g) be the lowest constant such that the nonlinear equation (2) with (3) has
positive solutions. Then under assumptions p < 0, b > i and R(0) > na, the
quantity
na?(1—np)?  sa, 2s b

2 bt A (s)ds
is strictly increasing along the normalized RB-ﬂow in [0,T), where \ is the
lowest eigenvalue of (4).

AP (t) +
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