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A FIXED POINT APPROACH TO THE STABILITY OF A
QUADRATIC-CUBIC-QUARTIC FUNCTIONAL EQUATION

YANG-H1 LEE

ABSTRACT. In this paper, we investigate the stability problems for a func-
tional equation

fl@+29)+f(z —2y) — 4f (z +y) — 4f(x — y) + 6 () — 2f(2y)
+12f(y) —4f(-y) =0
by using the fixed point theory in the sense of L. Cadariu and V. Radu.

1. Introduction

In 1940, Ulam [14] posed the problem concerning the stability of group ho-
momorphisms. In the following year, Hyers [7] gave an affirmative answer to
this problem for additive mappings between Banach spaces. Thereafter, many
mathematicians have dealt with this problem (cf. [4, 9, 10, 11, 12]).

Throughout this paper, let V' and W be real vector spaces and Y be a real
Banach space.

For a given mapping f : V — W, we use the following abbreviations

fo() = f(z) *2f(*x)’ fo(z) = f(@) +2f(*9:)’
Qf(z,y) == f(x+y)+ flz —y) —2f(x) — 2f(y),
Cf(z,y) == flx+2y) = 3f(z +y) +3f(x) — f(x —y) — 6f(y),
Q' f(x,y) == flx+2y) —4f(x +y) +6f(x) —4f(x —y) + f(x — 2y) — 24f(y),
Ef(z,y) = f(x+2y) —4f(z +y) +6f(x) —4f(x —y) + f(z — 2y),
Df(z,y) == f(z +2y)+f( —2y) —4f(r+y) —4f(x —y) +6f(z) — 2f(2y)
+12f(y) — 4f(—y)

for all z,y € V. Each solution of Qf(z,y) =0, Cf(x,y) =0, and Q' f(z,y) =
0 are called a quadratic mapping, a cubic mapping, and a quartic mapping,
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respectively. Every mapping f : V — W is called a QCQ (quadratic-cubic-
quartic) mapping if f can be expressed by the sum of a quadratic mapping, a
cubic mapping, and a quartic mapping. Gordji et al. [5, 6] proved the stability
of the two kinds of function equations whose solutions are QCQ mappings.

Now, we consider the mapping f : V — W satisfying the following functional
equation

(1) Df(z,y) =0

for all x,y € V. The mapping f(z) = az* + bx3 + cx? is a solution of this
functional equation, where f : R — R and a, b, ¢ are real constants.

In this paper, we will show that every solution of functional equation (1) is
a QCQ mapping and we introduce a strictly contractive mapping which allows
us to use the fixed point theory in the sense of L. Cadariu and V. Radu [1, 2].
And then we can adopt the fixed point method for proving the stability of
the functional equation (1). Namely, starting from the given mapping f that
approximately satisfies the functional equation (1), a solution F of the functional
equation (1) is explicitly constructed by using the formula

n 1161 i (_1)n—i20i -
Pl ‘JEEOZ C[ o o) (2 I)]

or

n

Fl) = lim > »C; [201( 96)"~ Zfo<22n ) +20(=64)"" Zfe(z% )]
1=0

which approximates the mapping f.

2. Main theorems

The following fixed point theorem of Margolis and Diaz [3] is necessary to
prove the main theorems.

Theorem 2.1. ([3], [13]) Assume that (X,d) is a complete generalized metric
space, which means that the metric d may assume infinite values, and J : X —
X is a strictly contractive mapping with the Lipschitz constant 0 < L < 1. It
then holds that, for each given x € X, either

d(J”x, J"Hx) = 0o for all n € Ny,
or there erists a monnegative integer k such that
(1) d(J"z, J"Tlz) < oo for all n > k;
(2) The sequence {J™x} is convergent to a fixed point y* of J;
(3) y* is the unique fized point of J inY = {y €X :d(JFx,y) < oo}
(4) d(y,y*) < 2d(y, Jy) forally €Y.

Lemma 2.2. ([8]) Suppose f : V. — W is an odd mapping satisfying Ef(x,y) =
0 for allz,y € V and f(2x) = 8f(x) for allz € V.. Then f is a cubic mapping.
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Lemma 2.3. ([8]) Suppose f : V. — W is an even mapping satisfying the
equalities Ef(x,y) =0 for all xz,y € V and f(2z) = 4f(x) for allx € V. Then
f is a quadratic mapping.

In the following theorem, we investigate the general solution of the functional
equation D f(z,y) = 0.
Theorem 2.4. A mapping f : V — W satisfies Df(z,y) =0 for all z,y € V
if and only if f is a QCQ mapping.

Proof. First, we assume that a mapping f : V — W satisfies Df(z,y) = 0 for

all z,y € V. Then, the odd mapping f, satisfies the equalities Ef,(z,y) =
Df,(z,y) = 0 for all z,y € V and f,(2z) — 8f,(x) = =222 — 0. Tt follows
from Lemma 2.2 that f, is a cubic mapping. Let fi(x) := w and

fo(z) == W forall z € V.

By a direct calculation and using the assumption that Df(z,y) = 0 for all
x,y € V, we obtain the equalities fi(2z) = 4f;(z) and f2(22) = 16f3(z) from
the equalities

4f1(x) — f1(22) = f2(2z) — 16 f3(x)
fe(dz) — 20 fc(2x) + 64 fc(x)
12

_ Dfe(2x,x) + 4D fo(x, )

- 12
forallz € V. Since f1(2z) = 4f1(z) and f2(2x) = 16 f2(x) hold for all z € V, the
equalities Ffi(z,y) = 0 and Q' fa(z,y) = 0 can be derived from the equalities
Efi(xz,y) = Dfi(x,y) and Q' fo(z,y) = D fo(z,y) for all z,y € V. According
to Lemma 2.3, f1 is a quadratic mapping. Moreover, fy is a quartic mapping
because Q' f2(x,y) = 0 holds for all z,y € V.

Conversely, assume that fi, fo, fs are mappings such that the equalities

f(.’E) = fl(x) + f2(m) + fd(x)v Qfl(xay) =0, CfZ(xay) =0, and Q/fB(xay) =0
hold for all z,y € V. Then the equalities fi(z) = fi(—z), fo(x) = —fo(—2x),

f3(z) = fa(=z) f1(2x) = 4f1(z), f2(22) = 8f2(x), and f3(2z) = 16f3(x) hold

for all z € V. From the above equalities, we obtain the equalities
Dfi(z,y) = Qfr(x,2y) — 4Q f1(z,y),
Dfs(z,y) = Cfa(a,y) — Clalz —y,y),
Dfs(x,y) = Q' f3(z,y)
for all x,y € V, which mean that
Df(z,y) = Dfi(z,y) + D fo(z,y) + Dfs(z,y) =0

as we desired. O

In the following theorem, we can prove the generalized Hyers-Ulam stability
of the functional equation (1) by using the fixed point theory.
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Theorem 2.5. Let f: V — Y be a mapping for which there exists a mapping
©:V? —[0,00) such that the inequality

IDf (@ y)|| < ¢(z,y) (2)

holds for all x,y € V and f(0) = 0. If there exists a constant 0 < L < 1 such
that ¢ satisfies the condition

p(22,2y) < 2(V41 - 5)Ly(x,y) (3)

for all x,y € V, then there exists a unique solution F : V =Y of (1) satisfying
the inequality

1
[ f(z) — F(2)[| < mq’(ﬂf) (4)

for all x € V, where ®(x) := p(2z,2) + 4o(z,z) + 2p(0,2) + (-2, —x) +
dp(—x, —x) + 2p(0, —z). In particular, F is represented by

n 1161 - (_1)77,—1'202'
Fx:nlggoz C{ fo(2" ) +

64n fe (22n—ix) (5)

forallz e V.

Proof. Let S be the set of all functions g : V' — Y with g(0) = 0. We introduce
a generalized metric on S by

d(g,h) =inf {K € Ry : ||g(z) — h(z)|| < K®(z) for all z € V'}.

Tt is not difficult to see that (5, d) is a generalized complete metric space.
We now consider the mapping J : S — S, which is defined by

g(4z) 18¢(2x) 2g(—2z)
64 + 64 + 64

Jg(x) := —

for all x € V. We will show that the equality

n n— 1161 n 7,202 .
J"g(x):ZnCi( é o o(22 +Z o 6 4n ge(22""'z) (6)
1=0
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holds for all n € N and « € V. Clearly, the equality (6) holds for n = 1. We
assume that the equality (6) holds for some n € N. Then we have

JHg(x)
= J"Jg(z)
n i1 i n i oni
—1)"t16° i —1)"7'20° n—i
- nCi%Jgo(Z% ) + ,,L(,*,i%.fge(z2 )
i=0 i=0
= (=) 168 =1 5, " (=) 16 18 o
= nciii o 2 k2 nciii o 2 =i
; 6r 619! ?) +Z§ 6 617! ?)
- (-1)" 16 2 2nt1—i - (=1)"7720" =1 po
n 1 1A A 2 " ’ n 1T a0 aa Ye 2 " ’
+; N T x”; Co—sm e %! z)
. (="~ ‘20" 18 2n+1— (="~ ‘20" 2 2n+1—i
P 2 n Z n 2 n k2
+;”O' o 617! +Z C—sm 617 2
n (_1)n+1—1161 o n (_1)n—i16i+1 1
ZZnCiW o (22712 Z‘)‘FZnCiWQO(QQ i)
i=0 =0
S (—1)+iig0r 2n+2—i - (=1 20ttt 2n+l—i
+ chiwge (2 + CC) + chiwge (2 33)
i=0 =0
n+1 i : n+1 i :
(71)n+1 1162 " » (71)n+1 2201 n i
— """107;&4717-&-190(22 +2 ZE) +Zn+lciw7-&-lge(22 +2 1‘)
i=0 i=0

holds for n+1. By mathematical induction, the equality (6) holds for all natural
numbers.

Let g,h € S and let K € [0,00] be an arbitrary constant with d(g,h) < K.
From the definition of d, we have

17g(x) = Jh(z)[| < G%I\g(ﬁlx) — h(4z)||

+ 2 llg(2r) — h(20)] + 5 llg(~22) — h(~20)]

K(614 (42) + 62@(2:3))

< K<4(\/Z614_ ) L2®(x) + 40(‘/32 k) L@(x))

IN

< LK®(x)
for all x € V, which implies that

d(Jg,Jh) < Ld(g,h)
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for any g,h € S. That is, J is a strictly contractive self-mapping of S with the
Lipschitz constant L.
Moreover, by (2), we see that

I1f () = Tf(z)] = ‘|Df(2$a$)+4DJ;(4$,l‘) —2Df(0, )]
< #22,7) + 4p(z, ) + 20(0, 7)
B 64

1
< =0

for all z € V. It means that d(f,Jf) < 6%1 by the definition of d. Therefore,
according to Theorem 2.1, the sequence {J"f} converges to the unique fixed
point ' :' V — Y of Jin theset T = {g € S : d(f,g) < oo}, which is
represented by (5) for all x € V.

Notice that

1
a(f, F ) S
(2 F) < 25090 < g
which implies (4).
By the definition of F', together with (2) and (3), we have
IDF (2, y)||
= lim [|DJ" f(z,y)]|
n n i16 ) )
Z . = Df, (2271—z$c7 22n—zy)
=0

= lim
n—oo

64

n 1201 ) )
+ ZnCz ( é4n Dfe (22n72x’22n71y) H

: 20 n—1 n—1 n—1 n—1
JLH;OZ"C%(“’(QQ 2,27 y) (= 2 =2y )

IN

n 201 — 5t )

<
= 64"
5)" 100
snan;oz oL (ol 2 + (=20 —2)
. \/>+5 n n n n
Snl:ﬂgo(m)(@(? n2) 4o~ 2" -2))
VAT +5)" (V41 = 5)"
Snl_ggo( )16(” ) L™ (p(z,y) + ¢(~2,~y))
< lim L"(p(2,y) + ¢(—z,—y))

=0
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for all z,y € V, d.e., F is a solution of the functional equation (1). Notice that
if F'is a solution of the functional equation (1), then the equality
DF(2x,xz) + 4DF(x,z) — 2DF(0,x)
F(z) - JF(x) =
64
implies that F' is a fixed point of J. O

Theorem 2.6. Let f: V — Y be a mapping for which there exists a mapping
0 : V2 —[0,00) such that the inequality (2) holds for all z,y € V and f(0) =
If there exists a constant 0 < L < 1 such that ¢ satisfies the condition

Lo(2z,2y) > 24¢(x,y) (7)

for all x,y € V, then there exists a unique solution F': V —'Y of (1) satisfying
the inequality
L?®(x)
[f(z) = F(2)]| < m (8)

for all x € V.. In particular, F is represented by

F(z) = nlggoz Ci [20%( 96)"~ Zfo(zm ) +207(—64)"" ’fe(22n )] ()
forallz eV.

Proof. Let us define the set (S,d) as in the proof of Theorem 2.5. We now
consider the mapping J : S — S defined by

Jg(x) := QOg(g) _ 809@) N 169(-:;)

for all x € V. Notice that the equality

- A n—i % -
z) =Y nCi20'(~96) <an ) + Z ;201 (—64)"~ (2%>
i=0 i=0
holds for all n € N and x € V.
Let g,h € S and let K € [0,00] be an arbitrary constant with d(g,h) < K.
From the definition of d, we have

179(x) - ()II<20‘ < ) ()H
o) () ob() ()
e () o)

96 20
<L’ K® LK®
<L%o5 (z )+24 ()

< LK®(x)
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for all x € V, which implies that
d(Jg. Jh) < Ld(g, h)

for any g,h € S. That is, J is a strictly contractive self-mapping of S with the
Lipschitz constant L.
Moreover, by (2), we see that

o) a5t = o1 (5.5) 421 (3.5)

AN
P\2 7 AR

2

3 (o2, 2) + ()

IN

IN

IN

for all x € V', which implies that

2

L

by the definition of d.

Therefore, according to Theorem 2.1, the sequence {J™f} converges to the
unique fixed point F: V — Y of Jintheset T ={g € S : d(f,g) < oo}, which
is represented by (9) for all z € V. Notice that

1 2
d(f,F) < ﬁd(fvjf) < W11

which implies the validity of (8).
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By the definition of F', together with (2) and (7), we have

IDF(z,y)l| =

IN

IN

IA

IN

IN

IN

<

Jim [[DJ"f (2, y)]

: - n—i 7 €z y
A ZO —96)"7"20 f0(22ni’ 22ni)
. y
nCi(—64)" 71201 £, ,
+ — ( ) f <22n 1 2277, 1) H
" .C;

lim ”7 (96" 720" + 64™"20") x

n— o0 0
z Yy —Z —Y
X (('0<22n—i’ 22n—i) + SD(QZn—i’ 22n—i>)
- 0R"—i90)i x Y —r 7Y
nh_{r;o — 0296 20 <w(22n2’ 22n2) + <p<22n7,’ 22n7,)>
I Z coem—iog L (G2 Y (2 Y
e £ 2qn—i\P\ 27 20 ) TP\ v o
Y —r —Y

1 2 1477, 7 _YJ
ninéoz ¢:20 < <2n 2n>+‘p<2n’2n>>

. z oy —r —y
lim 247 (o —, L =
nroo <“0(2n’2n) +<p(zn’ 2n>)

Ln
n
n11_>1r01024 o o (e, y) + (=, —y))
. n _ —
iy (o) + )
0

for all x,y € V, i.e., F is a solution of the functional equation (1). Notice that
if F is a solution of the functional equation (1), then the equality

F(z) — JF(z) = DF<2 Z)—HLDF(Z j)

implies that F is a fixed point of J. U
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