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NEHARI MANIFOLD AND MULTIPLICITY RESULTS FOR A
CLASS OF FRACTIONAL BOUNDARY VALUE PROBLEMS
WITH p-LAPLACIAN

ABDELJABBAR GHANMI AND ZIHENG ZHANG

ABSTRACT. In this work, we investigate the following fractional boundary
value problems

D% (lo Dt (u(®)[P~?0 D u(t))

{ = VW (t,u(t)) + Ag(t)|u(t)|92u(t), t € (0,T),

u(0) = u(T) =0,
where VW (¢, ) is the gradient of W (¢,u) at w and W € C([0,T] x R™,R)
is homogeneous of degree r, A\ is a positive parameter, g € C([0,T]),
1 <r<p<gqand % < a < 1. Using the Fibering map and Nehari
manifold, for some positive constant A\g such that 0 < A\ < Ao, we prove
the existence of at least two non-trivial solutions.

1. Introduction

Fractional order models can be found to be more adequate than integer
order models in some real world problems as fractional derivatives provide an
excellent tool for the description of memory and hereditary properties of various
materials and processes. The mathematical modeling of systems and processes
in the fields of physics, chemistry, aerodynamics, electro dynamics of complex
medium, polymer rheology, etc. involves derivatives of fractional order. As
a consequence, the subject of fractional differential equations is gaining more
importance and attention. There has been significant development in ordinary
and partial differential equations involving both Riemann-Liouville and Caputo
fractional derivatives. For details and examples, one can see the monographs
[2,11,15,18,19,21] and the papers [1,6,10,14,29].

Recently, equations including both left and right fractional derivatives are
discussed. Apart from their possible applications, equations with left and right
derivatives is an interesting and new field in fractional differential equations
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theory. In this topic, many results are obtained in dealing with the existence
and multiplicity of solutions of nonlinear fractional differential equations by
using techniques of nonlinear analysis, such as fixed point theory (including
Leray-Schauder nonlinear alternative), topological degree theory (including co-
incidence degree theory) and comparison method (including upper and lower
solutions and monotone iterative method), see [4,12,30] and so on.

It should be noted that critical point theory and variational methods have
also turned out to be very effective tools in determining the existence of solu-
tions for integer order differential equations. The idea behind them is trying to
find solutions of a given boundary value problem by looking for critical points
of a suitable energy functional defined on an appropriate function space. In the
last 30 years, the critical point theory has become a wonderful tool in studying
the existence of solutions to differential equations with variational structures,
we refer the reader to the books due to Mawhin and Willem [17], Rabinowitz
[20], Schechter [22] and the references listed therein.

Motivated by the above classical works, in recent paper [13], the authors
showed that critical point theory is an effective approach to deal with the
existence of solutions for the following fractional boundary value problem

DZ(oDfu(t)) = VW (t,u(t)), te]|0,T],
— DRDFu(t) = VW (e, u(t), 1€ [0,
u(0) = u(T),
where a € (3,1), ;D u is the so called Riemann-Liouville fractional derivatives

which is given by Definition 2.2, u € R*, W € C*([0, T] x R",R) and VW (¢, u)
is the gradient of W(t,u) at u, which has been generalized in recent papers
[16,26-28,31-33].

Note that the a-order Riemann-Liouville fractional derivatives at time ¢ is
not defined locally, it relies on the total effects of the commonly used integer
derivative on the interval [0,¢]. So it can be used to describe the variation of
a system in which the instantaneous change rate depends on the past state,
which is called the “memory” effect in a visualized manner [2]. In addition,
as indicated in [3,23-25] the fractional theory has been applied to almost all
fields of science including viscoelasticity and rheology, medicine and biology.

In this paper we want to contribute with the development of this new area
on fractional differential equations theory. More precisely, the purpose of this
work is to investigate the following fractional nonlinear Dirichlet problem

¢DF (loDg* (u(t)) P20 Diu(t))
(Px) = VW (t,u(t)) + Ag(t)[u(t)|*"?u(t), t € (0,T)
u(0) =u(T) =0,

where VW (t,u) is the gradient of W (t,u) at w and W € C([0,T] x R™,R) is
homogeneous of degree r, A is a positive parameter, g € C([0,7]), 1 <r <p < g¢q
and % < a < 1. We assume the following hypothesis:
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(Hy) W :[0,T] x R® — R is homogeneous of degree r that is
W(t,su) =s"W(t,u) (s >0) forall te[0,T], ueR"
(Hy) WE(t,u) = max(£W (t,u),0) # 0 for all u # 0.
Note that, from (H;), W(t,u) leads to the so-called Euler identity

(1.1) uVW(x,u) = rW(z,u),
and
(1.2) W (z,u)| < Klu|" for some constant K > 0.

Our main result is the following.

Theorem 1.1. Let 1% <a<l1l 1<r<p<qand assume that W(t,u)
satisfies the conditions (Hy)-(Hz). Then there exists A\g > 0 such that for all
A € (0,0), (Py) has at least two nontrivial solutions.

Remark 1.2. Recently, for A = 0, the authors in [7, 8] studied the existence
and multiplicity of solutions for (Py) (i.e., (Py)) when the potential W (¢, u)
is superquadratic or subquadratic at infinity. In our Theorem 1.1, we focus
our attention on the case that the potential is of the form a combination of
superquadratic term and subquadratic term. In addition, we do not need any
assumption on the sign of the potential. Therefore, the recent related results
are generalized and improved significantly.

2. Preliminaries

In this section, we give some background theory on the fractional calcu-
lus, in particular the Riemann-Liouville operators and results which will used
throughout this paper. Let us start by introducing the definition of the frac-
tional integral in the sense of Riemann-Liouville. We refer the reader to [15,19]
or other texts on basic fraction calculus.

Definition 2.1. Let o > 0 and u be a function defined a.e. on (a,b) C R with
values in R. The left (resp. right) fractional integral in the sense of Riemann-
Liouville with inferior limit @ (resp. superior limit b) of order a of w is given
by
I L t a1 d b
. tu(t)—m/a (t = $)*Lu(s)ds, t € [a,b]
respectively

b
tzgu(t)zﬁ /t (t— )" u(s)ds, t € [a,b],

provided the right side is point-wise defined on [a, b], where T denotes Euler’s
Gamma function. If u € L'(a,b), then ,I®u and ¢I{*u are defined a.e. on (a,b).

Now, we define the fractional derivative in the sense of Riemann-Liouville
as follows.
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Definition 2.2. Let 0 < o < 1. Then, the left (resp. right) fractional deriva-
tive in the sense of Riemann-Liouville with inferior limit a (resp. superior limit
b) of order « of u is given by

d —a
oDiu(t) = 7 (oI 7%u) (t), Yt € [a,b],

respectively
d —«
(Diu(t) = — (11, %u) (t), Yt € [a,b],
provided that the right-hand side is point-wise defined.

Remark 2.3. From [15], if u is an absolutely continuous function in [a, b], then
oDfu and Dy are defined a.e. on (a,b) and satisfy

u(a)

2.1) Dult) = oI1 (1) + e
and
(2.2) (Diu(t) = — I/ (t) + u(b)

b—t)°r(1—a)

Moreover, if u(a) = u(b) = 0, then Dfu(t) = oI, “u'(t) and Djfu(t) =
—I};7®u/(t). So in this case we have the equality of Riemann-Liouville frac-
tional derivative and Caputo derivative defined by

©DRu(t) = oI (1
and
EDju(t) = — I,/ (t).
Consequently, one gets
u(a)
(t —a)T(1—a)’

oD u(t) = gD u(t) +

and
u(b)

tD?’U/(t) = ;D?u(f) + m.

Next, we provide some properties concerning the left fractional operators of
Riemann-Liouville. For more details we refer the reader to [5].

Proposition 2.4. For any o, 8 > 0 and any u € L'(a,b), the following
equality holds
od0 0 o IPu = 107,

From Proposition 2.4 and the equations (2.1) and (2.2), it is simple to deduce
the following results concerning the composition between fractional integral and
fractional derivative. That is, for any 0 < a < 1, if u € L'(a, b) we have

oDy o JItu = u,
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and if u is absolutely continuous such that u(a) = 0, then, one has
ol 0 o Dfu = u.

Now, we presented an important result on the boundedness of the left fractional
integral from LP(a,b) to LP(a,b).

Proposition 2.5. For any o > 0 and p > 1, I s linear and continuous
from LP(a,b) to LP(a,b). Moreover for all uw € LP(a,b), we have
« (b — a)a
ol ullp < (1 —i—oj) [[ullp-
In the same way, we give another classical result on the boundedness of the
left fractional integral from LP?(a,b) to C,(a,b) which completes Proposition
2.5 in the case % < a < 1, where Cy(a,b) := {u € C(a,b) : lim;_, 4+ u(t) = 0}.

Proposition 2.6. Let 0 < % <a<landyp = 1% (the conjugate exponent
of p). Then, for any u € LP(a,b), I*u is Holder continuous on (a,b] with
exponent o — % > 0, moreover, lim;_, .+ oI;*u(t) = 0. Consequently, ,I¥u can

be continuously extended by 0 in t = a. Finally, I3u € Cy(a,b), and

(2.3) o000 <

(b—a)*" s
+—lull.

I(e) ((a=1)p' +1)7

Also, we will need the following formula for integration by parts, see (7) and
(8) in [13].

Proposition 2.7. Let 0 < a < 1 and p, q are such that
1 1 1 1
p>1,¢>1 and —+—-<14+a or p#1,q#1 and —+=-=14a.
P q P q

Then, for all uw € LP(a,b) and all v € L%(a,b), one has

(2.4) /bv(t)alf‘u(t)dt = /b u(t)o Iy v(t)dt,

and

b - b
(2.5) / w(t)e DY o(t)dt = v(t)tfblf‘*u(t)ﬁ;a +/ v(t)o DYu(t)dt.

a

Moreover, if v(a) = v(b) =0, then, one gets

(2.6) /b u(t)e Div(t)dt = /b v(t)e D u(t)dt.
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3. Variational setting and main result

To show the existence of solutions to (Py), we will use Nehari manifold and
fibering maps theory. For this purpose we introduce some basic notations and
results which are used in the proof of our main result.

As we say in Section 1, to deal with the existence of solutions for (Py) or some
simpler case for the nonlinear terms (for example, (FBVP)), the pioneer work
is completed on some function space using the variational methods and critical
point theory in [14]. Unfortunately, the authors in the recent work [8] pointed
out that the fractional derivatives space Ej" defined in [14] is problematic.
Therefore, we choose the fractional Sobolev space Ej'? constructed in [8] (the
same symbol as usual) in the sense of weak fractional derivatives.

For this purpose, we recall the definitions of left and right weak fractional
derivatives.

Definition 3.1. Let 0 < a < 1, u, v € L*([0, T], R), if

T T
/0 Btyo(t)dt = / () DS0) (O)dt, W € G (0, T, R),

then v is called as the left weak fractional derivative, and denoted by thau; if

/O btyo(t)dt = / u(t)(DEY)(t)dt, Vi € C52(0,T], R),

then v is called as the right weak fractional derivative, and denoted by OD%u.

Based on Definition 3.1, we can introduce the appropriate function space
corresponding to (Py). In fact, we only use the definition of left weak fractional
derivative. For the simplicity and to be consistent with the classical notation,
we still denote by o Dg*u the left weak fractional derivative of v in what follows.
The set of all functions v € C*°([0,T],R) with «(0) = u(T) = 0 is denoted by
C§°([0,T],R). For a > 0 we define the weak fractional derivative space Ej"”
as the closure of C§°([0,T],R) under the norm

(3.1) lullap = (lullf + loDfull}) ” -

Note that, as pointed out in [8], if we define the space Ej" as in [14], taking a
Cauchy sequence {u,} C C§°([0,T],R) with respect to the norm || - ||4,p, One
has
Up — Ug, oDfun —ve in  LP([0,T],R).

Unfortunately, o Df*uo may not exist. Even if gDy ug exists, ¢ Df*uo may not be
equal to vg. That is, if we define the space as in [14], the space is not complete.
Therefore, we could not choose it as our variational space. To fix this gap, the
authors in [8] introduced the definition of weak fractional derivative operator
(see [8] for the details). In other words, they optimized the completeness of the
fractional derivative space. Thus, we can define the variational framework in
the space chosen in our paper for the problem (Py).



NEHARI MANIFOLD AND MULTIPLICITY RESULTS FOR A CLASS 1303

Lemma 3.2 ([8, Corollary 3.6 and Remark 3.10]). Let0<a<1landl<p<
o0. For allu € EJ"", we have

TOL
3.2 < —— oD ull,.
(32) Jully < gy Mo 2Pl
. 1 1,1 _
Moreover, if a > m and st = 1, then
1
T %
(3.3) lull e < oD ull.

I(@) (e =1)p" +1)7
According to (3.2), we can consider Ej°? with respect to the equivalent norm
(3.4) [[ull = [lo D ul|p-

Lemma 3.3 ([8, Theorem 3.11]). Let 0 < @ < 1, and 1 < p < co. Assume
that o > % and the sequence {u,} — u weakly in Eg’*. Then, {u,} — u in
C([0,T],R), that is
ltn — tlloc =0 as n — oco.
We say that u € Ey°? is a solution to the problem (P)), if u satisfies the
following equality

T T
/0 (o Dgu(t) P2 (o Du(t), o D v (1)) dt — / (YW (¢, u(t)), v(t)) dt

—)\/ g()|u(t)|72(u(t),v(t))dt =0 for any v € ESP.
0

Therefore, associated to the problem (Py), we define the functional

Lo 1" AT .
(3.5) Ia(u) = —flul? == [ W(tut)dt == [ g(t)|ul*dt.
D ™ Jo qJo
We need to show that the following lemma holds.

Lemma 3.4. (i) The functional Jy is well defined on Eg".
(ii) The functional Jy is of class C1(Eg"P,R) and for all u,v € Ey°Y we have
T
(.0} = [ bDFu(®) (D u(t), oD vle))ds
0

T T
(3.6) - / (VW(t,u(t)), v(t)) dt — >\/ g()u(t)]T72(u(t), v(t))dt.
0 0
Proof. (1) From the continuous embedding and the Holder inequality, we have

1 1 [T A [T
Ian(u) < —[lull” + */ W (t,u(t))dt + */ g(t)|u|?dt
p ™ Jo q Jo

1 Allgllso

K
< —[Jul” — 7”“”? - THUHS

— 3

< —lull? + eaflul]” + eaffull?,

i
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which implies that Jy is well defined on E7".
(ii) Put G(u) = %|0Dtau|p — 1wt u(t) - %g(t)|u|‘1. Then, we can easily
show that for all u,v € E5"" and for almost every ¢ € [0, 7]
Gt + (1) — Glu(t)
s—0 S

= loDfu(t)[P* (o Df'u(t), 0 D v (t)) — (VW (t,u(t)), v(?))
= Ag()u(t)|7* (u(t), v(t)).

So, from the Lagrange mean value theorem, (1.1) and (1.2), there exists a real
number 6 such that || < |s| and

(3.7)
G(u(t) + sv(t)) — G(u(t))
= [oDf (u(t) + 0v(t)[P~2(o DF (u(t) + 0u(t)), 0 Df'v(t))
— (VW (2, (u(t)+0v(t))), v(t)) = Ag(t)| (u(t)+0v(t))| 77> (u(t) +0u(t), v(t))
< JoDf (u(t) + 0u(t)) P~ o Df v (t))|
+rE [u(t) + 0u(t)] ()] + Alg(®)]| (u(t) + 0o(1)|* o (t)]
< oD u(t)[P~ o Dfu(t)] + o Dfu(t)[?
K [u()["H o) |+ K ()" + g ()| [u)|*H o)+ Alg(®)][o(#)]77.
On the other hand, from the Holder inequality, we get

T
/0 o D2u(®) o Dgo(®)|dt < [lloDEul* e o Do]l

and
T
/O lu(®)]7 Jo@)]dt < [Jul]”" Y 2, [[v]lo for o =71 orq.

Since g is bounded, then, from the above inequalities, one concludes that the
expression 3.7 is in L'([0,77]). Therefore, by the dominated convergence theo-
rem, we have

lim Ixn(u+ sv) — Jx(u)

s5—0 S

- / 0D (u(t) P2 (DS u(t), o D o(t)dt

T
—/0 (VW (t,u(®)), v(t)) — Ag(t)[u(®)|" (u(t), v(t))dt.

That is, Jy is Gateaux differentiable.
In what follows, it is sufficient to prove that the Gateaux derivative of Jy is
continuous. It is similar to the one in Avci et al. [3], therefore we omit it. [
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We deduce from Lemma 3.4 and equation (1.1) that

T T T
(T (), u) = / o Dgu(t) Pt — / W (t, u(t))dt — A / o(t) u(t)]dt.

It is easy to see that the energy functional Jy is not bounded below on the
space Eg°", but it is bounded below on a suitable subset of Ej*”. In order to
investigate the problem (Py), we define the constraint set

Ny = {ue EFP\ {0} : (J5(u),u) =0}.
Note that N contains every nonzero solution of (Py), and u € N} if and only
if
T T
(3.8) Jull? - / W (E, u(t))dt — A / 9(®) u(t)|7dt = 0.
0 0

To obtain the existence of solutions, we split V) into three parts: corresponding
to local minima, local maxima and points of inflection, are measurable sets
defined as follows:

Nt = {u €Nt =Dl = (= 1) [ Wit ut)ar = Mo =1) [ aOfuprar > o},
./V')\_ = {u eENy:(p—D|lu||P - (r— 1)/0 W (t,u(t))dt — Mg — 1)/0 g(t)|ul?dt < 0},

T T
A= {u N =Dl = (=) [ Wittt = Na=1) [ a(0julrar = 0}-

Next, we present some important properties of N. ;r , Ny and V. f . Let p be
such that % + % =1 and put

o = Z= @) (2~ Vp 4 1)? ((q —p) (N(@)" (e~ VP + 1>£> s
(q - T)HgllooT1+q(a7%) K(q - T)TlJrr(a*%)

Then, we have the following crucial result.
Lemma 3.5. If A € (0, uo), then NY = 0.

Proof. We proceed by contradiction to prove that A f =0 for all A € (0, po)-
Let us suppose that there exists ug € NY. Then, from (3.8) we obtain

T
(3.9) (p = 7)lluoll” — Mg — 7“)/0 g(t)|uo|?dt = 0,

and

(3.10) (=l = (@=1) [ W(t.w(0)at =0,



1306 A. GHANMI AND Z. ZHANG

From (3.3) and (3.9), one has

— ) (D) (= D)p+1)7 \ "
) > (=@ (0~ 1+ )F) T
Ma = r)llgllec T
On the other hand, from (1.2), (3.3) and (3.10), one has

(3.12) ||U0||§< Kg e ) )
@) (@) (@ —1pt 17

Combining (3.11) and (3.12) we obtain A > g, which gives a contradiction.
This completes the proof of Lemma 3.5. (]

Lemma 3.6. If A € (0, ug), then Jy is coercive and bounded below on Ny.

Proof. Let u € Ny. Then, using (1.2) and (3.3), we obtain
KTitre—1)

P())" ((a=1p+1)7

[l

T T
(3.13) / Wt u(t))dt < K/ e < ¢
0 0
Consequently, from (3.8), we obtain

T
- -Tr
I =l = T [ W aar

K(q _ T)Tl—H.(a_%) ” ||r

- — = ||ul|".
()" (@ =1)p+1)7
Since 7 < p < g, Jy is coercive and bounded below on N). The proof of
Lemma 3.6 is now completed. O

q—p
> —|ul]” -
qp qr

Now as we know that the Nehari manifold is closely related to the behavior
of the functions ®,, : [0,00) — R defined as

D, (s) = Jn(su).

Such maps are called fibering maps and were introduced by Drabek and Po-
hozaev in [9]. For u € Ey*?, we define

P st T g1 T
B(s) = Tl == [T wieatoa-2Z [ g

then, we have

T T
B! (s) = s full? — 57 / W (t, u(t))dt — At~ / o(t) u(t)|dt,
and
T
B(s) = (p— 1)s* 2 ull? — (r — 1)5" 2 / WL, u(t))dt
(3.14) . 0
Mg 1)st7? / o(t) u(t)|dt.
0
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Then, it is easy to see that su € N if and only if ® (s) = 0 and in particular,
u € N, if and only if ®/,(1) = 0.

Before studying the behavior of Nehari manifold using fibering maps, we
introduce some notations

£ fue ESP\ {0} : /T W(t, u(t))dt = 0},
WO = fu e B\ {0} : /T W (t, u(t))dt = 0},

— {ue ESP\ {0} - / (1)[dt = 0},
and
GO = {u e ESP\ {0} : / (#)[2dt = 0}

In What follows, we study the fibering map &, according to the sign of

fo (t)|2dt and fo VW (t,u(t))dt. For this purpose, we define m,, : [0, 00)
—R by

T
(3.15) My (s) = P77 ||Jul|P — )\sqf’"/ g(t)|u(t)|?dt.

0

Then, for s > 0 we have

¢u$=¢*mw—§*é memw—AwJAgnwwwm

(3.16) N
=51 (mu(s) —/0 W(Lu(t))dt) ,

which implies that su € N} if and only if s is a solution of the following equation

Moreover, it is obvious that m,(0) = 0 and

T
(3.17) mug=4p—mﬁﬂ“wmw—xm—rn%“ﬂl ot) u(t)|dt.

Lemma 3.7. If u € W2NGY, then ®, has no critical point.

Proof. In this case ®,,(0) = 0 and @/ (s) > 0, Vs > 0 which implies that ®, is
strictly increasing and hence has no critical point. ([

Lemma 3.8. If u € W2 N GT, then ®, has a unique critical point which
corresponds to a global mazimum point. Moreover, there exists sy > 0 such
that sou € Ny and Jy\(sou) < 0.
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Proof. In this case, there exists a unique § € (0,00) such that m/ (3) = 0.
In addition, m/,(s) > 0 for s € (0,5) and m/,(s) < 0 for s € (5, oo) Note
that m,(0) = 0 and mu(s) — —o0 as s — 00. So, for u € W™, there exists
a unique sq such that m,(sp) fo ))dt. Consequently, according to
(3.16), we have @/ (s) > 0 for 0 < s < 507 and ! (s) <0 for s > sp. That is,
®,, is increasing on (0, sg), decreasing on (sg,00). Therefore, ®,, has exactly
one critical point at sg, which is a global maximum point. Thus, by (3.14),
sou € Ny . O

Lemma 3.9. If u € Wr N GY, then ®, has a unique critical point which
correspond to a global minimum point. Moreover, there exists s1 > 0 such that
siu € Ny and Jy(s1u) < 0.

Proof. In this case, it is easy to see that m,(0) = 0 and m/,(s) > 0, Vs > 0,
which implies that m, is strictly increasing. Since u € WT, there exists a
unique s; > 0 such that m,(s1) = fOT W (t,u(t))dt. This implies that @,

is decreasing on (0, s1), increasing on (s1,00) and @/ (s;) = 0. Thus, ¥,
has exactly one critical point corresponding to global minimum point. Hence
s1u € NI Moreover, since .J,(0) = 0, then we have Jy(s1u) < 0. O

Lemma 3.10. If u € W N G™*, then there exists uy > 0 such that for \ €
(0, 1), @, have a positive value and ®,, has exactly two critical points which
correspond to the local minimum and local maximum. Moreover, there exists
s2 > 0 such that sou € Ny and Jy(s2u) < 0.

Proof. Let u € Ey°P. As in above, we define

M, (s) = —||u|\p e / (1)|dt.

Then,
T
M) =l <27 [ g(ofuto)rat
0
. o . ~_(_ qur__ \7Tr
It is clear that M, attains its maximum value at s = </\fUT g(t)‘u(t)‘qu .
Moreover,
11 ul|? v
- (1-1) || ||
p Ao g(®)u(t)]adt
and
r(g—2)
[|ul| "a=

M/(3) = (p—q) =7 < 0.

(Ao g®lu(e)joar) ™

From (3.3), we deduce that

b e o2 (e 1>p+1>%>ﬂ y

Allglloe Tl



NEHARI MANIFOLD AND MULTIPLICITY RESULTS FOR A CLASS 1309

which is independent of u. We now show that there exists p1 > 0 such that
®,(3) > 0. Using (1.2) and (3.3), we get

g”'"/1 W (t,u(t))dt < Kler(aj)l'fLHT =5
r Jo r(T(e) ((a=1)p+1)7

r

KT HW( |\u||P )
(@) (a=1p+ D7\ T g(0)fult)]od

S S ( w )
r(C(a)" ((—1)p+1)7 )‘fo et
= KT Pq 5 )P

o (C() ((a—1)p+1)7 (q—p> (M, (3))7 .

Thus

By (3) = M (5) — % /0 W, u(t))dt

B3

KTitr(e=3) g »
> ML) - e (L) @)

. 1+r((x—%) ';
SN P —_) T<pq) >0
r(T(a) (a=1)p+1)7 \¢—p

for 0 < A < py, where 0 is the constant given in (3.18) and

9—P

_ (a=p) (@) (@ - Vp+ >%< (M) (= D5+ DF g=p,; )
) |

apllgll e T H5 K73 qp

The same arguments used in the proof of Lemma 3.8 show that ®, has exactly
two critical points which correspond to the local minimum and local maximum.
Moreover, there exists s; > 0 such that syu € N/\Jr and Jy(sou) < 0. The proof
of Lemma 3.10 is now completed. O

Remark 3.11. In what follows, let us define A\ as
(3.19) Ao = min(po, fi1)-
Note that if 0 < A < Ag, then all the above Lemmas hold true.

Lemma 3.12. Let u be a local minimizer for Jy on subset N/\Jr or Ny of N,
such that w & NY. Then u is a critical point of Jy.

Proof. Since u is a minimizer for Jy under the constraint
I(u) i= (J4 (), u) = 0.

Then, applying the theory of Lagrange multipliers, we get the existence of
1 € R such that

T4 (w) = I} ().
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So, we get

(JA(u),u) = p{Iy(u),u) = p@y(1) =0,
but u & NY and so ®/(1) # 0. Hence, p = 0, which gives the proof of
Lemma 3.12. (]

4. Proof of Theorem 1.1

Throughout this section, we assume that % <a<landl<r<p<gq. Let
Ao be the constant given by (3.19). Then the proof of Theorem 1.1 is based on
the following two Propositions.

Proposition 4.1. Assume that hypothesis of Theorem 1.1 are satisfied. Then,
for all 0 < X\ < Ao, Jy achieves its minimum on /\/’;‘

Proof. Since Jy is bounded below on N, and also on N ;‘ , there exists a mini-
mizing sequence {uy} C Ny such that

lim Jy(ug) = inf Jx(u).
k—o0 UEN;

As Jy is coercive on N, {ux} is a bounded sequence in Eg’p up to a sub-
sequence, there exists uy € Ej" such that

up — uy  weakly in E°P.
Let u € Eg" such that foT W (t,u(t))dt > 0. Then, from Lemma 3.9 and
Lemma 3.10, there exists s; > 0 such that s;u € N; and Jy(sy1u) < 0. Hence,

inf Jy(u) < 0.
ueNF

Since {ur} C Ny, we get

T
Tw) = (= Dl = (= 2 [ Wit (o)

which yields that

S

T
(% - é)/o W (t, up,(t))dt = (% - é)HUIch — Ja(ug).

Let k go to infinity in the above equation, we get

(4.1) /OT W (t, ux(t))dt > 0.

Now, we claim that u, — wuy strongly in Ej". Otherwise, we have
(4.2) [lux|lP < lim inf ||ug|lP.
k—o0
Since @, (s1) = 0 it follows from (4.2) that ®/, (s1) > 0 for sufficiently large
k. So, we must have s; > 1. However, sjuy € N;r and so

In(s1up) < In(uy) < lim Jy(ug) = inf Jy(u),
k—o0 ue/\/';r
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which gives a contradiction. Thus,
ur, — uy strongly in Eg?,
which implies that uy € Ny = N} UN?. In addition, it is easy to check

by contradiction that uy € N, ; . Consequently, from (4.1), uy is a nontrivial
solution of (Py). O

Proposition 4.2. Assume that hypothesis of Theorem 1.1 are satisfied. Then,
for all 0 < X\ < Ao, Jx achieves its minimum on N .

Proof. Let u € N, . Therefore, using the result in Lemma 3.10, we have the
existence of p; > 0 such that Jy(u) > py1. So, there exists a minimizing
sequence {vx} C Ny such that

(4.3) lim J,\(Uk) = inf J,\(u) > 0.
k— o0 ueNY

Moreover, since Jy is coercive, {vj} is a bounded sequence in Ej” up to a
sub-sequence, there exists vy € Ej" such that

vy — vy weakly in EjP.
Since v, € Ny, then we have
11 11 /1
- — — - — - gt ’Uktth.
-2 =0 [ sl
Let k go to infinity in (4.4), it follows from (4.3) that

1
(4.5) /O g(8) or(£)]%dt > 0,

Hence, vy € Gt and so ®,, has a global maximum at some point 5. Conse-
quently, s5vy € Ny . On the other hand, vy € N implies that 1 is a global
maximum point for ®,,, i.e.,

(4.6) TA(0k) = B4, (3) < Doy (1) = Ja(n).

Now, as in the step 1, we claim that vy — vy. Assume it is not true, then

(4.4) Ia(vg) + ( Mokll? + A(

[loa||P < lim inf ||ug]|?,
k—o0
it follows from (4.6) that

_ 3P 5ot ¢ [t
Ir(5vz) = —||uAl[P — f/ W(t,vA(t))dt—Af/ g(t)ua(t)|?dt
p T Jo q Jo

1

A

3P 3 ! 34
inf <5|yk||p_5/ W (¢, o ())dt — A\
p T Jo q

k—oc0

mmwamw)

0

IN

lim J)\(gvk) S lim J)\(Uk) = inf J)\(u),
k—o0 k—o0 ueN

which gives a contradiction. Hence, vy — v and so vy € N; UJ\/}(\J7 since
NY =0, then, v, is a minimizer for Jy on Ny . On the other hand, from (4.5),
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vy is a nontrivial solution of problem (Py). Finally, since Ny NNy = 0, uy
and vy are distinct. That is the result of Theorem 1.1 holds true. O
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