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TWO NEW BLOW-UP CONDITIONS FOR
A PSEUDO-PARABOLIC EQUATION WITH
LOGARITHMIC NONLINEARITY

HANG DING AND JUN ZHOU

ABSTRACT. This paper deals with the blow-up phenomenon of solutions
to a pseudo-parabolic equation with logarithmic nonlinearity, which was
studied extensively in recent years. The previous result depends on the
mountain-pass level d (see (1.6) for its definition). In this paper, we
obtain two blow-up conditions which do not depend on d. Moreover, the
upper bound of the blow-up time is obtained.

1. Introduction

In this paper, we consider the following model of a nonlinear pseudo-para-
bolic equation with logarithmic nonlinearity:

uy — Aug — Au = |u|?*ulog |ul, e, t>0,
(1.1) u(z,t) =0, x €I, t>0,
u(z,0) = up(z), x €,

where ug € H}(Q) and Q is a bounded domain in R” (n > 1) with smooth
boundary 0f). The parameter g satisfies

(1.2) 2<qg<+0ifn<2; 2<q< ifn > 2.

n—2

Pseudo-parabolic equation is used to describe a series of important physical
processes, such as the unidirectional propagation of nonlinear, long waves (see
[2,10]) and the aggregation of population (see [9]). Problem (1.1) also can be
referred to as Showalter equation [1]. When ¢ = 2, problem (1.1) has been
studied by Chen and Tian in [4], where the existence of global solution and
infinite time blow-up solutions are obtained. To obtain the finite time blow-up
solution, the following model was proposed:

(1.3) up — Auy — div(|Vu|P2Vu) = |u|?%ulog |ul,
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which is a mixed pseudo-parabolic p-Laplacian type equation with logarithmic
nonlinearity. In fact, problem (1.3) has been studied extensively (see for exam-
ple [3,6-8]). Especially, He et al. in [6] studied (1.3) in © with zero Dirichlet
boundary condition for the case 2 < p < ¢ < p(14+2/n), and they obtained the
solution will blow up in finite time if the initial data ug satisfies J(up) < d and
I(up) < 0, where J is the energy functional, I is the Nehari functional and d
is the mountain-pass level. The results in [6] were extended by Ding and Zhou
[5] for the case 1 < p < ¢ < p* recently, where

P =tooifn<p; pt = —2L
_

if n>p.
p

However, all the previous results depends on d, whose exact value is difficult
to computation. The main purpose of this paper is to give some blow-up
conditions which do not depend on d.

Firstly, let’s introduce some notations. Throughout this paper, we denote
the norm of L7(Q2) for 1 < v < +oc by || - ||, and the norm of H}(2) by
[ - Iz (- That is, for any u € L7(%),

Jull, = ( / |u<x>|vdx> £1 <y < +o0o;
Q

[ul[oc = ess sup [u(z)],
zeQ

ull g =/ llull3 + 1 Vull3.

Secondly, let us introduce the energy functional J and the Nehari functional I
as follows:

and for any u € H} (),

1 1 1
I =51Vl ~ o [ fullogulde + 5 ul,
(1.4) @
Iw) = () 0) = [Vl = [ Jul?log ulda,
Q

where (-, -) denotes the dual pairing between H () and H{(2). From (1.4),
we have

1 q—2 5 1
(1.5) J(u) = 6I(U) + WHVUHz + q7||u||3-
Let
(1.6) d:= ungfVJ(u)

denote the mountain-pass level, where N is the Nehari manifold, which is de-
fined by

(1.7) N = {ue H{(Q)\ {0} | I(u) = 0}.
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Similar to the proof of [6, Lemma 2], we know that d is positive and is achieved
by some u € N.

Thirdly, we denote by p the principal eigenvalue of —A operator with zero
Dirichlet boundary condition in 2. Then,

2
w1 = inf Hvu!2,
ueHI\{0} |ul3

which implies, for any u € Hg (),
1 1
(1.8) lullzy = Va3 + [lull3 < Va3 + EHVU\@ = )\THVUH%

where A1 := u1/(p1 + 1).

Definition 1.1 (Weak solution). Assume (1.2) holds. Let ug € HE(Q) and
T > 0. A function u = u(t) € L>(0,T; H}(Q)) with u, € L*(0,T; HY(Q)) is
called a weak solution of problem (1.1) if u(0)(z) = uo(x) a.e. in © and the
follow equality

(1.9) (ug,v) + (Vu, Vo) + (Vug, Vo) = (Ju|??ulog |ul,v)

with any v € Hg(Q2) holds for a.e. t € (0,T), where (-,-) means the inner
product of L?(2), that is

(6,9) = /Q () (z)d.

The main results of this paper are the following two theorems.

Theorem 1.1. Let q satisfy (1.2), ug € HZ(Y). Then the weak solution of
problem (1.1) will blow up at some finite time T provided that

(¢ —2)\
(1.10) J(uo) < THUOH?H&-
Moreover, T can be estimated by
Sqlluoll2,

(1.11) T < (4= 2)7%(q - 2)A1||u0||§15 —2qJ (uo)]’

Theorem 1.2. Let q satisfy (1.2) and ug € Hg () \ {0} satisfy

(g —2)\

(1.12) J(UO) = 2q

Juoll3s.

Then the weak solution of problem (1.1) will blow up in finite time.

We organize the rest of this paper as follows. In Section 2, we give some
preliminaries, and the proofs of the theorems are given in Section 3.
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2. Preliminaries

In this section, we give some lemmas, which will be needed in our proofs.
Firstly, we introduce the following new functionals

(2.) 7 = 7 - L2

Then, we define some sets as follows:
N* = {u€ Hy()\ {0} : J*(u) = 0},
(2.2) N* ={u € H}(Q)\ {0} : J*(u) < 0},
Nt ={ue Hy(Q)\ {0} : J*(u) > 0}.

Lemma 2.1. For u € H§(Q) \ {0}, there exists a unique A\, > 0 such that
A € N*, du € N* for A > Ay, Au € Ny for 0 < X < A,

Proof. For any u € H}(2)\ {0} and A > 0, by (1.4) and the definition of J*(u),
we have

(q — 2)/\1/\2

9 1= () = T () = L

A2 A4
SVl = 2 [ fultogujas

A1 A1 (q— 2))‘1>\2 2
A a2 e 4T 2)JMA
. logAHUHq + 2 ||U||q 2 ||UHH5

Then ¢'(\) = Af(\), where
q—2)\ _ _
£0) = 19l = =22 a2y - 312 [ g ol — 202 tog Al
Since
PO =312 (2= ) [ ulttog ulds + 2~ ) log Al - ]

if we choose

b= o (2ol o e
(g —2)[lullg
it follows f/(Asx) =0, f'(A) > 0 for 0 < A < Ay and f/(A) < 0 for A > A,
Since (by (1.8))

. (q — 2))\1 2)\1
lim FO) = [Vull§ = === ully = = Flullfyy >0
and
AEIJ?oof()\) =%

we deduce there must exist a Awx > Awx such that f(Aww) =0, f(A) > 0 for
A € (0, Ass) and f(A) < 0 for A € (Awsr, +00). Then we can get ¢'(Aiws) =
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AisrfQss) = 0, /(X)) = Af(X) > 0 for A € (0, M\ws) and g’ (A) = Af(N) < O for
A € (Miss, +00).

Moreover, since limy_,o g(A) = 0 and limy_, o g(A\) = —00, there must exist
a unique A, > A such that g(A) =0, g(A) > 0 for A € (0, A.) and g(A) <0
for A € (As, +00). O

Lemma 2.2. Let N and N* be the sets defined in (1.7) and (2.2), respectively.
Then N* NN = 0.

Proof. We argue by contradiction. If there exists a u € N* N N, then we have
ue Hj \ {0} and (by I(u) =0 and (1.5))

1
=

q—2 2
J(u) = WHVUHﬁ . |ullg-

Then it follows from J*(u) = 0 and (1.8) that

0=J*u)=J(u) — %HUH%&

(g—2)\

_ -2 2 1 2
= Tq”VUHz + ?HUHg T Il

q—2

1 1
_ 1 “ 2 2 - q - q
=3 (IVullz = Axlfullg) + 7 [ull§ = qQIIUIIq >0,

which is a contradiction. O

Lemma 2.3. Let q satisfy (1.2) and uw = u(t) be a weak solution of (1.1).
Then J(u(t)) is non-increasing with respect to t.

Proof. By the definition of J(u(t)), we obtain

d
(2.3) —J(u(t)) = / Vu~Vutdzf/ |lu|9 2wy log |ulda.
Let v = uy in (1.9) of Definition 1.1, we get
l|e]|2 —|—/ Vu - Vugde + ||V ||3 = / |u|9 % uuy log |uldz,
Q Q

which, together with (2.3), implies

d
(2.4) 27 w®) = =3 = [Vue |3 < 0.
Hence J(u(t)) is non-increasing with respect to t. O

3. Proof of the theorems

Proof of Theorem 1.1. Let u = u(t) be a solution of problem (1.1) with initial
value ug satisfying the assumptions. We denote by 7' the maximum existence
time of u. Firstly, we prove the solution will blow up in finite time.
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If (1.10) holds, from (1.5) and (1.8) we obtain (note g > 2)

2—q 1
I(uo) = THVUoH% - QHUOHZ +qJ (uo)
2—qg)A
(5.) < BN g2 + o)
< 0.

Moreover, it holds
(3.2) I(u(t)) <0, Vt €[0,T).

In fact if it is false, by the continuity of I(u), there exists a ¢ty € (0,7") such
that

(3.3) I(ulto)) = 0 and I(u(t)) <0, Vi € [0, ).
Since
B4 5 (30l ) = [ julriog ulds — 190l = ~1(u(0) > 0. ¥t € [.t0),

ie, ||u||§lé is strictly increasing with respect to ¢, then we get

(¢ —2)\

q—2)\
(3.5) Tu0) < S22 a2 < L2 g 7,
On the other hand, by (1.5), (1.8), (3.3) and Lemma 2.3, we have
q—2)\ q—2
U2 o)y < L 2Nl < Slulte) < Tuo),

which contradicts (3.5), so we obtain I(u(t)) < 0 for all ¢ € [0,T).

Furthermore, we only need to consider the case that J(u(t)) > 0 for all
t € [0,7). Indeed, if there exists a to such that J(u(fp)) < 0, combining
with (3.2), we have J(u(ty)) < d and I(u(tp)) < 0. Then by taking ¢y as the
initial time we get the solution blows up in finite time by a similar proof as in
[6, Theorem 3].

Next, we will prove the solution u(t) will blow up in finite time by contra-
diction. Assume u(t) exists globally and let

q

U(t) := %Hu(t)ﬂig TR
Then, it follows from (3.4), (2.4), (1.5) and (1.8) that
U(t) = —I(u(t)) +

J(u(t)), t >0

w2
(g—2)M Ho

q—2 5 1 q
5 IVu®llz + 6||U(lf)||q —qJ (u(t))

Y

Y

L2 IVut)l ~ a7 u(t)
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—2)\
> =220y, — ()
oo M —
= (0= 2 |50y — T w()
— (¢ 2)At(t)
and
(0) = 2 uo 2y — —L (o) > 0
= 5 0 H& (q — 2))\1 0 )
which, combining with J(u(¢)) > 0, implies
(3. Sl 2 9(6) = ()@, > 0.

On the other hand, by Hélder’s inequality, (2.4) and J(ug) > J(u(t)) > 0,

we have
t
ug + / urdT
0 H}

t
< lluol 5 + / letr g3

1
t 2
1
< uollny +2% ( [ lurlgr)

< [luoll gy + 2 (J (ug) — J(u(t)))*
< [luoll gz + 2 (J (u0))*.
Combining with (3.6), we obtain

(a=2)Mqt 1 1
V2¢(0)e™ 2 < luollaz +2(J(uo))?,
which is impossible when t is sufficiently large. So the assumption is false and
then wu(t) blows up in finite time.
The above arguments show that the maximal existence time 7' < +oo. Next,
we give an upper bound estimate of T. For any T € (0,7, let

()l g =

t
37 G ;:/O lu(m) 3y dr + (T = )lluol%y + alt +8)2, ¢ € 0,71,
where «, (3 are two positive constants which will be specified later.
Then, for any t € [0,T], by a simply computation, we obtain
G(0) = TluolZ, +ap? >0,
(3.8) G'(t) = lu®lF; — luollfy + 20t + 8) > 2a(t + ) > 0,
G'(0) > 2a8 > 0,
and

G"(t) = —2I(u(t)) + 2«
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> (g~ DIV + 20l ~ 20700)
> (¢ DIVul) - 247u(t)
> (4= 20l ~20700) +20 [ fueliytn
> (4= 2ol — 20 000) + 2 [ g

> 0.

Thus, we can get _
G(t) > G(0) > 0, t € [0,T].

- (/Ot ||u(7')||fqéd7.>%’ V() = (/Otm”%[édT);.

By using Holder’s inequality, we have

Uot lu(7) |33 dr + ot + 5)2} Uot lur |32 dr + a}

1 2
- |30l - oz + a<t+ﬁ>}

Let

1 d 2

= [0 +ale+ 8] 20 +a) =[5 [ luliyar-+ate+5)
2

> [42(0) [ |u||H01uT||H01dT+a<t+m}

[12(

> [1(t) +a(t + B) ] [v2<t>+a]— (v (t) + alt + )]
— [Vapu(t ] —2a(t + B)u(t)v(t) + [Valt + B)u(t)]”

= [Vau(t) - va(t+ B)v(t))* >0

Then we obtain

—(G'(1)?

4 (1<|u<t>|ip ~ Juoli%y) +a<t+/3>>

(/ |lu(r ||H1d7'—|—ozt—|—6 ></ |uT||H1dT+oz)

~ 4 (300l ~ ool +a(t+ﬂ)>2
~ (610 - = Ollwaliy) ([ el +a)
4G (/Ot |3 + a> .

v
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The above calculations show that
t
66" () - 260 = 6o) (60 20 ([ lueliyyar +a )
0 0

> G(t) ((a =2 luol3y — 2 (uo) — 2qa)
We choose a small enough, such that
0
. 0. £
(39) ac(0.2].
where ¢ := (g — 2)A1[Juoll3, — 2¢J(uo) > 0, then it follows that G(¢)G"(t) —
0
HEWr20. N
Let F(t) := G2 (t) for t € [0,T], then by G(t) > 0, G'(t) > 0, ¢ > 2 and
the above inequality, we get
—2 q
F'(t) = —qTG‘E(t)G’(t) <0,

q+2

% q—2 , a2 " 9~y 2
F(t) = =6 ) (Goe ) - H@'0)?) <o,
It follows from F”(¢) < 0 that

1
(3.10) F(T)-F0)=T / F/(0T)do < F'(0)T.
0
By (3.8) and the definition of F'(¢), we obtain
F(0) =G (0) >0,
F(T) =G> (T) >0,
- 2 q q
F'(0) = —15=G74H0)E(0) = (2 - q)aBGH(0) <0,
which, combining with (3.10), implies
< F(T)  F(0) - F(0) _ G(0) .
Fr(0)  F'(0) ~ F'(0)  (q—2)aB
Then it follows from (3.8) that
7o T||U0||§13 +ap? _ ||U0||fqé B ’
= (g=2)p (¢=2)ap"  q-2
Hence, letting T — T, we have

VT € [0, 7).

[[ol|
< mop, B
(¢=2)ap"  q-2
Let 8 be large enough such that

ol

(3.11)
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then by (3.11), we can get

T < ap?
= (¢=2)aB — JuolF,

In view of (3.9) and (3.12), we define

_ | 0 o2,
A._{(a,ﬁ).ae (O’Qq] B e (((12)&700

_ e (Mol o 2qlluoll%,

{(a, )ia€ (@—2)6’2(1] B e ((q_Q)Q’

2
T < inf ob 57—
(.B)en (¢ = 2)af — [Juoll7,

then

Let ¢ = af and
¢B
(@~ 2)C — ol

Since f(8,¢) is decreasing with ¢ and we obtain

T<  wff (ﬂ, Qﬂ)
<2quo§{1 ) 2q
ge

f(B,¢) =

0
@—2e >

B . 0B
= inf 5
2alluo 2,y (g —=2)ob = 2qluoll,

FE| —@=me »>®

_ 0p? :

= — — 3 aallug 2,
(7= 2)eB — 2qlluollyy, 1= " =

B 8Q||UOH§I[%
(¢—2)%

Hence, by the definition of ¢, we get (1.11).

=)}

O

Proof of Theorem 1.2. Let ug € Hg(2) \ {0} satisfy (1.12), i.e., ug € N* and

u = u(t) be the corresponding solution, whose maximal existence time is 7.

By (2.4) and (3.4), we obtain

d
(3.13) 2 (u(®) = =luell3y
and

d

(3.14) il = =21 (u(®).
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By (1.5), (1.8) and (1.12), we have

2—q 1
I(ug) = ~—— [ Vuoll3 — 6”%”3 +qJ (uo)

2
2—gq (g—2)\
T”VUOH% + THUOH?{&

(2—qg\ (@ —2)\1 2
- — T”“OHH&

IN

IN

leuollZy +

=0.

We assert that I(ug) < 0. In fact, if I(up) = 0, since ug # 0, then ug € Nj;
hence, we get ug € N N N*. However, by Lemma 2.2, this is impossible.
Actually, we may claim that

(3.15) I(u(t)) < 0, Vt € [0,T).

Otherwise, there is a tg € (0,7T) such that

(3.16) I(u(ty)) =0,
and
(3.17) I(u(t)) <0, Vt € [0,tp).
Then it follows from (3.14) that
d
(3.18) %HUH%I& = —2I(u(t)) >0, Vt € (0,t).

Thus, by (1.12) and (3.18), we obtain

(g—2)\ (g —2)\

(3.19) Tw) = L2 ol < Juto) 2.

On the other hand, it follows from (1.5), (1.8) and (3.13) that
(q—2)A q—2
2 o)y < L2 19 ult0) 3 < (ulto)) < (o)

which contradicts (3.19). So (3.15) holds.
Then by (3.13) and (3.14), we get

d . d (g —2)A 2
g ) = 5 ) = S
= el + MI(u(t))
(q—2)\
. I(u(t))
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Since J*(ug) = 0, the above inequality implies that there must exist a ¢, > 0
such that J*(u(t,)) <0, i.e.,

R

If we set t, as the initial time, then by Theorem 1.1, we know that u blows up
in finite time. U
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