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ABSTRACT. Consider a graph G of order n and maximum degree A. Let f : V(G) —
{0,1,--- ,[2] + 1} be a function that labels the vertices of G. Let By = {v € V(G) :
f(v) = 0}. The function f is a strong Roman dominating function for G if every v € By
has a neighbor w such that f(w) > 1+ [1|N(w)NBo|]. In this paper, we study the bounds
on strong Roman domination numbers of the Cartesian product P,,0Px of paths P,, and
paths Pr. We compute the exact values for the strong Roman domination number of the
Cartesian product P[P, and Ps[(0P;. We also show that the strong Roman domination
number of the Cartesian product P400Py is between [1(8k — |£]41)] and [2£] for k > 8,
and that both bounds are sharp bounds.

1. Introduction

Graph theory terminology not presented here can be found in [1]. Let G =
(V, E) be a graph with |V| = n. The degree, neighborhood and closed neighborhood
of a vertex v in the graph G are denoted by dg(v), Ng(v) and Ng[v] = Ng(v)U{v},
respectively. If the graph G is clear from context, we simply write d(v), N(v) and
N{v], respectively. The minimum degree and maximum degree of the graph G are
denoted by 6(G) and A(G), respectively. The diameter diam(G) of a connected
graph G is the maximum distance between two vertices of G. The graph induced
by S C V is denoted by G[S]. A path on n vertices is denoted by P,.
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For two graphs G; and G, the Cartesian product G1JG; is the graph with
vertex set V(G1) x V(G2), where vertex (u1,v1) is adjacent to vertex (uq,ve) if and
only if either uq = ug and vivy € E(G3) or v1 = vy and uque € E(G1). G = P,0P;
is called a grid graph.

Let {v;;]1 <i <m,1 < j <k} be the vertex set of G = P,,00P; so that the
subgraph induced by R; = {v;1,vi2, -+, v} is isomorphic to the path Py for each
1 < i < m and the subgraph induced by €; = {v1;,v25, - ,Vm;} is isomorphic to
the path P,, for each 1 < j < k.

A set S C V in a graph G is called a dominating set if N[S] = V. The
domination number v(G) equals the minimum cardinality of a dominating set in G.
A dominating set of G with cardinality v(G) is called a v-set of G.

Let f:V — {0,1,2} be a function having the property that for every vertex v €
V with f(v) = 0, there exists a neighbor u € N(v) with f(u) = 2. Such a function is
called a Roman dominating function. The weight of a Roman dominating function is
the sum f(V) =3 .y f(v). The minimum weight of a Roman dominating function
on G is called the Roman domination number of G and is denoted vr(G). Roman
domination was defined and discussed by Stewart [4] in 1999. It was developed by
ReVelle and Rosing [3] in 2000 and Cockayne et al. [2] in 2004. In order to deal
with multiple simultaneous attacks, Alvarez-Ruiz et al. [1] in 2017 initiated the
study of a new parameter related to Roman dominating function, which is called
strong Roman domination.

Consider a graph G of order n and maximum degree A. Let f : V(G) —
{0,1,--- ,[£7 + 1} be a function that labels the vertices of G. Let By = {v € V :
f(v) =0}. Then f is a strong Roman dominating function for G, if every v € By has
a neighbor w, such that f(w) > 1+ [%|N(w) N By|]. The weight of a strong Roman
dominating function is the sum f(V) = > .y, f(v). The minimum weight of a
strong Roman dominating function on G is called the strong Roman domination
number of G and is denoted vs:r(G). A strong Roman dominating function of
G with weight v5:r(G) is called a ~vyg¢r-function of G. For any S C V, define
f(8) =2 yes f(v). Let f be a ys;ir-function of G. Let By = {v € V : f(v) > 2}.
For any v € By, there exists a vertex u € By such that vu € E(G). We say that v
is dominated by w or by Bs. If f is a strong Roman dominating function of G, then
every vertex in By is dominated by some vertex in Bs.

In this paper, we study the bounds on strong Roman domination numbers of the
Cartesian product P,,,[JP; of paths P, and paths P;. Exact values for the strong
Roman domination number of the Cartesian product P,[0P; and P3P, are found,
and it is shown that for the strong Roman domination number of the Cartesian
product P400P; this number is between [ (8% — L%J +1)] and [%] for k> 8, and
both bounds are sharp bounds.

2. Bounds of Strong Roman Domination Number of P,,[1P;

In this section, we present upper and lower bounds on the strong Roman dom-
ination number of the Cartesian product of paths P,, and paths Pj.
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Observation 2.1. For any positive integers m,k such that k = 0(mod 3),
Ystr(PnOPg) < 22,

Proof. Let G = P,00P;, where k = 3t for a positive integer t. Let Vi = {v;;[1 <
i <m,j=31-11<1<t}V=gand Vy = V(G)\ (V1 UVs). Clearly,
(Vo, V1, Va) is a partition of V(G). Define f on V(G) by f(v) =i for any v € V;,
where 0 < ¢ < 2. It is obvious that f is a strong Roman dominating function of G.

Therefore, v5:r(G) < |f(V(G))| = % .

Observation 2.2. For any positive integers m,k such that k = 1(mod 3),
'VStR(PmDPk) < %

Proof. Let G = P,0P, where £ = 3t + 1 for a positive integer t. Let
Vo = {v;]1l <i<m,j =31-1,1<1<t}, Vi = {vg]|]l <i < m} and
Vo = V(G)\ (V1 U V). Clearly, (Vo, V1, Vs) is a partition of V(G). Define f on
V(G) by f(v) =i for any v € V;, where 0 < i < 2. Tt is obvious that f is a strong
Roman dominating function of G. Therefore, vs:r(G) < |f(V(G))| = % O

Observation 2.3. For any positive integers m, k such that k = 2(mod 3), then

m(4k+1) if m =0 (mod 2)
P,0P;) < g Jm = me
Ystr( k) < { W if m=1 (mod 2).

Proof. Let G = P,00P;, where £k = 3t + 2 for a positive integer t. Suppose
m = 0 (mod 2). Let Vo = {v;;|]1 < i <m,j =3l-1,1<1<t}U{vjrlyj =
A+1,0 <1< |22 U{oeli =41 <1< (2]} Vi = {vjp-nli =4 +2,0 <
L< 22 b u{vjgeenli =41—1,1 <1< [ 2]} and Vy = V(G) \ (V1 UVa). Clearly,
(Vo, V1, Vo) is a partition of V(G). Define f on V(G) by f(v) =i for any v € V},
where 0 < i < 2. It is obvious that f is a strong Roman dominating function of G.
Therefore, v5:r(G) < f(V(Q)) = %.

Suppose that m = 1 (mod 2). Let Vo = {v;;]1 <i<m,j=31—-1,1<1<
tYU{jlj = 4+1,0 U< [P Y0 ol = 4,1 < U< |2 Vi = o n)ld =
4+2,0<1< I_mT&J} U {'Uj(}c—l)|j =4-1,1<1[< LmTilJ} U {Um(k—l);vmk} and
Vo = V(G)\ (Vi1 UV,). Clearly, (Vo, V1, V3) is a partition of V(G). Define f on
V(G) by f(v) =1 for any v € V;, where 0 < i < 2. It is obvious that f is a strong
Roman dominating function of G. Therefore, vs:r(G) < f(V(G)) = W. O

Lemma 2.4.([1]) Let G be a connected graph of order n. Then vsir(G) > [241].

By the following result, we improve the above result for a connected graph G
with A(G) < 4.
Theorem 2.5. Let G be a connected graph of order n with A(G) < 4. Then
vstr(G) > [327].
Proof. Let f be a ygigp-function of G, and let By = {w € V(G)| f(w) = 0},
By = {w € V(G| f(w) =1} and By = {w € V(G)| f(w) > 2}. Let B = {w €
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Bs| |[N(w) N By| =i} for i = 1,2,3,4. Let B{ = {w € By| [N(w) N Bz| = 1} and
B2 = {w € By| |[N(w) N By| > 2}. Clearly (By, By, Bs) is a partition of V(G),
(B, B3, B3, B3) is a partition of By and (B}, B?) is a partition of By. Hence,
n = |Bo| + |Bi| + |Bal, |Bo| = |By| + |B3| + |B3| + | B3| and |Bo| = |Bg| + |B3].
Among all yg;g-function of G, let f be chosen so that |Bj| is maximized.
Claim 1. B = 0.
Proof. Suppose that B3 # 0. Say v € B3 and N(v) N By = {u}. Define f’ on V(G)
by f'(x) = f(z) for x € V(G) — {u,v}, f'(u) =1 and f'(v) = 1. Obviously f’ is a
vstgr-function of G with |B;| more than f, which is a contradiction. O
Claim 2. BS = ().
Proof. Suppose that Bj # (. Say v € BS and N (v)NBg = {u1,u2,usz}. Define f’ on
V(G) by f'(z) = f(z) for z € V(G) — {u1,v}, f'(u1) =1 and f'(v) = 2. Obviously
f' is a ygtp-function of G with |B;| more than f, which is a contradiction. O
Claim 3. Let u € B2. Then N(u) N By C B}.
Proof. Say N(u)N By = {w1,ws2}. Suppose that wy ¢ B}. Sow; € BE. Define f’ on
V(G) by f(z) = f(z) for z € V(G) — {u, w2}, f'(u) =1 and f'(wz) = 1. Obviously
f' is a yg¢p-function of G with |B| more than f, which is a contradiction. O
By Claim 1, |Bs| = |B3| + |Bj|. Let E(By, B2) denote the edge set between
By and Bsy. It is obvious that |Bg| + 2|B2| < |E(Bo, B2)| < 2|B2| + 4|B3|. So,
|Bo| + | B3| < 2|B2| + 4|B4|. Hence, n + | B3| < |B| + 3|B3| + 5|B%|. Hence

vstr(G) = |B1| + 2| B3| + 3| B3|

1 7
(n+ §|B1\ +2|B3| + §|B§| — | Bol)

Wl N Wl

(21) > 2(n+ B3 + 5(1Bal ~ B31).

and

vstr(G) = |B1| + 2| B3| + 3| B3|
2| B3| 3| Bs|
5
3 ) +5( 5
3
> 5(|Bl| +3|B3| + 5|B3))

= |B1] + 3( )

3

> 2(n+ | B3))
3

> —n.

-5

Therefore, the result follows, since ys:r(G) is an integer number. O
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3. Strong Roman Domination Number of P,,[1P;

In this section, we investigate the strong Roman domination number of P,,,[0P.

Theorem 3.1. For any positive integer k, vsir(P20Py) = [%W

Proof. By Observation 2.1, if k = 0(mod 3), ysir(P0OP;) < % = [%1 By

Observation 2.2, if k = 1(mod 3), ys:r(P20OP;) < % = [%]. By Obser-
vation 2.3, if k = 2(mod 3), ysrr(POP;) < L;l = [%1 Hence, in any case,
Ystr(P0P;) < [4E]. Among all vgp-function of P,00P;, let f be chosen so that
| B1| is maximized.

It is obvious that B = (). By inequality (2.1) in Theorem 2.5, it follows that

vstr(POPy) > 2(2k + | Bf| + | B)
>[4
Therefore, ysir(Po00P;) = [%] g

Theorem 3.2. For any positive integer k, vs:r(PsOPy) = 2k.

Proof. By Observation 2.1, vs:r(P30Py) = vser(PrOP3) < 2k.

Among all yg;g-function of P3s(1P, let f be chosen so that |Bj| is maximized.
By Claim 2 in Theorem 2.5, B3 = (.

By inequality (2.1) in Theorem 2.5, it follows that

2 1
vser(P3OP) > §(3k + B3|+ 5(\Bl| — |B3])).

In order to prove vs;r(P300Py) > 2k, it is sufficient to prove that 2| Bg|+|B;| > |B3|.
If B = (), then it holds obviously. Hence, we may assume that Bj # (). It is obvious
that B C Ry. Now we define a function g : By — B3 U B as follows:

For any u,v € Bj, d(u,v) > 2. Suppose that u = vy, v = wvy; and
(Uiri<i<j1 € N B3 = ), where j —i > 2. We discuss it from the following
cases.

Case 1: j =i+ 2. That is u = vy; and v = vg(;42). Then vy;;41) € BF. Define
g(u) = V2(i41)-

Case 2: j =i+ 3. That is u = vg; and v = vy(43). If vy(;41) € By, then define
g(u) = viggny. I f(vigg1)) > 2, then vyqy) € B2 and define g(u) = Va(ig1)- If
v1(i4+1) € Bo, then f(v1(;42)) = 3 and vy(;12) € B3, which is a contradiction.

Case 3: j > i+4. If vy11) € By, then define g(u) = vi(j+1). If f(vigi41)) > 2, then
Va(it1) € Bj and define g(u) = va(;1+1y. We may assume that f(vq(;11)) = 0. Then
2 < f(vi(iq2)) < 3. Since B3 =1, J(v1(i42)) = 2. Without loss of generality, we
may assume that f(vsi41)) = 0 and f(vg(q2)) = 2. If f(va(i42)) = 1, then define
g(u) = vagita). If f(vai42)) = 0, then vy;po) € B2 and define g(u) = Va(iy2y. If
f(v2(i42)) = 2, then vy 1) € Bf and define g(u) = va(it1)-
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Let h = max{j|vz; € B3}. If h < k — 2, then by a similar way as Case 3, there
exists a vertex v;; such that v;; € BZU By, where i € {1,2,3} and j € {h+1,h+2}.
So we define g(vap) = vi;. If h =k —1, then f(v1x) =1 and vi; € B;. So we define
9(U2h) = Vik-

Hence, for any u € B3, there exists w € B2 U By such that g(u) = w. Further-
more, for any u,v € Bj, if u # v, then g(u) # g(v). Hence, |B2| + |B1| > |Bj]|.
So

Vstr(P30P;) = 3(3k +[B3] + 5 (\Bll — |By)) > 2k.

Therefore, ysir(PsOP;) = 2k. O
Lemma 3.3. For any positive integer k, vs:r(PyOPy) < [%1.

Proof. Let G = P,0P;. By Observation 2.1, if k = 0(mod 3), 'yStR(P4DP;€) <
[85]. By Observation 2.2, if k = 1(mod 3), ys¢r(PsOP,) < 4(2’;“) =[8]+1. By
Observation 2.3, if k = 2(mod 3), vs;r(PyOP,) < 2050 — 18k

Let G = P4DP4. Let ‘/3 = {Ugg}, ‘/2 = {1)11,1}14,’044}, V1 = {023,1)41} and
Vo = V(G)\ (Vi1UVaUV3). Clearly, (Vo, Vi, Va, V3) is a partition of V(G). Define fy
on V(G) by fa(v) =iforany v € V;, where 0 < i < 3. It is obvious that f, is a strong
Roman dominating function of G. Therefore, vs:r(G) < |f2(V(G))| = 11 = [8E],
where k = 4.

Let G = P,O0P;. Let V3 = {va1,v35}, Vo = {013,014, 017, Va2, Va3, 047}, Vi =
{va6} and Vy = V(G) \ (V1 U V2 U V). Clearly, (Vp, Vi, Vo, Vs) is a partition of
V(G). Define f7 on V(G) by f7(v) =i for any v € V;, where 0 < ¢ < 3. It is
obvious that f7 is a strong Roman dominating function of G. Therefore, ys:r(G) <
|fz(V(G))| =19 = [3£], where k =T.

For k Z 10, let k = 7+3t Let V3 = {’U21,U35}, ‘/2 = {U13, V14, V17, V42, V43, 1147} ]
{v1(2465)> V2(4165)> V3(a+65)> Vaa+6)ld = 1,2, [51} U {v1(7465) V2(5+65)» V3(5+65)»
Varteld = 1,2, [%W —1}, Vi ={we} and Vo = V(G) \ (V1 UVLUV3). Clearly,
(Vo, Vi, Vo, V3) is a partition of V(G). Define fi, on V(G) by fi(v) =i for any v € V;,
where 0 < 7 < 3. It is obvious that fj is a strong Roman dominating function of
G. Therefore, vs:r(G) < |fu(V(G))| = [3£]. O

Lemma 3.4. For any positive integer k > 4,

8k
3

[8k1 if k =4,5,6,7
Vstr(PsOP) > { 1@k — 5] +1)] ifk>8.

Proof. Among all yg;g-function of P40P;, let f be chosen so that | B | is maximized.
Then B} = B3 = (). By inequality (2.1) in Theorem 2.5, it follows that
Ystr(PaOP) > (47@ + B3+ 5 (|B1| —|B3))).

3
If By = 0, then vsr(PsOP;) > [8£]. Hence, we may assume that Bj # (). It
is obvious that By C Ry U R3.
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Claim 1. Suppose C;N B3 # () for j € {2,3,--- ,k—1}. Then |[(C;_1 UC,;UC;4+1)N
Bi|=1.
Proof.  Without loss of generality, we can assume that vy; € Bj.  Then
Va(j—1), V2(j+1)s V35 € By. If U3(j+1) € B%, then d(’US(jJrl)) =4 andj < k—2. Define
a function [ on V(G) by f'(z) = f(x) for x € V(G) — {vs(j+1), V3j+2), VaGi+1) }»
f/(l)s(j+1)) = 1, f/(Us(j+2)) =1 and f/(’l)4(j+1)) = 1. Then f’ is ’}/StR—fuIlCtiOIl of
P,0P;, with |B;| more than |B;| in f, which is a contradiction. Hence v3(;41) ¢ Bj3.
Similarly, vs(;_1) & B3. So, [(€j—1 U€; UCj41) N B3| = 1. O
Claim 2. Let h = min{j|v;; € B3}. Then (U,<,<, Ci) N (B U By) # 0.
Proof. Without loss of generality, we can assume that vo, € B. Then2 < h < k—1.
If h =2, then v € B;. So (U1<7L<h GZ) N (Bg U Bl) 75 0.

Suppose that h > 3 and (U,<;<;, Ci) N (B U By) = 0. Hence, for any vertex
Vi € (U1<i<h (i’,) \ {'UQ}L}, Vij € Bé Oor vi; € B% By Claim 3 in Theorem 2.5,
V1(h—1), V2(h—2), U3(h—1), Van € Bj. In order to dominate vi(,_1), f(vi(h—2)) = 2.
Hence, v3,—2) € B}. In order to dominate v3(h—1y, f(Van—1)) = 2. Hence,
f(Vah—2)) = 2. If h = 3, then vy(,_o) € B3, which is a contradiction. If h = 4, then
f(Ul(h,;g)) = 2 and V2(h—3)> V3(h—3)> Va(h—3) € Bé Then Vi(h-3) € B21, which is a
contradiction. If h > 5, then vy(,_a), Va(n—1),, Vagh—a) € Bj. Hence, f(vgp_1)) =3
and v3(,—4) € B3, which is a contradiction. Hence, J; ;< €& N (BZUBy) #0. O

Claim 3. Let | = max{j|v;; € B3}. Then (Ui 1<i<k C) N (B3 U By) # 0.
Proof. Without loss of generality, we can assume that vy, € B3. Then | < k — 1. If
l =k —1, then vy € By. So (Ul+1§i§k 62) N (Bg @] Bl) 7é 0.

Suppose that I < k —2 and (U4 1<<; Ci) N (B3 U By) = 0. Hence, for any
vertex v € (Upy1<icp Ci), vij € Bg or v; € B3. Then vy (41, Vai12), V341) € B3
In order to dominate vy(41y, f(vi42)) = 2. Hence, v3g42) € Bj. In order to
dominate vg(y1y, f(vaaq1)) = 2. If I =k —2, then f(vyqy2)) = 2 and vy(49) € B3,
which is a contradiction. If | = k — 3, then f(vy(43)) = 2 and va(43), V3(43) € B}.
So, vi43) € B2, which is a contradiction. If [ < k — 4, then f(via43)) = 2 and

Va(143)5 U3(143) > V1(14+4) > V2(i+4) € B}. In order to dominate v342), f(Vaat2)) = 2.
Hence, vy(43), Vata) € Bf. Hence, f(vsqiq)) = 3 and vz(44) € B3, which is a
contradiction. O

Claim 4. Suppose that €; N By # 0, €, N By # 0 and (U, <<, €) N B3 = 0.
Ifr—j>50r2<r—j;<3, then (UjHSiSTCi)ﬂ(BgUBl)#@.

Proof. If r —j > 5, then (U, _,<;<, €;) N (B3 UB;) # 0 by a similar proof as Claim
2. Since r —j > 5, r —4 > j + 1. Hence, (U, <;<, Ci) N (B3 U B1) # 0.

Suppose that r—j = 2. Without loss of generality, we can assume that vg; € Bj.
If va(j10) € B3, then vy(j11) € B3. So (Ujr1<icr C) N (B2 U By) # (0. Suppose
that v3(j10) € B3. If f(vi(j42)) > 1, then (Uj1<icr €) N (B3U By) # 0. If

f(Ul(j+2)) = 0, then vi(j+1) € Bi. So, (Uj+1§i§r C)Nn (B(z) U Bp) # 0.
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Suppose that r—j = 3. Without loss of generality, we can assume that vo; € Bj.
Assume that vo(j43) € B. If f(vi(j11)) = 1or f(vi(j42)) > 1, then (Ujr1<icr €N
(B2UBy) #0. If f(viG+1)) = 0 and f(vi(j42)) = 0, then vy 9) is not dominated
by Ba, which is a contradiction. Hence, (U; ;<;<, Ci) N (B2U By) # 0.

Without loss of generality, we can assume that ’1)3(]'4_23) € By If foig+ny) > 1,
f(U2(j+2)) > 1lor f(“l(j+3)> > 1, then (Uj+1§i§r Ci)N(BgUB1) # 0. Iff(vl(jﬂ)) =
0, f(va(j42)) = 0 and f(vi(j43)) = 0, then f(vi(j42)) = 3 and vy(;49) € B3, which
is a contradiction. Hence, (U;1<;<, €i) N (B2U By) # 0. O
Remark. if r = j +4, then (U;, <<, ©) N (B§ U B1) = 0 may be hold. Assume
that ve; € B3. If (Ujy1<icr €) N (B2 U By) = 0, then f(v) is fixed for any v €
(UJSZST‘ 61) That iS, U3(j+4) € Bg, {Ul(j+2),vl(j+3)aU4(j+1)7v4(j+2)} Q B% and
(Ujgigr ei) \ {U3(j+4)>U2j7vl(j+2)7v1(j+3)a 'U4(j+1)av4(j+2)} c BS-

Claim 5. Suppose that €;_, N B3 # 0, C;N B3 # 0, (Uj_3<icj1 €i) N B3 =0 and
(U, _s<i<; C)N(BEUBy) = 0. If ¢;NB5 # (0 for | > j+2 and (Uj1<icia C,)NBj =
0, then (U, 1<;<; €) N (B3 U By) # 0.

Proof. Assume that vy(j_4) € Bj. By remark, v3; € B3, vi(j—1) € B2 and vy, € B.
Ifl—j>50r2<l—j <3, then (U, ;< €)N(BFUB1) # 0 by Claim 4. Without
loss of generality, we can assume that [ = j + 4. Suppose that vy 4) € Bj. If
V1Gi+1) € Bi, then (U4 1<« €i) N (B3 U By) # 0. Hence, vy(j41) € B§.

If f(vagjs2)) = 1 or f(vij+3)) > 1, then (UjJrlgiSl Ci)N(BEUBy) # 0. If
f(vaj+2)) = 0 and f(vi(j43)) = 0, then vy(j49) € B3, which is a contradiction.

Without loss of generality, we can assume that vg(jJr24) € B3. If fvagi41)) > 1,
f(va(j2)) = Lor f(vars)) > 1, then (U, <,< C)N(BFUB1) # 0. If fvgj41)) =
0, f(v3(j42)) = 0 and f(vy(j43)) = 0, then f(vy(j42)) = 3 and vy(j42) € B3, which
is a contradiction. O

Suppose that there exist two positive integer j and r such that C;_4 N B3 # 0,
e;NBy # 0, CNBy #0, Cyun By # 0, (Uj_s<i<;1C) N By =0,
(Ur1<icrss €)NB3 =0, (U 1<icr 1 C)NB3 =0, (U;_s<i; CIN(BFUB) =0
and (U, 4 1<i<p34 Ci) N (B2 U By) =0, where r > j + 2. If (Ujr1<icr €N B2 =1
and [(U;;1<i<, €i) N Bi[ =1, then r — j > 4.

Suppose that there exist a positive integer j such that C;NB3 # 0, €; 1 4NB3 # 0,
(Uj1<icjra CIN(BEUBL) = D and (U <;<; €)NB3 = 0. If (U, <;<; C:)NBF = 0
and ‘(Ulgigj C’z) ﬂBl\ = 1, thenj > 3.

By Claims 2-5, it follows that if k = 4,5,6 or 7, then |B2| + |By| — | B3| > 0.
So, ysir(PyOP;) > 8 If k > 8, then |B3| + |By| — |B3| > —[£] + 1. Hence,

vstr(PsOPy) 2(4k + |B3| + 5(|B1] — | B3]))
Tgk + %(QLBS| +|B1| — |B3])
38k — 5] +1).

Therefore, the result follows, since ys:r(G) is an integer number. O

Vv
\
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By Lemma 3.3 and Lemma 3.4, we give the following.

Corollary 3.5. For positive integer k € {4,5,6,7}, yser(PaOPy) = ]'81“].

Theorem 3.6. For any positive integer k > 8, [ 5(8k— ng +1)] <vsir(PyOPg) <

(%], and both bounds are sharp.

Remark 3.7. In order to show the lower bound is sharp, define a function f on
P4DP17 by

fRa) ={f(vn), f(v12), -+, foran)} = {2,0,0,0,2,2,0,0,2,0,0,2,2,0,0,0, 2},
f(R2) = {f(va1), f(v22), -+, f(v207))} = {0,0,3,0,0,0,0,0,2,0,0,0,0,0,3,0,0},
f(Rs) ={f(vs1), f(vs2), -, flvsam))} = {0,1,0,0,0,0,3,0,1,0,3,0,0,0,0,1,0},
FRa) ={F(var), f(vaz), -, flvaar))} = {2,0,0,2,2,0,0,0,2,0,0,0,2,2,0,0,2}.

It is obvious that f is a strong Roman dominating function of P,0P;; and
vstr(P1OP17) < 45. Since %(SR — L%J + 1)] = 45 for k = 17, it follows that

Ystr(PaOPy7) = [1(8k — [£] +1)].
In order to show the upper bound is sharp, define a function f on P4[JPy by

f(Rl) = {f(vll)af(vl2)7 to 7f(v19)} = {2707()’072727070’2}’
f(Ra) = {f(va1), f(v22),-- -, fvae)} = {0,0,3,0,0,0,0,1,0},
f(R3) = {f(vs1), f(vs2), -, f(vse)} = {0,1,0,0,0,0,3,0,0},
f(Ra) = {f(va1), f(va2), -+, f(va0)} = {2,0,0,2,2,0,0,0,2}.

It is obvious that f is a strong Roman dominating function of P4,O0Py and
vser(PsOPy) < 24 = [85]. Since [2(8k — [£] +1)] = 24 for k = 9, it follows
that ys¢r(Pa0OPy) = [8£7.
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