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Abstract. In this paper, we propose a new iterative algorithm generated by a finite

family of accretive operators in a q-uniformly smooth Banach space. We prove the strong

convergence of the proposed iterative algorithm. The results presented in this paper are

interesting extensions and improvements of known results of Qin et al. [Fixed Point The-

ory Appl. 2014(2014): 166], Kim and Xu [Nonlinear Anal. 61(2005), 51-60] and Benavides

et al. [Math. Nachr. 248(2003), 62-71].

1. Introduction

In the real world, many important problems, have reformulations which require
finding zero points of some nonlinear operators. This is true of such problems as
inverse problems, transportation problems, evolution equations, complementarity
problems, mini-max problems, variational inequalities and optimization problems
(see [7, 10, 11, 15, 19, 27] and the references therein). In the past several decades,
many authors have studied the existence and convergence of different schemes for
finding zero points for maximal monotone operators (see [20, 23, 24] and the refer-
ences therein).

Let E be a real Banach space with dual space E∗, and C be a nonempty closed
convex subset of E. Recall that a mapping T : C → C is said to be nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖

for all x, y ∈ C. We denote by Fix(T ) the set of fixed points of T , i.e., Fix(T ) =
{x ∈ C : Tx = x}. Let I denote the identity operator on E. An operator A ⊂ E×E
with domain D(A) = {z ∈ E : Az 6= φ} and range R(A) = ∪{Az : z ∈ D(A)} is
said to be accretive if for t > 0 and x, y ∈ D(A), ‖x − y‖ ≤ ‖x − y + t(u − v)‖ for
every u ∈ Ax, v ∈ Ay. It follows from Kato [13] that A is accretive if and only if
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for x, y ∈ D(A), there exists jq(x− y) such that 〈u− v, jq(x− y)〉 ≥ 0. An accretive
operator is said to be m-accretive if R(I + rA) = E for all r > 0. In a real Hilbert
space H, an operator A is m-accretive if and only if A is maximal monotone.

One of the major problems in the theory of accretive operators is as follows:
Find a point z ∈ E such that

0 ∈ Az,

where A is an operator from E into E∗. A point z ∈ E is called a zero point of A.
The set of zero points of the operator A is denoted by A−1(0). If A is m-accretive,
then the solution set A−1(0) is closed and convex. For an accretive operator A,
we can define a nonexpansive single-valued mapping Jr : R(I + rA) → D(A) by
Jr = (I + rA)−1 for each r > 0, which is called the resolvent of A.

A well-known method for solving zeros of maximal monotone operator is a
proximal point algorithm. Let A be a maximal monotone operator in a Hilbert
space H. The proximal point algorithm generates, for starting x1 = x ∈ H, a
sequence {xn} in H by

xn+1 = Jλn
xn, ∀n ≥ 1,(1.1)

where {λn} ⊂ (0,∞) and Jλn
= (I + λnA)−1. Rockafellar [24] proved that the

sequence {xn} defined by (1.1) converges weakly to an element of A−1(0).
Recently, many authors have investigated the strong convergence of a proximal

point algorithm. Strong convergence theorems for zero points of accretive operators
were established in [12, 14, 22, 29] and the references therein.

In 2003, Benavides et al. [4] proposed one iterative scheme for approaching a
zero of an m-accretive operator in a uniformly convex Banach space as follows:{

x0 ∈ C,
xn+1 = αnxn + (1− αn)Jλn

xn, ∀n ≥ 0.
(1.2)

Recently, Kim and Xu [16] presented the following iteration scheme in a uni-
formly smooth Banach space:{

x0, u ∈ E,
xn+1 = αnu+ (1− αn)Jλnxn, ∀n ≥ 0.

(1.3)

And they proved the sequence {xn} converges strongly to a zero of an m-accretive
operator.

In 2014, Qin et al. [21] studied the problem of modifying the proximal point
algorithm to have strong convergence for the sum of two accretive operators in a
real q-uniformly smooth Banach space. To be more precise, they considered the
following iterative process:{

x0 ∈ C,
xn+1 = αnf(xn) + βnJλn(xn − λnAxn + en) + γnfn, ∀n ≥ 0.

(1.4)
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They proved that the sequence {xn} generated in the above iterative process con-
verges strongly to x = Proj(A+B)−1(0)f(x).

Inspired and motivated by the corresponding convergence results of (1.2)–(1.4),
we are concerned with the problem of finding a common zero point of a family of
accretive operators based on the proximal point algorithm. A strong convergence
theorem is established in a real q-uniformly smooth Banach space.The results ob-
tained in this paper improve and extend the results of Qin et al. [21], Kim and Xu
[16], Benavides et al. [4] and some other results in this direction.

2. Preliminaries

Let C be a subset of a real Banach space E. Let E∗ be a dual space of E
and q > 1 be a real number. We recall that the generalized duality mapping
Jq : E → 2E

∗
is defined by

Jq(x) = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖q, ‖x∗‖ = ‖x‖q−1}, ∀x ∈ E.

In particular, J = J2 is called a normalized duality mapping and Jq(x) =
‖x‖q−2J2(x) for x 6= 0. We know that Jq is single-valued if E is smooth, which
is denoted by jq. If E is a Hilbert space, then J = I, the identity mapping.

Let S(E) = {x ∈ E : ‖x‖ = 1}. A Banach space E is called uniformly smooth

if ρE(t)
t → 0 as t → 0, where ρE : [0,∞) → [0,∞) is the modulus of smoothness of

E which is defined by

ρE(t) = sup{1

2
(‖x+ y‖+ ‖x− y‖)− 1 : x ∈ S(E), ‖y‖ ≤ t}.

A Banach space E is said to be q-uniformly smooth if there exists a constant c > 0
such that ρE(t) ≤ ctq. If E is q-uniformly smooth, then q ≤ 2 and E is uniformly
smooth. It is shown in [8] that there is no Banach space which is q-uniformly smooth
with q > 2. Hilbert spaces, Lp(or lp) spaces and Sobolev space W p

m, where p ≥ 2,
are 2-uniformly smooth.

Definition 2.1. A mapping T : C → E is said to be

(1) η-strongly accretive if for all x, y ∈ C, there exists η > 0 and jq(x − y) ∈
Jq(x− y) such that

〈Tx− Ty, jq(x− y)〉 ≥ η‖x− y‖q;

(2) µ-inverse strongly accretive if for all x, y ∈ C, there exists µ > 0 and jq(x −
y) ∈ Jq(x− y) such that

〈Tx− Ty, jq(x− y)〉 ≥ µ‖Tx− Ty‖q.

(3) L-Lipschitzian if for all x, y ∈ C, there exists L > 0 such that

‖Tx− Ty‖ ≤ L‖x− y‖.
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(4) κ-contractive if for all x, y ∈ C, there exists a constant κ ∈ (0, 1) such that

‖Tx− Ty‖ ≤ κ‖x− y‖.

Let D be a nonempty subset of C. Let Q : C → D be a mapping. Then Q is said
to be sunny if Q(tx+ (1− t)Qx) = Qx whenever tx+ (1− t)Qx ∈ C for x ∈ C and
t ≥ 0. Q is called a retraction if Qx = x for all x ∈ D. Next we give the following
lemmas which play an important role in this article.

Lemma 2.1.([18]) Let q > 1. Then the following inequality holds:

ab ≤ 1

q
aq +

q − 1

q
b

q
q−1

for arbitrary positive real numbers a, b.

Lemma 2.2. Let q > 1. For any two nonnegative real numbers a and b, we have

(a+ b)q ≤ 2q(aq + bq).

Lemma 2.3.([28]) Let E be a real q-uniformly smooth Banach space. Then the
following inequality holds:

‖x+ y‖q ≤ ‖x‖q + q〈y, jq(x)〉+Kq‖y‖q, ∀x, y ∈ E,

where Kq is some fixed positive constant.

Lemma 2.4.([3]) Let E be a Banach space and A be an m-accretive operator. For
λ > 0, µ > 0 and x ∈ E, we have

Jλx = Jµ(
µ

λ
x+ (1− µ

λ
)Jλx),

where Jλ = (I + λA)−1 and Jµ = (I + µA)−1.

Lemma 2.5.([25]) Let {xn} and {yn} be bounded sequences in a Banach space E
and {βn} be a sequence in (0, 1) with 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.
Suppose that xn+1 = (1− βn)yn + βnxn for every n ≥ 1 and

lim sup
n→∞

(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0.

Then limn→∞ ‖yn − xn‖ = 0.

Lemma 2.6.([20]) Let C be a nonempty closed convex subset of a real uniformly
smooth Banach space E. Let f : C → C be a contractive mapping and let T : C → C
be a nonexpansive mapping. For each t ∈ (0, 1), let xt be the unique solution of the
equation x = tf(x) + (1 − t)Tx. Then {xt} converges strongly to a fixed point
x = QFix(T )f(x).
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Lemma 2.7.([2]) Let E be a real Banach space and let C be a nonempty closed and
convex subset of E. Let A : C → E be a single-valued operator and let M : E → 2E

be an m-accretive operator. Then Fix(Jr(I − rA)) = (A + M)−1(0), where Jr =
(I + rM)−1.

Lemma 2.8.([17]) Let {an} be a sequence of nonnegative real numbers such that
an+1 ≤ (1 − tn)an + bn + cn, where {cn} is a sequence of nonnegative real num-
bers, {tn} ⊂ (0, 1) and {bn} is a number sequence. Assume that

∑∞
n=0 tn = ∞,

lim supn→∞
bn
tn
≤ 0 and

∑∞
n=0 cn <∞. Then limn→∞ an = 0.

3. Main Results

Theorem 3.1. Let E be a real q-uniformly smooth Banach space with the constant
Kq and C be a nonempty closed convex subset of E. Let N ≥ 1 be some positive
integer. For each i = 1, 2, · · · , N , let Ai : C → E be an ηi-strongly accretive and
Li-Lipschitzian mapping. Let M : D(M)(⊆ C) → 2E be an m-accretive operator

and f : C → C be a κ-contraction. Assume that (
∑N
i=1 λiAi + M)−1(0) 6= φ. Let

{xn} be a sequence generated in the following iterative process:

{
x0 ∈ C,
xn+1 = αnf(xn) + βnJrn((I − rn

∑N
i=1 λiAi)xn + en) + γnxn + δngn,∀n ≥ 0,

(3.1)

where Jrn = (I + rnM)−1, {en} is a sequence in E, {gn} is a bounded sequence
in E and {rn} is a positive real number sequence. Suppose that {αn}, {βn}, {γn},
{δn} and {λn} are sequences in [0, 1] satisfying the following restrictions:

(1) αn + βn + γn + δn = 1 and
∑N
i=1 λi = 1;

(2) limn→∞ αn = 0 and
∑∞
n=1 αn =∞;

(3) 0 < lim infn→∞ γn ≤ lim supn→∞ γn < 1;

(4)
∑∞
n=0 ‖en‖ <∞ and

∑∞
n=0 δn <∞;

(5) rn ≥ µ > 0 for each n ≥ 0, rn ≤ [ qη
(2N−1L)qKq

]
1

q−1 and
∑∞
n=1 |rn− rn−1| <∞,

where η = min{η1, η2, · · · , ηN} and L = max{L1, L2, · · · , LN}. Then the sequence
{xn} converges strongly to x = Q(

∑N
i=1 λiAi+M)−1(0)f(x), which is the unique solu-

tion to the following variational inequality:

〈f(x)− x, jq(p− x)〉 ≤ 0, ∀p ∈ (

N∑
i=1

λiAi +M)−1(0),

where Q(
∑N

i=1 λiAi+M)−1(0) is the unique sunny nonexpansive retraction of C onto

(
∑N
i=1 λiAi +M)−1(0).
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Proof. First, we show that
∑N
i=1 λiAi is an η

(2N−1L)q
-inverse strongly accretive

mapping.
For all x, y ∈ C, from Lemma 2.2, we have

‖(
N∑
i=1

λiAi)x− (

N∑
i=1

λiAi)y‖q = ‖(λ1A1x− λ1A1y) + [(

N∑
i=2

λiAi)x− (

N∑
i=2

λiAi)y]‖q

≤ 2q(‖λ1A1x− λ1A1y‖q + ‖(
N∑
i=2

λiAi)x− (

N∑
i=2

λiAi)y‖q)

...

≤ 2(N−1)q
N∑
i=1

λi‖Aix−Aiy‖q.(3.2)

Since Ai : C → E is ηi-strongly accretive and Li-Lipschitzian continuous, it follows
from (3.2) that

〈(
N∑
i=1

λiAi)x− (

N∑
i=1

λiAi)y, jq(x− y)〉 =

N∑
i=1

λi〈Aix−Aiy, jq(x− y)〉

≥
N∑
i=1

λiηi‖x− y‖q

≥
N∑
i=1

λi
ηi
Lqi
‖Aix−Aiy‖q

≥
N∑
i=1

λi
η

Lq
‖Aix−Aiy‖q

≥ η

(2N−1L)q
‖(

N∑
i=1

λiAi)x− (

N∑
i=1

λiAi)y‖q,(3.3)

∀x, y ∈ C.

This proves that
∑N
i=1 λiAi is η

(2N−1L)q
-inverse strongly accretive.

Next, we show that I − rn
∑N
i=1 λiAi is a nonexpansive mapping.
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In view of Lemma 2.3 and (3.3), we find that

‖(I − rn
N∑
i=1

λiAi)x− (I − rn
N∑
i=1

λiAi)y‖q

≤ ‖x− y‖q − qrn〈(
N∑
i=1

λiAi)x− (

N∑
i=1

λiAi)y, jq(x− y)〉

+Kqr
q
n‖(

N∑
i=1

λiAi)x− (

N∑
i=1

λiAi)y‖q

≤ ‖x− y‖q − (
qη

(2N−1L)q
−Kqr

q−1
n )rn‖(

N∑
i=1

λiAi)x− (

N∑
i=1

λiAi)y‖q.

From condition (5), we find that I − rn
∑N
i=1 λiAi is a nonexpansive mapping.

Fixing p ∈ (
∑N
i=1 λiAi +M)−1(0), we find from Lemma 2.7 that

‖x1 − p‖ = ‖α0f(x0) + β0Jr0((I − r0
N∑
i=1

λiAi)x0 + e0) + γ0x0 + δ0g0 − p‖

≤ α0‖f(x0)− p‖+ β0‖Jr0((I − r0
N∑
i=1

λiAi)x0 + e0)− p‖

+ γ0‖x0 − p‖+ δ0‖g0 − p‖
≤ α0κ‖x0 − p‖+ α0‖f(p)− p‖+ β0‖x0 − p‖+ β0‖e0‖

+ γ0‖x0 − p‖+ δ0‖g0 − p‖
≤ [1− α0(1− κ)]‖x0 − p‖+ α0‖f(p)− p‖+ ‖e0‖+ δ0‖g0 − p‖.(3.4)

Next, we prove that

‖xn − p‖ ≤M1 +

n−1∑
i=0

‖ei‖+

n−1∑
i=0

δi‖gi − p‖,(3.5)

where M1 = max{‖x0 − p‖, ‖f(p)−p‖1−κ } <∞.

In view of (3.4), we find that (3.5) holds for n = 1. We assume that the result
holds for some m. Notice that

‖xm+1 − p‖

= ‖αmf(xm) + βmJrm((I − rm
N∑
i=1

λiAi)xm + em) + γmxm + δmgm − p‖
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≤ αm‖f(xm)− p‖+ βm‖Jrm((I − rm
N∑
i=1

λiAi)xm + em)− p‖

+ γm‖xm − p‖+ δm‖gm − p‖
≤ αmκ‖xm − p‖+ αm‖f(p)− p‖+ βm‖xm − p‖+ βm‖em‖

+ γm‖xm − p‖+ δm‖gm − p‖

≤ [1− αm(1− κ)]‖xm − p‖+ αm(1− κ)
‖f(p)− p‖

1− κ
+ ‖em‖+ δm‖gm − p‖

≤M1 +

m∑
i=0

‖ei‖+

m∑
i=0

δi‖gi − p‖.

This shows that (3.5) holds.
In view of the restriction (4), we find that the sequence {xn} is bounded.

Put yn = (I − rn
∑N
i=1 λiAi)xn + en. Note that

‖yn+1 − yn‖

= ‖(I − rn+1

N∑
i=1

λiAi)xn+1 + en+1 − (I − rn
N∑
i=1

λiAi)xn − en‖

≤ ‖(I − rn+1

N∑
i=1

λiAi)xn+1 − (I − rn+1

N∑
i=1

λiAi)xn‖

+ ‖(I − rn+1

N∑
i=1

λiAi)xn − (I − rn
N∑
i=1

λiAi)xn‖+ ‖en+1‖+ ‖en‖

≤ ‖xn+1 − xn‖+ |rn+1 − rn|‖(
N∑
i=1

λiAi)xn‖+ ‖en+1‖+ ‖en‖.(3.6)

Put zn = xn+1−γnxn

1−γn . Now we compute ‖zn+1 − zn‖. Note that

zn+1 − zn =
xn+2 − γn+1xn+1

1− γn+1
− xn+1 − γnxn

1− γn
=

αn+1

1− γn+1
(f(xn+1)− Jrn+1(yn+1)) + Jrn+1(yn+1)

+
δn+1

1− γn+1
(gn+1 − Jrn+1(yn+1))− αn

1− γn
(f(xn)− Jrn(yn))

− Jrn(yn)− δn
1− γn

(gn − Jrn(yn)).
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This yields

‖zn+1 − zn‖ ≤
αn+1

1− γn+1
‖f(xn+1)− Jrn+1

(yn+1)‖+ ‖Jrn+1
(yn+1)− Jrn(yn)‖

+
αn

1− γn
‖f(xn)− Jrn(yn)‖+

δn+1

1− γn+1
‖gn+1 − Jrn+1

(yn+1)‖

+
δn

1− γn
‖gn − Jrn(yn)‖.(3.7)

Next, we estimate ‖Jrn+1(yn+1)− Jrn(yn)‖.
In view of Lemma 2.4 and (3.6), we find that

‖Jrn+1(yn+1)− Jrn(yn)‖

= ‖Jrn [
rn
rn+1

yn+1 + (1− rn
rn+1

)Jrn+1(yn+1)]− Jrn(yn)‖

≤ ‖ rn
rn+1

(yn+1 − yn) + (1− rn
rn+1

)(Jrn+1
(yn+1)− yn)‖

≤ ‖yn+1 − yn‖+
|rn+1 − rn|

rn+1
‖Jrn+1yn+1 − yn+1‖

≤ ‖xn+1 − xn‖+ |rn+1 − rn|
(
‖(

N∑
i=1

λiAi)xn‖+
‖Jrn+1

yn+1 − yn+1‖
rn+1

)
+ ‖en+1‖+ ‖en‖
≤ ‖xn+1 − xn‖+ |rn+1 − rn|M2 + ‖en+1‖+ ‖en‖,(3.8)

where M2 is an appropriate constant such that M2 ≥ supn≥0{‖(
∑N
i=1 λiAi)xn‖ +

‖Jrn+1
yn+1−yn+1‖
µ }. Substituting (3.8) into (3.7), we find that

‖zn+1 − zn‖ ≤
αn

1− γn+1
‖f(xn+1)− Jrn+1(yn+1)‖+ ‖xn+1 − xn‖+ |rn+1 − rn|M2

+ ‖en+1‖+ ‖en‖+
αn

1− γn
‖f(xn)− Jrn(yn)‖

+
δn+1

1− γn+1
‖gn+1 − Jrn+1

(yn+1)‖+
δn

1− γn
‖gn − Jrn(yn)‖.

So, we get

‖zn+1 − zn‖ − ‖xn+1 − xn‖ ≤
αn+1

1− γn+1
‖f(xn+1)− Jrn+1

(yn+1)‖+ |rn+1 − rn|M2

+ ‖en+1‖+ ‖en‖+
αn

1− γn
‖f(xn)− Jrn(yn)‖

+
δn+1

1− γn+1
‖gn+1 − Jrn+1

(yn+1)‖

+
δn

1− γn
‖gn − Jrn(yn)‖.
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In view of the restrictions (2), (3), (4) and (5), we find that

lim sup
n→∞

(‖zn+1 − zn‖ − ‖xn+1 − xn‖) ≤ 0.

It follows from Lemma 2.5 that limn→∞ ‖zn − xn‖ = 0. From the restriction (3),
we obtain

lim
n→∞

‖xn+1 − xn‖ = 0.(3.9)

Notice that

‖xn − Jrnyn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − Jrnyn‖
≤ ‖xn − xn+1‖+ αn‖f(xn)− Jrnyn‖

+ γn‖xn − Jrnyn‖+ δn‖gn − Jrnyn‖.

It follows that

(1− γn)‖xn − Jrnyn‖ ≤ ‖xn − xn+1‖+ αn‖f(xn)− Jrnyn‖+ δn‖gn − Jrnyn‖.

In view of the restrictions (2), (3), (4) and (3.9), we find that

lim
n→∞

‖xn − Jrnyn‖ = 0.(3.10)

Notice that

‖xn − Jrn(I − rn
N∑
i=1

λiAi)xn‖ ≤ ‖xn − Jrnyn‖

+ ‖Jrnyn − Jrn(I − rn
N∑
i=1

λiAi)xn‖

≤ ‖xn − Jrnyn‖+ ‖en‖.

Since
∑∞
n=0 ‖en‖ <∞, we see from (3.10) that

lim
n→∞

‖xn − Jrn(I − rn
N∑
i=1

λiAi)xn‖ = 0.(3.11)

Since M is an accretive mapping, we have

〈M(Jr(I − r
N∑
i=1

λiAi)xn)−M(Jrn(I − rn
N∑
i=1

λiAi)xn),

jq(Jr(I − r
N∑
i=1

λiAi)xn − Jrn(I − rn
N∑
i=1

λiAi)xn)〉 ≥ 0.
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From M =
J−1
r −I
r =

J−1
rn
−I

rn
, we obtain

〈
(
1

r
− 1

rn
)xn + (

1

rn
− 1

r
)Jrn(I − rn

N∑
i=1

λiAi)xn,

jq(Jr(I − r
N∑
i=1

λiAi)xn − Jrn(I − rn
N∑
i=1

λiAi)xn)

〉

+
1

r

〈
Jrn(I − rn

N∑
i=1

λiAi)xn − Jr(I − r
N∑
i=1

λiAi)xn,

jq(Jr(I − r
N∑
i=1

λiAi)xn − Jrn(I − rn
N∑
i=1

λiAi)xn)

〉
≥ 0.

So, we get 〈
Jr(I − r

N∑
i=1

λiAi)xn − Jrn(I − rn
N∑
i=1

λiAi)xn,

jq(Jr(I − r
N∑
i=1

λiAi)xn − Jrn(I − rn
N∑
i=1

λiAi)xn)

〉

≤ rn − r
rn

〈
xn − Jrn(I − rn

N∑
i=1

λiAi)xn,

jq(Jr(I − r
N∑
i=1

λiAi)xn − Jrn(I − rn
N∑
i=1

λiAi)xn)

〉
.

It follows that

‖Jr(I − r
N∑
i=1

λiAi)xn − Jrn(I − rn
N∑
i=1

λiAi)xn‖q

≤ rn − r
rn

〈
xn − Jrn(I − rn

N∑
i=1

λiAi)xn,

jq(Jr(I − r
N∑
i=1

λiAi)xn − Jrn(I − rn
N∑
i=1

λiAi)xn)

〉

≤ ‖xn − Jrn(I − rn
N∑
i=1

λiAi)xn‖

‖Jr(I − r
N∑
i=1

λiAi)xn − Jrn(I − rn
N∑
i=1

λiAi)xn‖q−1.
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Hence we get from (3.11) that

‖Jr(I − r
N∑
i=1

λiAi)xn − Jrn(I − rn
N∑
i=1

λiAi)xn‖ ≤ ‖xn − Jrn(I − rn
N∑
i=1

λiAi)xn‖

→ 0 as n→∞.

This implies that

lim
n→∞

‖Jr(I − r
N∑
i=1

λiAi)xn − xn‖ = 0.(3.12)

Since Jr(I − r
∑N
i=1 λiAi) is nonexpansive and f is contractive, we find that the

mapping tf + (1− t)Jr(I − r
∑N
i=1 λiAi) is contractive, where t ∈ (0, 1). Let zt be

the unique fixed point of the tf + (1− t)Jr(I − r
∑N
i=1 λiAi), that is,

zt = tf(zt) + (1− t)Jr(I − r
N∑
i=1

λiAi)zt

for all t ∈ (0, 1). Put x = limt→0 zt. Then we have from Lemma 2.6 that
x = Q(

∑N
i=1 λiAi+M)−1(0)f(x), where Q(

∑N
i=1 λiAi+M)−1(0) is the unique sunny non-

expansive retraction from C onto (
∑N
i=1 λiAi +M)−1(0).

Next, we claim that lim supn→∞〈f(x)− x, jq(xn − x)〉 ≤ 0.

Since

‖zt − xn‖ = ‖(1− t)(Jr(I − r
N∑
i=1

λiAi)zt − xn) + t(f(zt)− xn)‖,

we see that for any t ∈ (0, 1),

‖zt − xn‖q = (1− t)〈Jr(I − r
N∑
i=1

λiAi)zt − xn, jq(zt − xn)〉

+ t〈f(zt)− xn, jq(zt − xn)〉

= (1− t)(〈Jr(I − r
N∑
i=1

λiAi)zt − Jr(I − r
N∑
i=1

λiAi)xn, jq(zt − xn)〉

+ 〈Jr(I − r
N∑
i=1

λiAi)xn − xn, jq(zt − xn)〉)

+ t〈f(zt)− zt, jq(zt − xn)〉+ t〈〈zt − xn, jq(zt − xn)〉
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≤ (1− t)(‖zt − xn‖q + ‖Jr(I − r
N∑
i=1

λiAi)xn − xn‖‖zt − xn‖q−1)

+ t〈f(zt)− zt, jq(zt − xn)〉+ t‖zt − xn‖q

≤ ‖zt − xn‖q + ‖Jr(I − r
N∑
i=1

λiAi)xn − xn‖‖zt − xn‖q−1

+ t〈f(zt))− zt, jq(zt − xn)〉.

It follows that

〈zt − f(zt), jq(zt − xn)〉 ≤ 1

t
‖Jr(I − r

N∑
i=1

λiAi)xn − xn‖‖zt − xn‖q−1.

By virtue of (3.12), we find that

lim sup
n→∞

〈zt − f(zt), jq(zt − xn)〉 ≤ 0.(3.13)

Since zt → x as t→ 0 and the duality mapping jq is single-valued and strong-weak∗

uniformly continuous on bounded subsets of E, we see that

|〈f(x)− x, jq(xn − x)〉 − 〈zt − f(zt), jq(zt − xn)〉|
≤ |〈f(x)− x, jq(xn − x)− jq(xn − zt)〉|+ |〈f(x)− x+ zt − f(zt), jq(xn − zt)〉|
≤ |〈f(x)− x, jq(xn − x)− jq(xn − zt)〉|+ ‖f(x)− x+ zt − f(zt)‖‖xn − zt‖q−1

→ 0 as t→ 0.

Hence, for any ε > 0, there exists δ > 0 such that for t ∈ (0, δ), the following
inequality holds:

〈f(x)− x, jq(xn − x)〉 ≤ 〈zt − f(zt), jq(zt − xn)〉+ ε.

This implies that

lim sup
n→∞

〈f(x)− x, jq(xn − x)〉 ≤ lim sup
n→∞

〈zt − f(zt), jq(zt − xn)〉+ ε.

Using (3.13), we see that

lim sup
n→∞

〈f(x)− x, jq(xn − x)〉 ≤ 0.(3.14)

Finally, we prove that xn → x as n→∞.
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By virtue of (3.1), Lemma 2.1 and 2.7, we obtain that

‖xn+1 − x‖q

= ‖αnf(xn) + βnJrn((I − rn
N∑
i=1

λiAi)xn + en) + γnxn + δngn − x‖q

≤ αn〈f(xn)− f(x), jq(xn+1 − x)〉+ αn〈f(x)− x, jq(xn+1 − x)〉

+ βn‖Jrn((I − rn
N∑
i=1

λiAi)xn + en)− x‖‖xn+1 − x‖q−1

+ γn‖xn − x‖‖xn+1 − x‖q−1 + δn‖gn − x‖‖xn+1 − x‖q−1

≤ αnκ‖xn − x‖‖xn+1 − x‖q−1 + αn〈f(x)− x, jq(xn+1 − x)〉

+ βn‖Jrn((I − rn
N∑
i=1

λiAi)xn + en)− Jrn(I − rn
N∑
i=1

λiAi)x‖‖xn+1 − x‖q−1

+ γn‖xn − x‖‖xn+1 − x‖q−1 + δn‖gn − x‖‖xn+1 − x‖q−1

≤ αnκ‖xn − x‖‖xn+1 − x‖q−1 + αn〈f(x)− x, jq(xn+1 − x)〉
+ βn(‖xn − x‖+ ‖en‖)‖xn+1 − x‖q−1

+ γn‖xn − x‖‖xn+1 − x‖q−1 + δn‖gn − x‖‖xn+1 − x‖q−1

≤ (1− αn(1− κ))‖xn − x‖‖xn+1 − x‖q−1 + αn〈f(x)− x, jq(xn+1 − x)〉
+ ‖en‖‖xn+1 − x‖q−1 + δn‖gn − x‖‖xn+1 − x‖q−1

≤ (1− αn(1− κ))(
1

q
‖xn − x‖q +

q − 1

q
‖xn+1 − x‖q)

+ αn〈f(x)− x, jq(xn+1 − x)〉
+ ‖en‖‖xn+1 − x‖q−1 + δn‖gn − x‖‖xn+1 − x‖q−1.

It follows that

‖xn+1 − x‖q ≤ (1− αn(1− κ))‖xn − x‖q + qαn〈f(x)− x, jq(xn+1 − x)〉+ νn,

where νn = q(‖en‖‖xn+1 − x‖q−1 + δn‖gn − x‖|xn+1 − x‖q−1). In view of the
restriction (4), we find that

∑∞
n=0 νn < ∞. Using the restriction (2), (3.14) and

Lemma 2.8, we see that {xn} converges strongly to x. This completes the proof. 2

Remark 3.1.

(i) Theorem 3.1 is still valid in the framework of the spaces which are Hilbert
spaces and Lp-spaces, where p ≥ 2.

(ii) Theorem 3.1 improves and extends the main result of Qin et al. [21], Kim
and Xu [16] and Benavides et al. [4] in the following aspects:

• From a single inverse strongly accretive mapping to the class of strongly
accretive and Lipschitzian mappings:
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• From the problem of finding an element of (A+M)−1(0) or A−1(0) to

problem of finding an element of (
∑N
i=1 λiAi +M)−1(0):

• From a forward-backward splitting algorithm with computational errors
to a generalized forward-backward splitting algorithm algorithm with
computational errors.

From Theorem 3.1, we obtain the following results:

Corollary 3.1. Let E be a real q-uniformly smooth Banach space with constant Kq

and C be a nonempty closed convex subset of E. Let A : C → E be an η-strongly
accretive and L-Lipschitzian mapping. Let M : D(M)(⊆ C)→ 2E be an m-accretive
operator and f : C → C be a κ-contraction. Assume that (A + M)−1(0) 6= φ. Let
{xn} be a sequence generated in the following iterative process:{

x0 ∈ C,
xn+1 = αnf(xn) + βnJrn((I − rnA)xn + en) + γnxn + δngn,∀n ≥ 0,

where Jrn = (I + rnM)−1, {en} is a sequence in E, {gn} is a bounded sequence in
E and {rn} is a positive real number sequence. Suppose that {αn}, {βn}, {γn} and
{δn} are sequences in [0, 1] satisfying the following restrictions:

(1) αn + βn + γn + δn = 1;

(2) limn→∞ αn = 0 and
∑∞
n=0 αn =∞;

(3) 0 < lim infn→∞ γn ≤ lim supn→∞ γn < 1;

(4)
∑∞
n=0 ‖en‖ <∞ and

∑∞
n=0 δn <∞;

(5) rn > µ > 0 for each n ≥ 0, rn ≤ [ qη
LqKq

]
1

q−1 and
∑∞
n=1 |rn − rn−1| <∞.

Then the sequence {xn} converges strongly to x = Q(A+M)−1(0)f(x), which is the
unique solution to the following variational inequality:

〈f(x)− x, jq(p− x)〉 ≤ 0, ∀p ∈ (A+M)−1(0).

Proof. Taking A1 = A2 = · · · = An = A in Theorem 3.1, then
∑N
i=1 λiAi = A. So,

we can get the desired conclusion easily. 2

Corollary 3.2. Let E be a real q-uniformly smooth Banach space with the constant
Kq and C be a nonempty closed convex subset of E. Let A : C → E be an η-
strongly accretive and L-Lipschitzian mapping. Let M : D(M)(⊆ C) → 2E be an
m-accretive operator. Assume that (A + M)−1(0) 6= φ. Let {xn} be a sequence
generated in the following iterative process:{

x0 ∈ C,
xn+1 = αnu+ βnJrn((I − rnA)xn + en) + γnxn, ∀n ≥ 0,
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where u is a fixed element in C, Jrn = (I + rnM)−1, {en} is a sequence in E and
{rn} is a positive real number sequence. Suppose that {αn}, {βn} and {γn} are
sequences in [0, 1] satisfying the following restrictions:

(1) αn + βn + γn = 1;

(2) limn→∞ αn = 0 and
∑∞
n=0 αn =∞;

(3) 0 < lim infn→∞ γn ≤ lim supn→∞ γn < 1;

(4)
∑∞
n=0 ‖en‖ <∞;

(5) rn > µ > 0 for each n ≥ 0, rn ≤ [ qη
LqKq

]
1

q−1 and
∑∞
n=1 |rn − rn−1| <∞.

Then the sequence {xn} converges strongly to x = Q(A+M)−1(0)u, which is the unique
solution to the following variational inequality:

〈u− x, jq(p− x)〉 ≤ 0, ∀p ∈ (A+M)−1(0).

Proof. Taking the mapping f maps any element in C into a fixed element u and
δn = 0 in Theorem 3.1, we can get the desired conclusion easily. 2

4. Applications

In this section, we consider some applications of Theorem 3.1 in the framework
of Hilbert spaces.

(I) Application to Theorem 3.1 for k-strict pseudocontractive mappings.

Let C be a nonempty closed convex subset of a Hilbert space H.

Definition 4.1.([6]) A mapping T : C → C is said to be a ν-strict pseudocontractive
mapping if there exists ν ∈ [0, 1) such that

‖Tx− Ty‖2 ≤ ‖x− y‖2 + ν‖(I − T )x− (I − T )y‖2, ∀x, y ∈ C.(4.1)

Let T : C → C be ν-strict pseudocontractive. Define a mapping A = I − T :
C → C. It is easy to see that A is a 1−ν

2 -inverse strongly monotone mapping and
Fix(T ) = A−1(0).

Lemma 4.1.([1]) Let C be a nonempty closed convex subset of a Hilbert space H.
Given an integer N ≥ 1, assume that {Ti}Ni=1 : H → H is a finite family of νi-strict
pseudocontractive mappings. Suppose that {λi}Ni=1 is a positive real sequence such

that
∑N
i=1 λi = 1. Then

∑N
i=1 λiTi is a ν-strict pseudocontractive mapping with

ν = max{νi : 1 ≤ i ≤ N} and Fix(
∑N
i=1 λiTi) = ∩Ni=1Fix(Ti).

Theorem 4.1. Let C be a closed convex subset of a real Hilbert space H. For each
i = 1, 2, · · · , N , Ti : C → C is νi-strict pseudocontractive mapping. Let f : C → C
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be a κ-contraction. Assume that ∩Ni=1Fix(Ti) 6= φ. Let {xn} be a sequence generated
in the following iterative process:{

x0 ∈ C,
xn+1 = αnf(xn) + βn[I − rn(I −

∑N
i=1 λiTi)]xn + γnxn + δngn, ∀n ≥ 0,

where {gn} is a bounded sequence in E and {rn} is a positive real number sequence.
Suppose that {αn}, {βn}, {γn}, {δn} and {λn} are sequences in [0, 1] satisfying the
following restrictions:

(1) αn + βn + γn + δn = 1 and
∑N
i=1 λi = 1;

(2) limn→∞ αn = 0 and
∑∞
i=0 αn =∞;

(3) 0 < lim infn→∞ γn ≤ lim supn→∞ γn < 1;

(4)
∑∞
n=0 δn <∞;

(5) rn > µ > 0 for each n ≥ 0, rn ≤ 1 − ν and
∑∞
n=1 |rn − rn−1| < ∞, where

ν = max{νi : 1 ≤ i ≤ N}.

Then the sequence {xn} converges strongly to x, where x ∈ ∩Ni=1Fix(Ti) is the unique
solution to the following variational inequality

〈f(x)− x, p− x〉 ≤ 0, ∀p ∈ ∩Ni=1Fix(Ti).

Proof. From Lemma 4.1, we know that
∑N
i=1 λiTi is a ν-strict pseudocontractive

mapping with ν = max{νi : 1 ≤ i ≤ N} and Fix(
∑N
i=1 λiTi) = ∩Ni=1Fix(Ti).

It follows that I −
∑N
i=1 λiTi is a 1−ν

2 -inverse strongly monotone mapping. The
conclusion of Theorem 4.1 can be obtained from Theorem 3.1 immediately. 2

(II) Application to equilibrium problems.

Let F : C × C → R be a bifunction, where R is a set of real numbers. The
equilibrium problem for the function F is to find a point x ∈ C such that

F (x, y) ≥ 0, ∀y ∈ C.(4.2)

The set of solutions of (4.2) is denoted by EP(F ). For solving the equilibrium
problem, we assume that F satisfies the following conditions (see [5]):

(A1) F (x, y) = 0 for all x ∈ C;

(A2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0 for all x, y ∈ C;

(A3) F is upper-hemicontinuous, i.e., for each x, y, z ∈ C,

lim sup
t→0+

F (tz + (1− t)x, y) ≤ F (x, y);

(A4) F (x, ·) is convex and weakly lower semicontinuous for each x ∈ C.
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Lemma 4.2.([5]) Let C be a nonempty closed convex subset of H and let F be a
bifunction of C ×C into R satisfying (A1)-(A4). Let r > 0 and x ∈ H. Then there
exists z ∈ C such that

F (z, y) +
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C.

Lemma 4.3.([9]) Assume that F : C × C → R satisfies (A1)-(A4). For r > 0 and
x ∈ H, define a mapping Tr : H → C as follows:

Tr(x) = {z ∈ C : F (z, y) +
1

r
〈y − z, z − x〉 ≥ 0,∀y ∈ C}

for all x ∈ H. Then the following hold:

(1) Tr is single-valued;

(2) Tr is firmly nonexpansive, i.e., for all x, y ∈ H,

‖Trx− Try‖2 ≤ 〈Trx− Try, x− y〉;

(3) Fix(Tr) = EP(F ), ∀r > 0;

(4) EP(F ) is a closed and convex set.

Lemma 4.4.([26]) Let C be a nonempty closed convex subset of H and let F be a
bifunction of C×C into R satisfying (A1)-(A4). Let AF be a multi-valued mapping
of H into itself defined by

AFx =

{
{z ∈ H : F (x, y) ≥ 〈y − x, z〉, ∀y ∈ C}, x ∈ C,
φ, x /∈ C.

Then EP(F ) = A−1F (0) and AF is a maximal monotone operator with D(AF ) ⊆ C.
Further, for any x ∈ H and r > 0, Tr coincides with the resolvent of AF , i.e.,
Trx = (I + rAF )−1x.

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let F : C × C → R be a bifunction satisfying (A1)-(A4) and f : C → C be
a κ-contraction. Assume A−1F (0) 6= φ. Let {xn} be a sequence generated in the
following iterative process:{

x0 ∈ C,
xn+1 = αnf(xn) + βnTrn(xn + en) + γnxn + δngn,∀n ≥ 0,

(4.3)

where {en} is a sequence in H, {gn} is a bounded sequence in H. Suppose that {αn},
{βn}, {γn} and {δn} are sequences in [0, 1] satisfying the following restrictions:
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(1) αn + βn + γn + δn = 1;

(2) limn→∞ αn = 0 and
∑∞
n=1 αn =∞;

(3) 0 < lim infn→∞ γn ≤ lim supn→∞ γn < 1;

(4)
∑∞
n=0 ‖en‖ <∞ and

∑∞
n=0 δn <∞;

(5) rn > µ > 0 for each n ≥ 0 and
∑∞
n=1 ‖rn − rn1

‖ <∞.

Then the sequence {xn} converges strongly to x = PA−1
F (0)f(x), which is the unique

solution to the following variational inequality:

〈f(x)− x, p− x〉 ≤ 0, ∀p ∈ A−1F (0).

Proof. Taking Ai = 0 for i = 1, 2, · · · , N and Jrn = Trn , iterative scheme (4.3)
reduces to (3.1) in a Hilbert space and the desired conclusion follows immediately
from Lemma 4.4 and Theorem 3.1. This completes the proof. 2
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