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ABSTRACT. In this paper, we show the existence and uniqueness of solution
to stochastic differential equations under weakened Holder condition and
a weakened linear growth condition. Furthermore, the properties of their
solutions investigated and estimate for the error between Picard iterations
zn(t) and the unique solution z(t) of SDEs.
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1. Introduction

The inclusion of random effects in differential equation leads to two distinct
classes of equations, for which the solution processes have differentiable and non-
differentiable sample paths, respectively. They require fundamentally different
methods of analysis. The first, and simpler, class arises when an ordinary dif-
ferential equation has random coefficients, a random initial value or is forced by
a fairly regular stochastic process, or when any combination of these holds. The
equations are called random differential equations and are solved sample path
by sample path as ordinary differential equations.

The second class occurs when the forcing is an irregular stochastic process
such as Gaussian white noise. The equations are written symbolically as stochas-
tic differentials, but are interpreted as integral equations with It6 or Stratonovich
stochastic integrals. They are called stochastic differential equations, which
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we shall abbreviate by SDEs, and in general their solutions inherit the non-
differentiability of sample paths from the Wiener processes in the stochastic
integrals.

Mao Xuerong had investigated the following SDEs;

da(t) = f (x(t), t) dt + g (x(t),t) dB(t), (1)
on the closed interval [tg,T], t¢ < T in his book [1], and be obtained that if

Lipschitz condition (2) and linear growth condition (3) hold, namely, for any
z,y € R and t € [to, T), it follows that

|f(x,t)—f(y7t)|2\/|g(a:,t)—g(y,t)|2 §F|m—y‘2, K > 0. (2>
For any (z,t) € R? x [tg, T}, it follows that
(2, 8)*V |g(z,t)* < K (1+2]*), K >0 ()

then (1) had a unique solution x(t), moreover x(t) € M2 ([to, T]; R%).

After that the studies of the existence and uniqueness theorem of the SDEs
has been conducted in [1], [3]-[9]. Motivated by [7], we will investigate the
existence and uniqueness theorem of the solution for SDEs at a phase space
M? ([to, T); Rd) in this paper. We still take ¢y € R as our initial time throughout
this paper. And we want to prove our main results as follows; first, under
the weakened Holder condition and the weakened linear growth condition, we
estimate bounded of the solution for SDEs. Next, we prove the existence and
uniqueness theorem of the solution for SDEs. Finally, we derived the estimate

for the error between Picard iterations x,(t) and the unique solution x(t) of
SDEs.

2. Preliminary

Let one norm | - | denote Euclidean in R™. If A is a matrix or vector its
transpose is denoted by AT If A is a matrix, its trace norm is represented by
|A] = y/trace (AT A). Throughout this paper unless otherwise specified, let tg
be a positive constant and (Q, F, P) be a complete probability space with a
filtration {F:}i>e, satisfying the usual conditions.(i.e it is right continuous and
Fi, contains all P-null sets.) Assume that B(t) = (By(t), Ba(t),- -+ , Bm(t))T be
consider the d-dimensional stochastic differential equation of Itd type

dz(t) = f(x(t),t)dt + g (x(t),t)dB(t), on to<t<T (4)

with initial value x(to) = z¢, where f : R? x [to, T] — R% and g : R x [to, T] —
R4*™ be both Borel measurable. By the definition of stochastic differential, this
equation is equivalent to the following stochastic equation:

x(t):x0+/t f(a:(x),s)ds—i—/ g(@(s),8)dB(s) on to<t<T.  (5)

to
To be more precise, we give the definition of the solution of the equation (4)
with initial data.
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Definition 2.1. R%valued stochastic process z(t) defined on to < t < T is
called the solution (4), if 2(¢) has the following properties;

(i) x(¢) is continuous and {z(t) }+,<i<7 is Fi-adapted;

(i) {f(2(6), 1)} € L1 ([to, T]; BY) and {g(a(t), 1)} € £2([to, T); R

(iii) equation (5) holds for every t € [to, T] with probability 1.

A solution {z(t)} is said to be unique if any other solution {Z(¢)} is indistin-
guishable from {xz(¢)}, that is

P{x(t) =z(t) forallty<t<T}=1.

The following lemmas are known as special name for stochastic integrals which
was appear in [1] or [2].

Lemma 2.2. (Stachurska’s inequality) [2] Let u(t) and k(t) be nonnegative
continuous functions for t > a , and let u(t) < a(t) + b(t) fat k(s)uP(s)ds,
t € J = [a,B), where § is nondecreasing function and 0 < p < 1. Then

u(t) < aft) (1 —(p-1) {Zg))r‘l /atk(s)bp(S)ds>

Lemma 2.3. (Holder’s inequality) [1] If % + % =1 for any p,q > 1, f € LP,
and g € L9, then fg € L' and f; fgdx < (ff \f|pdz); (f: |g|qdz>a.

Lemma 2.4. (Moment inequality) (1] If p > 2, g € M?*([to,T] : R™>*™) such
that Eftf lg(s)|Pds < oo, then

P = 5 T
E| su <2 ) 7% FE s)|Pds.
<0§t£T ) B (2(19_ 1)) to l9ts)1

In order to attain the solution of (4) we impose following assumptions.
(H1) (Weakened Holder condition) For any x,y € R? and t € [to,T], we
assume that

[f(2,t) = fly. O Vg(x,t) — gy, O)* < Kl —y[*,

where K is a positive constant and 0 < a < 1 is a constant.
(H2) (Weakened linear growth condtion) For any ¢ € [to,T] it follows that
1(0,),9(0,t) € L2([to, T)) it follows that

p—1

/ " g()dB(s)

to

[£(0,1)]* v 19(0,1)]* < K,

where K is a positive constant.
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3. Main Results

In order to obtain the existence of solutions to SDEs, let xo(t) = =z for
to <t <T. For each n =1,2,---, and define Picard sequence
¢ t
ont) =0+ [ £ (oacs(9)5)ds+ [ g(na(s),9)dB(). (6)
to tO

Now we give the existence and uniqueness theorem to the solution of equation
(4) by approximate solutions by means of Picard sequence.

Theorem 3.1. Assume that (H1), (H2) hold. Then there exists a unique solu-
tion to the SDEs (4). Moreover, the solution belongs to M?> ([tO,T]; Rd),

We prepare two lemmas in order to prove this theorem.

Lemma 3.2. Let u(t) and a(t) be continuous functions on [0,T]. Let k > 1 and
0 < p <1 be constants. If u(t) < k+ ftto a(s)uP(s)ds fort € [to,T] then

u(t) < kexp (/tt a(s)ds)
fort € [to, T) 0

Lemma 3.3. Let the assumption (H1) and (H2) hold. If x(t) is a solution of
(4), then

E ( sup |x(t)|2> < Cexp (6(T —to +4)K(T —t9)),
to<t<T
where C = 3E|xg|? + 6(T — to + 4)K(T — to) with C > 1.
Proof. For each number n > 1, define the stopping time
o =T Ninf{t € [to,T] : |z(t)| > n}.

Clearly, as n — oo, 7, T T a.s. Let x,(t) = x(t A1), t € [to,T].Then x,(t)
satisfies the following equation

an(t) = o + t f(n(s), ) I[to,fn](S)dSvL/ 9 (@n(5),8) L1ty,7,,) (s)dB(s).

to
Using the elementary (a + b+ ¢)? < 3(a? + b® + ¢?), one gets

|xn(t) ‘2

<3

2
+

2
|zo]? +

/ 90 (5), )1ty ru) (5)4B (5)

to

t
t f(@n(s), )ty ,r,1(s)ds

Taking the expectation on both sides, one sees that

B (s [on(o)7)

to<s<t
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)

<3

Elzo|* + E < sup

to<s<t

/t P (), ) gy mn (r)dr

] )]

/ g (r), ) gy ) ()i

to

+E< sup

toSSSt

By Hoélder inequality and lemma 2.3, one can show that

E( sup |xn<s>|2)
toSSSt

t i
<3 [E|xo|2 + (T —t0)E | |f(zn(s),s)ds+4E
to

ol (s). ) ds].
to
By the condition (H1) and (H2), one can show that

B (s fen(o))

togsgt

r t
§3 E‘x0|2+(T*tO)E |f(xn(8)75)*f(0’3)+f(078)‘2d3
L to

1B [ lg(en(s).5) - 9(0,5) + 9(0, ) ds]

to

<3 —E\l‘o|2+ (T—to)E/t 2 (If (@n(s),5) = f(0, )" + £(0,5)|*) ds

+4E/t (2g(xn(s),8) — g(0, ) +2[g(0, 5)[*) ds]

t
<3 [Exo|2 +2T —to+DKE [ |an(s)[>ds + 2(T — to + 4)E

to tO

de}
. t
< 3E|zof2 + 6(T — to + 4K (T — to) + 6(T — to + 4)K/ Elza(s)*ds
t
< C + G(T — to —+ 4)K/ E < sup |xn(7~)|2a> dS,
to

to<r<s
where C' = 3E|x¢|? + 6(T — to + 4)K (T — to). By the lemma 3.2
E ( sup |zn(s)|2) < Cexp (6(T —to+ 4)K(T — tg))
to<s<t

with C' > 1. We deduce that

E ( sup |zn(s A Tn)2> < Cexp (6(T —to+4)K(T —tg)) .

to<s<t

Consequently the required inequality follows by letting n — oc. O
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Proof of Theorem 3.1. To check the uniqueness, let z(t) and Z(¢) be any two
solutions of (4). By Lemma 3.3, z(t), Z(t) € M? ([to, T]; R?). Note that

x(t) —Z(t)
= [ 11609 = @) s+ [ latete).0) - a(a(e) a0
By the elementary inequality (a 4 b)* = 2(a® + b?), one then gets
(6) ~ 3(0) 2 |
<2 [[176e160.9) - state).las| +2 [ ltote). ) - o(a(6) 9B

Taking the expectation on both sides, one sees that

B (s lot) - 7))

toSSSt
2

<9F / [F(2(s), 5) — F(3(s), 5)|ds

to

/EMwwxﬁ—g@@»$w3@>

to

+2F ( sup

toSSSt

2)
By the Holder inequality and Lemma 2.3 one can show that

B (s lo) - 7(0P)

AT~ 0)E [ |f(a(s).s) — [(@(s), s)Pds (7)

to
t
HE [ Jgfa(s).s) = gla(s).5) s
to
By the condition (H1), one can show that
t
E ( sup |z(s) — x(s)|2) <2AT —to+4)E | Kla(s) —T(s)[**ds.
to<s<t to
This yields that
B (s [ofs) - 7))

to<s<t
t
<2K(T —to + 4)/ E sup |z(r) —T(r)|**ds.
to to<r<s
Therefore, by the Stachurska’s inequality, we have
E ( sup |z(s) —m(s)|2> =0.
to<s<t

Hence, we get x(t) = Z(t) for tg <t < T a.s. The uniqueness has been proved.
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Now we check the existence of the solution using Picard sequence (6). Obvi-
ously, from the Picard iterations, we have zo € M? ([to, T]; R?). By induction

zn(t) € M? ([to, T); R?), in fact

2
+

2

/ 9 (n1(5),5) dB(s)

to

f(xn-1(s),s)ds

to

|z (8)]* <3

|zol* +

Taking the expectation on both sides, one see that

’ f(@n_1(r),r)dr

)]

E( sup xn(s)|2) < 3

toSSSt

tOSSSt

Elzo|*+ E < sup

)

/ g (Enms (r).r) dB(r)

to

to<s<t

+E< sup

By Hoélder inequality and lemma 2.3, one can show that

E< sup xn(s)|2)
to<s<t
<3 [E|:z:0|2+(Tt0)E/ |f (zn_1(s),5)|* ds +4E/t |g(zn_1(s),s)|2ds].

By the condition (H1) and (H2), one can show that

E ( sup xn<s>|2)
tOSSSt

<3 [Elfﬂol2 + (T*to)E/t |f (@a-1(5),5) = £(0,5) + f(0,5)|" ds

4B [ 19 (@ar(),5) — 9(0.5) + 9(0, ) ds}

to

<3[Blaf +(T )P | (21 @rr(s).9) = F(0.5) +217(0.5)?) ds
v [ (21 (@n1(5),5) — 900, + 20900, 9)F) ds]

t t
<3 [E|:1co|2 +2(T —to+4) (KE |Zn_1(3)|**ds + E de)}

t() tO

t
< 3E|zof2 + 6(T — to + VK (T — to) + 6(T — to + 4)?/ Elzn 1 (s)]ds
to

t
<CH+6(T -t +4)F/ E( sup |;z:n_1(r)|2a> ds,
to

to<r<s
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where C' = 3E|x¢|? + 6(T — to + 4)K(T — tg). It also follows note that for any
k>,

max E< sup |xn1(s)|2a>

lsnsk \to<s<t

= maX{E|xo|2a,E< sup |x1(s)|2a> o ,E( sup xkl(s)2a>}

to<s<t to<s<t

Smax{EmFa,E( sup |x1<s>|2°‘),~~,E< sup xk<s>|2“>}

to<s<t to<s<t

< E|wo|** E|( s n(s)]* ).

< Elaol + max B (s Jou(5)* )
Therefore, one can derive that

2
2 2, 0P
< C+6(T — tg + 4)E|xo|*
t
+6(T —to + k)K max E ( sup |xn(s)|20‘) ds

to 1<n<k to<r<s
¢
=y +6(T -ty +k)K max F ( sup |xn(s)|2a> ds,
to 1Sn=k \to<r<s

where v = C' + 6(T — to + 4) E|z0|*>*. By lemma 3.2, we have

max E< sup |xn(s)|2> < vexp (6K(T —to+ 4)(T — to))

1§n§k toSSSt
with v > 1. Since k is arbitrary, for all n =0,1,2,--- , we deduce that
E ( sup |xn(5)2> < vexp (6K(T — to + 4)(T — to)) ,
to<s<t

which shows the boundedness of the sequence {z(t),n > 0}.
Next, we check that the sequence {z,(¢)} is Cauchy sequence. For all n > 0
and top <t < T, we have

Tpi1(t) — xn(t)

t
= / [f(zn(s),s) = fzn-1(s),s)]ds + / [9(zn(s), 8) — g(zn-1(s), 5)]dB(s).
to to
Using an elementary inequality (a + b)? < 2a? 4 2b? and taking the expectation
on both sides, we derive that
2)

B (s fones(s) = a9

to<s<t

[ 1 nt0)0) = sl

to

< 2E< sup

togsgt
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)

By Hoélder inequality and lemma 2.3 and condition (H1), one can show that

+2F ( sup

to<s<t

[ 9(al0).r) = glan1(0),PlaB()

to

E< Sup [2os1(s) — xn(s)F)

togsgt
i
<2(T - tO)FE/ sup |z, (r) — 1 (r)[**ds
to to<r<s
t

+8KE sup |zn (1) — zn_1(r)|?*ds.
to to<r<s

This yields that

B (s fones(s) = (9

to<s<t

¢
< 2(T —tg —|—4)?/ E < sup |xpe1(r) — xn(r)za) ds.
to

to<r<s

Let z(t) = limsup,, o, E (supy, <<t |Tns1(s) — a(5)|?), we get
gt
2(t) < 2(T —to + 4)K/ z%(s)ds.
to

By stachurska’s inequality, we get z(¢) = 0. This shows the sequence {z,(t),n >
0} is Cauchy sequence in £2. Hence, as n — 00, z,(t) — z(t), that is E|z,,(t) —
x(t)|* — 0. Therefore, we obtain that z(t) € M?([to,]; R?). Now to show that
x(t) satisfy (5)

t 2

/ [ @a(s).s) — Fa(s),)lds + / (9(2a(s).5) — g(x(s). )| dB(s)

to to

E

<2 [(T ) [ 17(en(6),5) = flale),9)Pds

4B [ Jaea(s), ) — g(a(s) s>|2ds]

to

< OT — 1y +4) /tE ( sup |wn(r) — x(r)|2°‘> ds.

to to<r<s

Noting that sequence {z,(t)} is uniformly converge on [tg, 7], it means that

E( sup |an(s) x(s)|2) -0

to<s<t
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as n — o0o. Hence, taking limits on both sides in the Picard sequence, we obtain
that

¢ ¢

x(t) = xo +/ flx(s),s)ds Jr/ g(x(s),8)dB(s). on to <t <T.
to to

The above expression demonstrates that x(t) is a solution of equation (4). So

far, the existence of theorem in complete. O

Lemma 3.4. Assume that (H1) and (H2) hold. Let x,,(t) be the Picard iterations
defined by (6). Then

E( sup xn+1(t)—mn(t)|2> < MT 1)) TF e LU ()

to<t<T
where M = 2K (T —to + 1).
Proof. We note that

a1 (t) — 2o (®)]* = |1 (t) — @0l

/t: f(@o, s)ds

Taking the expectation on both sides, we derive that

2

2
<2 +2

[ ot a0

to

2
+2F

2

E|a:1(t) — $0|2 <2F / g(.’l?o,S)dB(S)

to

t
f(zg, s)ds
to

From Hélder inequality and condition (H1) one can show that

t t

Elzy(t) — ol <2(T —to)E ) If(wo,S)\QdSJr?E/ |9(0, 5)[*dB(s)
0 to
t

< 2T —to)E [ |f(zo, ) = f(0,5) + f(0,5)|*ds
to
—|—2E/ l9(z0,5) — g(0,8) + g(0, 5)|*ds

<AT — to)E / 2 (1 (20, 5) — £(0,8)[2 + [£(0,5)[2) ds
+2E | 2((|lg(z0,8) — g(0,8)[> + [g(0, 5)|?) ds

to

t
< 4(T—t0—|—1)E/ (Kl|zo** + K) ds < C,
to

where C = 4(T — tg 4+ 1)(T — to) (K + KE(|zo|?)). That is

Ela1(t) — zo|** < (Elz1(t) — o])** < C,
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where 0 < a < 1. By the same ways as above, we compute
Blaa(t) — a1 (1)

Afﬂmwx@—fmm@us

2
+2F

2

< 9B /ﬁaﬁ@x@—gum@wB@>

to

§2U“%®E¢\ﬂm@%@—f@mﬁfﬁ+2ElIﬂm@%@—g@mﬁfw

<2AT —tg+1)E | Klzi(s) — x0|**ds
to
<2(T—ty+1)K(t—to)C*
< M(t —tg)C?,
where M = 2K (T — tg +1). That is E|za(t) — 21 (£)[2* < M(t — to)*C*". Now
we claim that for all n > 1,

Blana(t) — zal0) < (ML — 1)) =5 00" [[ =20

When n = 0,1 inequality (9) holds. We suppose that (9) holds for some n > 1,
then, we derive that for n + 1,

Elenia(t) = i1 (1)

t
<2(T - to)E/ Klzny1(s) — zn(s)[**ds
to

t n n—i+1
a(l—a™) a(l—a™) n+1 (1 — Oé)a
< ME/ M T=a (S —to) I—a (¢ ———ds
to l:H1 (]' - al)Oé o
(1—antl) nt1 ntl 11—« an i
= (MG t0) F o ]

i (1—a?)
That is (9) holds for n + 1. Hence, by induction, (8) hold for all n > 1.

Theorem 3.5. Assume that (H1) and (H2) hold. Let x(t) be the unique solution
x(t) of equation (4) and x,(t) be the Picard iteration defined by (6). Then

E(sm>@&ﬂ—%@ﬁ)§vwmﬂﬂﬂT—mD
to<t<T

for alln > 1, where C = 4(T —to + 1)(T — to)(K + KE|xo|*) and M = 2K (T —
to+1) andy =2 (M(t —ty)) "o Co" [T, L=

i=1 (1—qi)an™*"
Proof. From the Picard iteration and unique solution, we have

p(t) — a(t)

=/UWWM%ﬁ—fW@JWk+/wwwmﬂﬁ—ﬂdﬂﬁwﬂﬁ-

to to
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Taking the expectation and by Hoélder inequality and (H2) thus we have
Blan(t) — z(t)|?

AT F [ 1f(@na(s).9) = flals).9)ds
28 [ la(an1(5),9) =~ oa(e).5)ds

t

AT~ )8 [ 2 (s (9,9) ~ Sanls) o)

U n() ) — F(a(s), ) ds

+28 [ 2 tea1(5).9) - gl (5) )

Ho(rals),5) — glals), ) ds

<AT —to+ DK / (Elen(s) = xn-1(5)]** + Elza(s) — x(s)[**) ds.

Substituting (9) into this yields that

2 (s fon(s) -~ 2(o) )

togsgt

_ ZM/tM”(lanl)( . )u(lianfl)canﬁ (1 _a)an—z
< 11—« S — 0 11—« . —

to Pl (1 _ az)oz

t
+2M/ E|x,(s) — z(s)[*“ds

to

n n—i
1-a™ (1—-a)~

<2(M(T —t - ¢ -
<2(M(T  10)) 11—

t
w2t [ B ( sup fon(s) - (o)) ds
to \to<r<s

_ 117,an o™ n (1_a)an_i
where v1 =2 (M(T —to)) = C* [[,_; Uoat)aT

By lemma 3.4, we have
E ( sup Jzn(s) — x<s>|2) < 1 exp@M(T — tg))
to<s<t
with ;3 > 1. The proof is complete.

Theorem 3.6. Assume that

(i) (Linear growth condition) For allt € [to, T] and x € R%, there exists a positive
number K such that

(@, )] Vgl ) < K (1+]a]?). (10)
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(it) (Local Holder condition) For each integer n > 1, there exists a positive
constant number K,, such that for allt € [to,T] and all z,y € R?, with |x|V|y| <
n, it follows that

[f(2,) = f(y, )1V |g(x,t) = gy, 1)|* < K|z —y[*. (11)
Then there exists a unique solution x(t), moreover x(t) € M?([to, T]; RY).

Proof. For each n > 1, define truncation functions f,, and g, as follows,

= {10 HIS

f(%’t>’ |:I:| >n7

g(m7t)) ‘ml S n7
x,t) =

then f,, and g, satisfy condition (H1) and (H2). By Theorem 3.1, equation

t

tn®) =20+ [ fu(oa(s), s)ds + / gn(a(s), 5)AB(s), € [t0,T]  (12)

to tO

has a unique solution w,(t), moreover z,(t) € M?([to,T]; RY). Of course,
Zp+1(t) is the unique solution of equation

san(®) =20+ [ Frra(nsa (555 + [ gnia(na(9),5)aB(6)

to tO
on tg <t < T and z,41(t) € M?([tg, T]; R?). Define the stopping time
Tn =T Ninf{t € [to, T] : |xn ()] > n}.
Taking the expectation, and by the Holder inequality, it deduces that

Bl (t) — 2n(t)]?

/ st (a1 (), 8) — fuln(s), 8)]ds

to

2
<2F

2

128 / i1 (Tns1(5), 8) — gn(@a(s), ) dB(s)

to

< Q(T—to)E |fn+1(xn+1(s)vs) _fn(xn(s)»s”zds

to
t
F2E [ |gns1(@n11(5),8) = gn(zn(s), 5)|*ds
to

SAUT = [ [lhr(eann(9:5) = fra(wn(s). o)

+ |fn+1(xn(3)? S) - fn(xn(s), S)|2 ds
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t

A [ lgnsa (nia(5).5) = g (), 9)

2

+1gn+1(n(9), 8) = gn(@a(s), 5)|*| ds.
For ty <t < 7,, we have known that
for1(wn(s),8) = fu(wnls), s) = f(xn(s),s),
gn+1(2n(8),8) = gn(n(s), s) = g(xn(s), 5).
Moreover one then gets that

B s frnia(s) -~ anlo)?)

to<s<t
t
SAUT ~t))E | |fos1(@nr1(5),8) = fusr(zals), s)| ds

to

t
4B / (1 (@ns1(5), 8) — G (T (5), ) ds
to

¢
SUT =t + DE [ Kolanaa(s) = o (s) ds,
to
This yields that

E ( sup |zn41(s) — l’n(s)|2)

to<s<t

t
<4(T —tg+ 1)Kn/ E < sup |xpa1(r) — J;n(r)|2°‘> ds.
to

to<r<s
Therefore, by the Stachurska’s inequality, one see that
E ( sup |xny1(s) — xn(s)|2) =0, t9o<t<m,
tUSSSt

this means that for ¢t <t < 7,, we always have
Tn(t) = Tpt1(t). (13)

It then deduces that 7, is increasing, that is as n — oo, 7, — T a.s. By linear
growth condition, for almost all w € €, there exists an integer ng = ng(w) such
that 7, = T as n > ng. Now define z(t) by x(t) = 2, (t), t € [to,T).

Next to verify that x(t) is the solution of (4). By (12), z(t ATy) = xn(t ATy),
and by (11), it follows that

z(tATh) :xo—i-/ " fn(x(s),s)ds—i—/ " gn(z(s),s)dB(s)

to tO

oot [ s s+ [ gtel), 1B,

to to
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Letting n — oo then yields

(AT AT
2(tANT) =m0+ / fz(s), s)ds + / g(x(s),s)dB(s)

to tO
that is

t t
o(t) =20+ [ fGals). s + [ glals).s)dB(s)
to t()
Letting n — 0o, we see that z(t) is the solution of (4), and z(t) € M?2([to, T]; RY).
So far, the existence is complete. The uniqueness is obtained by stopping our
process. The proof is complete. O

Remark 3.1. Theorem 3.1 and Theorem 3.6 shown that the Picard iteration
sequence z"(t) converge to the unique solution z(t) of the SDEs (4). In Theorem
3.5 we gives an estimate on how fast converges is. This theorem shows that
one can use the Picard iteration procedure to obtain the approximate solution
of the systems give the estimate for the error of the approximation. Also it
clearly shall show that one can use the iteration sequence procedure to obtain
the approximate solutions to the SDEs.
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