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SOME RECURRENT PROPERTIES OF LP -SASAKIAN

NANIFOLDS

Venkatesha and Somashekhara. P.

Abstract. The aim of the present paper is to study certain re-
current properties of LP -Sasakian manifolds. Here we first describe
Ricci η-recurrent LP -Sasakian manifolds. Further we study semi-
generalized recurrent and three dimensional locally generalized con-
circularly φ-recurrent LP -Sasakian manifolds and got interesting re-
sults.

1. Introduction

In 1989, Matsumoto [5] introduced the idea of LP -Sasakian manifolds.
Later on, the authors Mihai and Rosca [7] developed independently on
LP -Sasakian manifolds. During last two decades, the notion of LP -
Sasakian manifolds has been studied by De et. al. [3], Shaikh et. al. [11]
and many others such as [1, 6, 8] etc.,

On the other hand, the study of recurrent manifolds began with the
work of Walker [13] and the idea of generelized recurrent manifold with
non-zero associated 1-form was studied by De and Guha [2]. In [10],
Ruse had shown that if the associated 1-form becomes zero, then the
manifold reduces to a recurrent manifold. Next, Bhagwat Prasad [9]
originated semi-generalized recurrent manifolds. Recently, Venkatesha
et al. [12] introduced and studied hyper generalized φ-recurrent and quasi
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generalized φ-recurrent Sasakian manifold. During last five decades, the
idea of recurrent manifolds has been weakened by many geometers with
different structures.

Incited by the above studies, we made an attempt to study in this
paper some recurrent properties of LP -Sasakian manifolds. In Section
2, we have given some basic concepts and preliminaries of LP -Sasakian
manifolds which is needed throughout the paper. We have dealt Ricci
η-recurrent LP -Sasakian manifolds in Section 3. Section 4 has concen-
trated to the study of semi-generalized recurrent LP -Sasakian manifolds.
Here we have shown that the linear combination of 1-forms is always
zero and the manifold becomes η-Einstein. Lastly we proved that three
dimensional locally generalized concircularly φ-recurrent LP -Sasakian
manifold is a space of constant curvature.

2. Preliminaries

An n-dimensional differentiable manifold M is said to be an LP-
Sasakian manifold [7] if it admits a (1, 1) tensor field φ, a unit time
like vector field ξ, a 1-form η and a lorentzian metric g which satisfies

η(ξ) = −1, g(X, ξ) = η(X), φ2X = X + η(X)ξ,(1)

g(φX, φY ) = g(X, Y ) + η(X)η(Y ), ∇Xξ = φX,(2)

(∇Xφ)(Y ) = g(X, Y )ξ + η(Y )X + 2η(X)η(Y )ξ,(3)

for any X, Y ∈ TpM , where ∇ denotes the operator of covariant differ-
entiation with respect to the Lorentzian metric g. It can be easily seen
that in an LP-Sasakian manifold, the following relations hold:

φξ = 0, η(φX) = 0, rank φ = n− 1.(4)

Again, if we put

Ω(X, Y ) = g(X,φY ),

for any X, Y ∈ TpM , then the tensor field Ω(X, Y ) is a symmetric (0, 2)
tensor field [5]. Also, as the vector field η is closed in an LP-Sasakian
manifold, we have [5, 7]

(∇Xη)(Y ) = Ω(X, Y ), Ω(X, ξ) = 0,(5)

for any X, Y ∈ TpM ,
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Let M be an n-dimensional LP -Sasakian manifold, then the following
relations hold [5]:

R(X, Y )Z = g(Y, Z)X − g(X,Z)Y,(6)

S(X, ξ) = (n− 1)η(X),(7)

S(φX, φY ) = S(X, Y ) + (n− 1)η(X)η(Y ),(8)

for any X, Y, Z ∈ TpM , where R is the Riemannian curvature tensor and
S is the Ricci tensor of the manifold.

Also in a three dimensional Riemannian manifold, we have

R(X, Y )Z = g(Y, Z)QX − g(X,Z)QY + S(Y, Z)X − S(X,Z)Y

−r
2

[g(Y, Z)X − g(X,Z)Y ],(9)

where Q is the Ricci operator i.e., g(QX, Y ) = S(X, Y ) and r is the
scalar curvature of the manifold.
Putting Z = ξ in (9) and then by using (6), we have

η(Y )QX − η(X)QY =
(r

2
− 1
)

[η(Y )X − η(X)Y ].(10)

Again putting Y = ξ in (10) and by virtue of (4) and (7), yields

QX =
1

2
(r − 2)X +

1

2
(r − 6)η(X)ξ,(11)

S(X, Y ) =
1

2
(r − 2)g(X, Y ) +

1

2
(r − 6)η(X)η(Y ).

Substituting (11) in (9), we get

R(X, Y )Z =
(r − 4)

2
[g(Y, Z)X − g(X,Z)Y ] +

(r − 6)

2
[g(Y, Z)η(X)ξ

−g(X,Z)η(Y )ξ + η(Y )η(Z)X − η(X)η(Z)Y ].(12)

Definition 2.1. An n-dimensional LP -Sasakian manifold M is said
to be η-Einstein if its Ricci tensor S is of the form

S(X, Y ) = αg(X, Y ) + βη(X)η(Y ),

for any vector fields X and Y , where α and β are constants. If β = 0,
then the manifold M is an Einstein manifold and if α = 0, then the
manifold is a special type of η-Einstein.
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3. Ricci η-recurrent LP -Sasakian manifolds

Definition 3.1. The Ricci tensor of an n-dimensional LP -Sasakian
manifold is said to be η-recurrent if its Ricci tensor satisfies:

(∇XS)(φ(Y ), φ(Z)) = A(X)S(φ(Y ), φ(Z)),(13)

for any X, Y, Z ∈ TpM , where A(X) = g(X, ρ), ρ is the associated vector
field of the 1-form A.

If the 1-form A vanishes, then the Ricci tensor is said to be η-parallel
and this notion for Sasakian manifold was introduced by Yano [14].

Now it follows from (13) that

∇ZS(φ(X), φ(Y ))− S(∇ZφX, φ(Y ))− S(φ(X),∇ZφY )(14)

= A(Z)S(φ(X), φ(Y )).

By using (2), (3) and (8) in (14), we get

(∇ZS)(X, Y ) = η(X)[S(Z, φY )− (n− 1)Ω(Z, Y )] + η(Y )[S(φX,Z)

−(n− 1)Ω(Z,X)] + A(Z)[S(X, Y ) + (n− 1)η(X)η(Y )].(15)

Hence we can state the following:

Theorem 3.2. In an n-dimensional LP -Sasakian manifold, the Ricci
tensor is η-recurrent if and only if (15) holds.

Putting X = Y = ei in (15), let ei be an orthonormal basis of the
tangent space at each point of the manifold, taking the summation over
i, 1 ≤ i ≤ n, we have

dr(Z) = [r − (n− 1)]A(Z).(16)

If the manifold has a constant scalar curvature r, then it follows from
(16) that

A(Z) = 0,∀Z.
Hence we can states the following:

Theorem 3.3. If a n-dimensional Ricci η-recurrent LP -Sasakian man-
ifold M is of constant scalar curvature, then the Ricci tensor of M is
η-parallel.

Again putting X = Z = ei in (15) and taking summation over i,
1 ≤ i ≤ n, we get

dr(Y ) = κη(Y ) + S(Y, ρ) + (n− 1)η(Y )η(ρ),(17)
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where κ =
∑
S(φei, ei). Using (16) in (17) yields

[r − (n− 1)]A(Y ) = κη(Y ) = S(Y, ρ) + (n− 1)η(Y )η(ρ).(18)

On plugging Y = ξ in (18), yields

κ = [(n− 1)− r]η(ρ).(19)

Considering (19) in (18), we get

S(Y, ρ) = [r − (n− 1)]g(Y, ρ) + [2(n− 1)− r]η(Y )η(ρ).(20)

This leads us to the following:

Theorem 3.4. If the Ricci tensor in an n-dimensional LP -Sasakian
manifold is η-recurrent, then its Ricci tensor along the associated vector
field of the 1-form is given by (20).

Replacing Y = φY in (20) and by virtue of (1), we get

S(Y,C) = Ng(Y,C),(21)

where N = (r − (n− 1)) and C = φρ.
Hence we can state the following;

Theorem 3.5. If the Ricci tensor in an LP -Sasakian manifold is
η-recurrent, then k = (r − (n − 1)) is an eigen value of Ricci tensor
corresponding to the eigen vector φρ.

4. Semi-generalized recurrent LP -Sasakian manifolds

Definition 4.1. An n-dimensional Riemannian manifold is said to
be semi-generalized recurrent manifold if its curvature tensor R satisfies
the relation

(∇XR)(Y, Z)W = A(X)R(Y, Z)W +B(X)g(Z,W )Y,(22)

where A and B are two 1-forms, B is non-zero, ρ1 and ρ2 are two vector
fields such that

g(X, ρ1) = A(X), g(X, ρ2) = B(X),(23)

for any vector field X and ∇ be the covariant differentiation operator
with respect to the metric g.

Definition 4.2. A Riemannian ManifoldM is said to be semi-generalized
Ricci-recurrent LP -Sasakian manifold if

(∇XS)(Y, Z) = A(X)S(Y, Z) + nB(X)g(Y, Z).(24)
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Taking cyclic sum of (22) with respect to X, Y, Z and then by using
second Bianchi identity, we have

A(X)R(Y, Z)W + A(Y )R(Z,X)W + A(Z)R(X, Y )W(25)

+B(X)g(Z,W )Y +B(Y )g(X,W )Z +B(Z)g(Y,W )X = 0.

Contracting (25) with respect to Y and U , we get

A(X)S(Z,W )− g(R(Z,X)ρ1,W )− A(Z)S(X,W )(26)

+nB(X)g(Z,W ) + g(X,W )g(Z, ρ2) +B(Z)g(X,W ) = 0,

Again contracting above equation over Z and W , we obtain

rA(X) + (n2 + 2)B(X)− 2S(X, ρ1) = 0.(27)

Putting X = ξ in (27) and by virtue of (7) and (23), we get

r =
1

η(ρ1)
{2(n− 1)η(ρ1)− (n2 + 2)η(ρ2)}.(28)

For LP -Sasakian manifold η(ρ1) 6= 0, and so we can state the following:

Theorem 4.3. Let M be an semi-generalized recurrent LP -Sasakian
manifold, then the scalar curvature r is given by (28).

On plugging Z = ξ in (24), we get

(∇XS)(Y, ξ) = A(X)S(Y, ξ) + nB(X)g(Y, ξ).(29)

By virtue of (5) and (7) in (29), yields

(n− 1)g(X,φY )− S(X,φY )(30)

= (n− 1)A(X)η(Y ) + nB(X)η(Y ),

Again plugging Y = ξ in (30), we obtain

A(X) =
n

1− n
B(X).(31)

This leads us to the following:

Theorem 4.4. In an n-dimensional semi-generalized Ricci recurrent
LP -Sasakian manifold, the 1-forms A and B is always linearly dependent
to each other.

Replacing Y by φY in (30), we get

S(X, Y ) = (1− n)g(X, Y ) + 2(1− n)η(X)η(Y ).(32)

Hence we can state the following:
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Theorem 4.5. An n-dimensional semi-generalized Ricci recurrent
LP -Sasakian manifold is η-Einstein.

5. On three dimensional locally generalized concircularly φ-
recurrent LP -Sasakian manifold

Definition 5.1. A three dimensional LP -Sasakian manifold is said
to be locally generalized concircularly φ-recurrent if its concircular cur-
vature tensor C̃ defined by [14]

C̃(X, Y )Z = R(X, Y )Z − r

6
[g(Y, Z)X − g(X,Z)Y ],(33)

satisfies the condition

φ2((∇W C̃)(X, Y )Z)(34)

= A(W )C̃(X, Y )Z +B(W )[g(Y, Z)X − g(X,Z)Y ],

for all vector fields X, Y, Z and W orthogonal to ξ.

Taking covariant derivative of (9) with respect to W , we get

(∇WR)(X, Y )Z =
dr(W )

2
[g(Y, Z)X − g(X,Z)Y ]

+
r − 6

2
[g(Y, Z)(∇Wη)(X)ξ − g(X,Z)(∇Wη)(Y )ξ(35)

+(∇Wη)(Y )η(Z)X − (∇Wη)(Z)η(Y )X

−(∇Wη)(X)η(Z)Y − (∇Wη)(Z)η(X)Y ] +
dr(W )

2
[g(Y, Z)

η(X)ξ − g(X,Z)η(Y )ξ + η(Y )η(Z)X − η(X)η(Z)Y ].

If we take X, Y, Z and W orthogonal to ξ, we obtain

(∇WR)(X, Y )Z =
dr(W )

2
[g(Y, Z)X − g(X,Z)Y ]

+
r − 6

2
[g(Y, Z)Ω(W,X)ξ − g(X,Z)Ω(W,Y )ξ].(36)

Now equation (36) reduces to

φ2((∇WR)(X, Y )Z) =
dr(W )

2
[g(Y, Z)X − g(X,Z)Y ].(37)
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Taking covariant differentiation of (33) with respect to W , we get

(∇W C̃)(X, Y )Z(38)

= (∇WR)(X, Y )Z − dr(W )

6
[g(Y, Z)X − g(X,Z)Y ].

From which it follows that

φ2((∇W C̃)(X, Y )Z)(39)

= φ2((∇WR)(X, Y )Z)− dr(W )

6
[g(Y, Z)X − g(X,Z)Y ].

By virtue of (34), (37) in (39), we get

R(X, Y )Z(40)

=

(
r

6
− B(W )

A(W )
+
dr(W )

3A(W )

)
[g(Y, Z)X − g(X,Z)Y ].

In a locally generalized concircularly φ-recrrrent LP -Sasakian manifold
A(W ) 6= 0. On contracting with respect to W , we obtain

R(X, Y )Z = γ[g(Y, Z)X − g(X,Z)Y ],(41)

where γ = { r
6
− B(ei)

A(ei)
+ dr(ei)

3A(ei)
} is a scalar. Then by Schur’s theorem [4]

γ will be constant.
Hence we can state the following:

Theorem 5.2. A three dimensional locally generalized concircularly
φ-recurrent LP -Sasakian manifold is a space of constant curvature.
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