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FIXED POINT THEOREMS FOR SOME CONTRACTIVE
MAPPINGS OF INTEGRAL TYPE WITH w-DISTANCEf
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ABSTRACT. The existence, uniqueness and iterative approximations of fixed
points for some contractive mappings of integral type defined in complete
metric spaces with w-distance are proved. Four examples are given to
demonstrate that the results in this paper extend and improve some well-
known results in the literature.
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1. Introduction

Throughout this paper, we assume that R = (—o0,+00),RT = [0, +00),
Ny = {0} UN, where N denotes the set of all positive integers and

®; = {¢ | ¢: Rt — R" satisfies that ¢ is Lebesgue integrable, summable on
each compact subset of RT and fos o(t)dt > 0, Ve > 0};

P, = {¢ | ¢ belongs to ®; and satisfies that [ p(t)dt < [ @(t)dt, Yu,v €
RT with u < v};

®3 = {p| p:RT = R* is lower semicontinuous and »~1(0) = {0} };

®, ={p|¢:RT — RT is a continuous and nondecreasing function such that
@(t) = 0 if and only if ¢ = 0}.

In 2001, Rhoades [17] proved the following fixed point theorem, which is a
generalization of the Banach fixed point theorem.

Theorem 1.1. [17] Let (X, d) be a complete metric space and let T : X — X
be a mapping such that

d(Tz,Ty) < d(x,y) — ¢(d(z,y)), Vz,y€ X, (1.1)
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where ¢ € ®4. Then T has a unique fized point.

In 2002, Branciari [1] gave an interesting integral version of the Banach fixed
point theorem by introducing the concept of contractive mapping of integral type
and discussed the existence of fixed points for the following contractive mapping
of integral type in complete metric spaces.

Theorem 1.2. [1] Let T be a mapping from a complete metric space (X, d) into
itself satisfying

d(Tz,Ty) d(z,y)
/ p(t)dt < c/ p(t)dt, Vr,ye X, (1.2)
0 0

where ¢ € (0,1) is a constant and ¢ € ®1. Then T has a unique fized point
a € X such that lim,, oo T"x = a for each x € X.

The existence of fixed points for various contractive mappings of integral
type has been researched by many authors under different conditions, see, for
example, [1,7,12-16] and the references cited therein. In 2015, Liu et al. [15]
established two fixed point theorems for the contractive mappings of integral

type.

Theorem 1.3. [15] Let f be a mapping from a complete metric space (X,d)
into itself satisfying

d(fz,fy) d(z,y)
/ ¢@ﬁ§/ p(O)dt — $(d(z,y)), VoyeX,  (L3)
0 0

where (p,¢) € ®1 x P3. Then [ has a unique fized point a € X such that
lim, .o ™z = a for each v € X.

Theorem 1.4. [15] Let f be a mapping from a complete metric space (X,d)
into itself satisfying

d(fx,fy) d(x,y)
A w@ﬁgA o(t)dt —v(d(fz, fy)), Vrye X,  (14)

where (,v¢) € ®1 x ®3. Then f has a unique fized point a € X such that
lim, o [Pz = a for each v € X.

In 1996, Kada et al. [9] introduced the concept of w-distance in metric spaces
and proved some fixed point theorems for some contractive mappings under w-
distance. The results in [9] are generalizations the results of Caristi [2], Ekeland
[4] and Takahashi [18]. Afterwards, the researchers in [3,5,6,8,10,11] obtained
the existence of fixed points for some contractive mappings with w-distance.

The aim of this paper is to prove the existence, uniqueness and iterative
approximations of fixed points for some contractive conditions of integral type
with w-distance in complete metric spaces. The results presented in this paper
generalize Theorems 1.1-1.4. Four illustrative examples are constructed.
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2. Preliminaries

Recall that a self mapping f in a metric space X is called orbitally continuous
if lim,, 0o f"2 = u implies lim,, ,o, f""12x = fu for each {f"x},en, € X and
ueX.

Definition 2.1. [9] Let (X, d) be a metric space. A function p: X x X — R*
is called a w-distance in X if it satisfies the following

(p1) p(=, 2) < p(z,y) +p(y,2), Vo, y,2 € X;

(p2) for each x € X, a mapping p(z,-) : X — RT is lower semi-continuous,
that is, if {yn }nen is a sequence in X with lim, .y =y € X, then p(z,y) <
liminf,, o0 p(7, yn);

(ps) for any € > 0, there exists 0 > 0 such that p(z,2) < d and p(z,y) <4
imply d(z,y) <e.

Lemma 2.2. [9] Let X be a metric space with metric d and let p be a w-distance
in X. Let {xn}neny and {yntnen be sequences in X, let {a, tneny and {Bntnen
be sequences in RT converging to 0, and let x,y,z € X. Then the following hold:

(a) If p(xn,y) < an and p(zn,z) < By for any n € N, then y = z. In
particular, if p(x,y) =0 and p(x,z) =0, then y = z;

) If p(ny yn) < a and p(xy, 2) < By for anyn € N, then {y, }nen converges
to z;

(¢) If p(xn, Tm) < ap for any n,m € N with n > m, then {x,}nen is a
Cauchy sequence;

(d) If p(x, zp) < ap for any n € N, then {x,}nen is a Cauchy sequence.

Lemma 2.3. [14] Let ¢ € @1 and {rp}tnen be a nonnegative sequence with
lim,, oo 7n = a. Then

Tn

lim cp(t)dt:/ o(t)dt.
Lemma 2.4. [14] Let ¢ € @1 and {ry,}nen be a nonnegative sequence. Then
limy, o [o"@(t)dt = 0 if and only if lim, o r, = 0.

Remark 2.1. (1.1) is a special case of (1.3).
In fact, put ¢(t) =1 for all t € RT. It follows from ®, C ®3 that (1.3) yields
(1.1).

Remark 2.2. (1.2) is a special case of (1.3).

In fact, put ¢(s) = (1 —c¢) [ @(t)dt for all s € R, where ¢ € (0,1) is a
constant and ¢ € ®;. It follows from Lemma 2.3 and ¢ € ®; that ¢ € &3 and
(1.3) reduces to (1.2).

3. Fixed point theorems for contractive mappings with w-distance

In this section we establish four fixed point theorems for contractive mappings
(3.1), (3.19), (3.32) and (3.33) below.
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Theorem 3.1. Let (X, d) be a complete metric space and let p be a w-distance
in X. Assume that f : X — X satisfies that

p(fz,fy) p(z,y)
[ e [ et - vy, VeyeX, @
0 0
where (p,1) € ®1 x &3. Then f has a unique fized point u € X such that
p(u,u) =0, limy, 00 p(f"20,u) = 0 and limy, o0 M@ = u for each zg € X.

Proof. Firstly we show that f has a fixed point u € X. Pick an arbitrary point
2o in X and put x, = f"xo for each n € Ny. Now we consider two cases as
follows:

Case 1. xp, = Tp,—1 for some ng € N. It follows that x,,_; is a fixed point
of f and lim,, 00 f"To = Tp,—1. Suppose that p(x,,—1,Tn,—1) > 0. Making use
of (3.1) and (¢, ) € ®1 x P35, we conclude immediately that

p(In071,$n071) p(finoflvfwno—l)
/ w@ﬁ=/ o(t)dt
0 0
P(znoflﬂbnofl)
< /g P(8)dt — Y(P(ng 1 Tn1))

p(xn,o—lyxno—l)
</ o(t)dt
0

which is a contradiction. Hence p(2yy—1,Zn,—1) = 0, which means that
hm p(fnxO» x’nofl) = p(x’ﬂofl? x’nofl) = O;
n—oo
Case 2. x,, # x,_1 for all n € N. Suppose that
P(Tno—1,%n,) =0 for some nge N. (3.2)

It follows from (3.1), (3.2) and (p,v) € &1 x @3 that

p(l‘novzno%—l) p(frng—lvfmno)
/ oty = [ p(t)dt
0 0

p(a:nofl ;$n0)
/ P(E)dt — (p(itny 1. ng)) = 0,
0

P(xno 7xn,0+1)
/ p(t)dt =0,
0

which together with ¢ € ®; gives that

p(mnov ‘T’ﬂoJrl) =0. (33)
Combining (3.2), (3.3) and (p1), we know that

0

IN

IN

which yields that

O S p(xn0717xn0+1) S p(xn0717xn0> +p(xn07‘/1;n0+1) = 0)
that is,
p(mHO*laxnoJrl) = 0. (34)
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By virtue of (3.2), (3.4) and Lemma 2.2, we deduce that z,, = Zn,+1, which is
a contradiction and hence

p(Tp—1,2,) >0, VneN (3.5)
In light of (3.1), (3.5) and (¢, ) € ®; x P35, we conclude that

p(w'ruw'nJrl) p(fwn,l,fwn)
/ p(t)dt = / o(t)dt
0 0

P(Tn—1,Zn) P(Tn—1,Tn)
S/ p(t)dt — p(p(zn—1, 7)) </ o(t)dt, VneN.
0 0

By means of (3.5) and ¢ € ®;, we get that
0 < p(xn,Tpni1) < p(@pn-1,2,), YneN. (3.6)

It follows from (3.6) that {p(@n, Tn+1) fnen, is a positive and strictly decreasing
sequence. Hence there exists a constant v > 0 with

nlLH;op(xn,xn+1) = . (3.7)

Now we claim v = 0. Suppose that v > 0. In view of (3.1), (3.7), (p,¥) €
®; x &3 and Lemma 2.3, we infer that

v P(Tn,Tnt1) P(frn—1,fTn)
/ o(t)dt = lim Sup/ (t)dt = lim sup/ p(t)dt
0 0 0

n—oo n— oo

P(znflaxn)
Sme(A wmﬁw@u%hu»)

n—roo

P(Infl,mn)
< lim sup / p(t)dt — lim inf (p(zp—1,2,))

n—oo Jo
< [ ettt —v) < [ etat
0 0
which is ridiculous. Therefore, v = 0 and hence
lim p(xn,xn+1) =0. (38>
n—oo

In a similar manner, we find that

nler;op(xn+1,xn) =0. (3.9)
Now we claim that
lim p(zp,2m) =0. (3.10)
n,Mm—00

Otherwise there exists a constant € > 0 such that for each positive integer k,
there are subsequences {m(k)}, oy, {n(k)}, oy such that

m(k) >n(k) >k, p(@pk), Tmw)) >¢, VEkeN (3.11)
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For each positive integer k, let m(k) denote the least integer exceeding n(k) and
satisfying (3.11). It is clear that

P(Tprys Tmky) > € and  p(Tpy, Tmy—1) <&, Vk €N, (3.12)

On account of (p1) and (3.12), we get that, Vk € N
€ < P(Tr(k)s Tm(k))
< P(@nk) Trik)—1) + P(Tnk)—1> Tmk)=1) + P(Tm(k)—15 Tm(k))
< P( @), Trik)—1) + P(Tnk)—15 Tn(k)) + P(Tnik) Tm(k)—1) (3.13)
+ P(Zm(k)—1> Trm(k))

< P(Tp k) Tr(ky—1) + P(En(k)—15 Tn(k)) + € + P(Em)—1> Tm))-

Letting k — oo in (3.13) and using (3.8), (3.9) and (3.12), we know that

i =1l =e. .14
kiﬂgop(xn(k),xm(k)) kggop(ﬂfn(k)q,xm(k)A) € (3.14)

In light of (3.1), (3.14), (v, %) € ®; x ®3 and Lemma 2.3, we conclude that

P(fTnk)y—1:f Tmry—1)
/ p(t)dt

€ P( T (k) >Tm (k)
/ p(t)dt = lim sup/ o(t)dt = lim sup
0 0

k—o0 k—o0 0

. P( T (k) —1>Tm(k)—1)
< limsup (/ (t)dt — p(p(Tn k) -1, me(k)1)))
0

k—o0

. P(Tn(k)—1>Tm(k)—1) o
< lim SUP/ o(t)dt — liminf Y (p(Tp(k)—15 Trm(k)—1))
0 k—o0

k—o0
g/oega(t)dtﬂ)(e) </OE e(t)dt,

which is absurd. Hence (3.10) holds.
Given £ > 0 and § denotes the number appearing in (p3). It follows from
(3.10) that there exists N € N satisfying

p(xN;xn) <67 p(l'N,l‘m) <6a vnam>Na
which together with (p3) ensures that
d(pn,xm) <&, VYn,m> N.

Hence {zp}nen, is a Cauchy sequence. By completeness of X, there exists a
point u € X satisfying
lim z, = u. (3.15)
n—oo
It follows from (3.10) that for each € > 0 there exists M € N satisfying
P(Tn, ) <e, Ym>n>M,
which together with (p2) and (3.15) yields that

0< p(x’mu) < Hminfp(xnvxm) <eg Vn>M,
m—00
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which means that
lim p(x,,u) =0. (3.16)

n—oo

By means of (3.1), (3.16), (p,v) € ®1 x 3 and Lemma 2.3, we infer that

P(Fnfu) Pl )
0< / p(t)dt < / e(t)dt — Y(p(xn,u)) = 0 asn — oo,
0 0

that is,
P(frnvfu)
lim o(t)dt =0,

n— oo 0

which together with Lemma 2.4 gives that
lim p(fz,, fu) = lim p(z,41, fu) =0,
n— o0 n— o0
In light of (p1) and (3.8), we conclude that
ng(xnaf’u’) Sp(xn,xn+1)+p($n+1,fu) — 0 as n — o0,
that is,
ILm p(xy, fu) = 0. (3.17)

Combining (3.16) and (3.17) and using Lemma 2.2, we have u = fu.
Secondly we show that p(u,u) = 0. Suppose that p(u,u) > 0. In view of (3.1)
and (p, 1) € &1 x ®3, we deduce that

p(u,u) p(fu,fu)
0< / o(t)dt = / o(t)dt
0 0

p(u,u) p(u,u)
< / (t)dt — (p(u, ) < / o(t)dt,

which is a contradiction. Hence p(u,u) = 0.

Thirdly we show that f has a unique fixed point in X. Suppose that u and
v are two fixed points of f in X. Similar to the proof of (3.18), we conclude
that p(u,u) = p(v,v) = 0. Suppose that p(u,v) > 0. On account of (3.1) and
(p, 1) € @1 x B3, we get that

p(u,v) p(fu,fv)
0< / p(t)dt = / p(t)dt
0 0

p(u,v) p(u,v)
< / (1)t — p(p(u, v)) < / o(t)dt,

which is ridiculous. Consequently p(u,v) = 0, which together with p(u,u) =0
and Lemma 2.2 that v = v. This completes the proof. O

(3.18)

Theorem 3.2. Let (X, d) be a complete metric space and let p be a w-distance
in X. Assume that f: X — X satisfies that

p(fx,fy) p(x,y)
/0 o(t)dt < / oO)dt —v(p(fz,y), VayeX,  (3.19)
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where (@,19) € Py X P3. Then f has a unique fized point u € X such that
plu,u) =0, limy, oo p(fzo,u) = 0 and lim,, o f"xo = u for each xy € X.

Proof. Firstly we show that f has a fixed point u € X. Pick an arbitrary point
2o in X and put xz, = f"xo for each n € Ny. Now we consider two cases as
follows:

Case 1. xp, = Tp,—1 for some ng € N. It follows that x,,_; is a fixed point
of f and lim,, 00 f"To = Tp,—1. Suppose that p(x,,—1,Tn,—1) > 0. Making use
of (3.19) and (g, ) € ®3 x P35, we conclude immediately that

p(zno—lazno—l) p(fzno—lafmno—l)
/ oty = | o(t)dt
0 0

p(wnoflﬂinofl)
g/ o(8)dt — PP f g1, Tng—1))
0

P(Trg—1,Tng—1) P(Trg—1:Tng—1)
-/ POt = P10y 1)) < [ olt)dt,
0 0
which is a contradiction. Hence p(2yy—1,Zn,—1) = 0, which means that
lim p(f"xo, Tne—1) = P(Tng—1,Tne—1) = 0;
n—oo

Case 2. x, # xn_1 for all n € N. Suppose that (3.2) holds. It follows from
(3.2), (3.19) and (¢, 1) € g x P3 that

p(zno vzno-#l) p(fxng—lvfrno)
og/ @@ﬁ:/ o(t)dt
0 0
p(a:nofl ;Ino)
SA PO)dt — (P(ngs Tno)) <O,

which yields that
p(wno 7$n0+1)
/ o(t)dt = 0,
0

which together with ¢ € ®5 gives (3.3). Combining (3.2), (3.3) and (p1), we
know that
0< p(xn0—17xno+1) < p(xno—hxnu) +p(xn0axno+l) =0,

that is, (3.4) holds. By virtue of (3.2), (3.4) and Lemma 2.2, we deduce that
Tng = Tng+1, Which is a contradiction and hence (3.5) holds. Suppose that there
exists ¢ € N with

P(Tq, Tg41) > P(Tg—1,2q). (3.20)
In light of (3.5), (3.19), (3.20) and (p, %) € 3 x P3, we conclude that

P(Tqg—1,Tq) P(Tq,Tq+1) p(frq—1,fzq)
0</ ¢@ﬁ</ @@ﬁ:/ o(t)dt
0 0 0

p(xq—lvxq) p(xq—lvxq)
s/ @@m—w@um%»s/' o(t)dt,
0 0
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which is a contradiction. By means of (3.5), we get that
0 < p(@n,Tpi1) < P(Xpn-1,2,), YneN (3.21)

It follows from (3.21) that the sequence {p(zn,Zn+1)}nen, i positive and de-
creasing. Hence there exists a constant v > 0 with (3.7). Suppose that there
exists j € N with

p(xj,542) > p(Tj-1,2541). (3.22)
In light of (3.19), (3.22) and (¢, 1) € &3 x ®3, we conclude that

p(zj—1,%j+1) p(T5,2j+2) p(fzj—1,fzj41)
0< / o()dt < / o(t)dt = / o(t)dt
0 0 0

p(j—1,%541) P(zj-1,T41)
</ POt~ blp(ay,zi)) < [ p(t)dt,
0 0
which is a contradiction. Hence
O S p(xn; xn-‘rQ) S p(xn—lv xn-‘rl)y vn S N (323)

It follows from (3.23) that the sequence {p(xy,Znt2)}nen, is nonnegative and
nonincreasing. Hence there exists a constant b > 0 with

lim p(zy, Tpia) = b (3.24)

n—oQ

Suppose that v > 0. By virtue of (3.7), (3.19), (3.24), (p,%) € 3 x P3 and
Lemma 2.3, we gain that

b p(xnvanrQ) P(fxnfl»fxn+l)
0< / o(t)dt = lim sup/ p(t)dt = lim sup/ (t)dt
0 0 0

n— oo n—0o0

p($n71,1n+1)
< lim sup </ p(t)dt — w(p(:zzn,mn_,_l)))
0

n—oo

P(Tn—1,Tn+t1)
< lim sup / (t)dt — T inf §(p(an, Tni1))
0

n—oo n— oo

b b
< [ et - v < [ oo,
0 0
which is absurd and hence (3.8) holds. In a similar manner, we find that there

exists a constant ¢ > 0 with

lim p(@ni1,2,) = ¢ (3.25)

n—oQ

Suppose that ¢ > 0. Put limsup,,_, . p(@n, z,) = w. It follows that there exists
a subsequence {zn, }ren of {@n }nen, satisfying

lim p(zy,,zn,) = w. (3.26)
k—o00
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Using (3.19) and (¢, %) € @2 X @3, we deduce that
P(mnvxnﬁ—l) p(f£n—17f£n)
o< [ oty = [ o(t)dt
0 0

(3.27)

P(Tn—1,Tn) P(Tn—1,Tn)

< [T e vy < [ ptidn, e
0 0

Letting n — oo in (3.27) and using (3.8) and Lemma 2.4, we know that

lim ( /0 p(znhxn)w(t)dt—w(p(xn,xm) — 0,

n—oo
which gives that
Jim_ (p(zn, 20))

P(Tn—1,Tn)

p(lnflvxn)
= lim p(t)dt — lim </0 cp(t)dt—d)(p(xn,zn))> (3.28)

=0.

In light of (3.8), (3.19), (3.26)-(3.28), (p,%) € ®3 x ®3 and Lemma 2.4, we
deduce that

p(xnkaxnkJrl) p(fxnkflvfxnk)
0 = lim Sup/ p(t)dt = lim Sup/ p(t)dt
0 0

k—o0 k—o0

. P(Tny —1,Tny, )
< lim sup (/ @(t)dt — 1/J(P(l’nka37nk))>
0

k—o0

p(xnk—hxnk)
< lim Sup/ p(t)dt — likm inf Y (p(xn,, zn,)) < 0—(w),
0 — 00

k—oco

which together with ¢ € @3 yields that ¢ (w) = 0, that is, w = 0. Note that p is
nonnegative. It follows that

lim p(z,,z,) =0. (3.29)

n—o0

In view of (3.19), (3.25), (3.29), (¢, ¢) € P2 x &3 and Lemma 2.4, we get that

P(Tn41,Tn41) P(fTn,fTn)
0 =lim sup/ p(t)dt = lim sup/ o(t)dt
0 0

n—oo n— 00

P(Tn,Tn)
< limsup ( [ e vtptonin xn»)

n—oQ

P(Tn,Tn)
< thUP/ So(t)dt — liminf Y (p(Tp41,2,)) <0 — w(c),
0

n—oo n—oo

which means that i(c) < 0. It follows from ¢ € ®3 that ¢(¢) =0 and ¢ = 0.
Now we assert that (3.10) holds. Otherwise there exists a constant € > 0 such
that for each positive integer k, there are subsequences {m(k)}, cy, {n(k)}en
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satisfying (3.11)-(3.13). Letting ¥ — oo in (3.13) and using (3.8), (3.9) and
(3.12), we know that
lim (2 ks Tmr)) = klir&p(mn(k)—laxm(k)—l)

k—o0

S B (3.30)
= klggop(mn<k)7wm<k)_1) =e.

In light of (3.19), (3.30), (¢,v) € ®2 x ®3 and Lemma 2.3, we conclude that

€ P(Tn (k)T (k)) D(fTny—1:f Tmry—1)
/ p(t)dt = lim sup/ o(t)dt = lim sup/ p(t)dt
0 0 0

k—o0 k—o0

P(Tn(k)—1>Tm (k)—1)
< lim sup (/ p(t)dt — w(p(xn(k)7$7n(k)—1))>
0

k—o0

D(Tr (k) —1>Tm (k)—1)
< lim Sup/ @(t)dt — lim inf o (p(zn k), Tk 1))
0 k—o0

k—oo
gllww—w@<élw%

which is absurd. Hence (3.10) holds.
Similar to the proof of Theorem 3.1, we deduce that f has a fixed point u € X.
Secondly we show that p(u,u) = 0. Suppose that p(u,u) > 0. In view of
(3.19) and (p,v) € P2 x &3, we deduce that

p(u,u) p(fu,fu)
0 </ (t)dt :/ o(t)dt
0 0

p(u,u) p(u,u) (3.31)
<[ etar—vitreu < [ e
which is a contradiction. Hence p(u,u) = 0.
Thirdly we show that f has a unique fixed point in X. Suppose that u and
v are two fixed points of f in X. Similar to the proof of (3.31), we conclude
that p(u,u) = p(v,v) = 0. Suppose that p(u,v) > 0. On account of (3.19) and
(p, 1) € By x B3, we get that

p(u,v) p(fu,fv) p(u,v)
o<A w@ﬁ:A w@ﬁSA (8)dt — (p(fu,v))

p(u,v) p(u,v)
0 0

which is impossible. Consequently p(u,v) = 0, which together with p(u,u) =0
and Lemma 2.2 that w = v. This completes the proof. O

Similar to the proofs of Theorems 3.1 and 3.2, we get the following results
and omit their proofs.
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Theorem 3.3. Let (X, d) be a complete metric space and let p be a w-distance
i X. Assume that f : X — X is an orbitally continuous mapping and satisfies

that
p(fz,fy) 3p(@, fo)+p(y,fy)]
/ p(t)dt < / o(t)dt
0 0 (3.32)

1
~ o510+ sl ). Vo€ X,
where (@,19) € Py x P3. Then f has a unique fized point u € X such that
plu,u) =0, limy, oo p(fzo,u) = 0 and lim,, o f"xo = u for each xo € X.

Theorem 3.4. Let (X, d) be a complete metric space and let p be a w-distance
in X. Assume that f : X — X satisfies that

p(fx,fy) p(x,y)
/O o(t)dt < /0 o(O)dt — G(p(fe. fy), VryeX,  (333)

where (p,¢) € ®1 x &3. Then f has a unique fized point u € X such that
plu,u) =0, limy, oo p(fzo,u) = 0 and lim,, o f"xo = u for each zo € X.

4. Remarks and illustrative examples

In this section, we construct four nontrivial examples to compare the fixed
point theorems obtained in Section 3 with the known results in Section 1.

Remark 4.1. In case p(z,y) = d(z,y) for all z,y € X, then Theorem 3.1
reduces to Theorem 1.3, which extends Theorems 1.1 and 1.2. The following
example proves that Theorem 3.1 generalizes indeed Theorems 1.1-1.3.

Example 4.1. Let X = [0,1/5] be endowed with the Euclidean metric d = | - |,
p: X xX =R, 0,9 :RT - Rt and f: X — X be defined by

1
plz,y) =y, Vr,yeX, ot)=1, )= th, vt e RT

and
fo= z— 12?2, Vzel01),
o, Ve € [1,v/5).

It is clear that p is a w-distance in X and (p,v) € &1 x &35. Let z,y € X. In
order to verify (3.1), we have to consider two possible cases as follows:
Case 1. (z,y) € X x [0,1). It is clear that

p(fz,fy) y—1y? 1 1
/ p(t)dt = / ldt=y— zy* <y—zy°
0 0 2 3

y 1 p(z,y)
= [ 1dt—-y*= dt — Y);
[rae=g0r= [T et — vt
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Case 2. (r,y) € X x [1,v/5]. Note that

p(fz,fy) 1, p(z,y)
| i =0<y— = [T pta— v

That is, (3.1) holds. Hence the conditions of Theorem 3.1 are satisfied. It follows
from Theorem 3.1 that f has a unique fixed point in X.

However we cannot use Theorem 1.3 to prove the existence of fixed points of
the mapping f in X. Otherwise, there exists (¢, 1) € &1 x Pz satisfying (1.3).
It follows that

1

3 10—(y—35)| d(f1,fy)
0< / p(t)dt = lim sup/ p(t)dt = lim sup/ p(t)dt
0 0 0

y—1- y—1-

< lim sup (/Od(lyy) o(t)dt — w(d(Ly)))

y—1-
d(1,y)
< limsup/ p(t)dt — liminf ¢ (d(1,y)) <0 —(0) =0,
y—1— Jo y—1~

which is impossible. It follows from Remarks 2.1 and 2.2 that Theorems 1.1 and
1.2 are useless in proving the existence of fixed points of f.

Remark 4.2. The following example shows that Theorem 3.2 differs from The-
orem 1.3.

Example 4.2. Let X = [0,3] be endowed with the Euclidean metric d = | - |,
p: X xX 2R, p,¢:RT - R" and f: X — X be defined by

1
plr,y) =x+y, Vr,yeX, o(t) =2t ¢(t)=1t27 vt e R*

and
o= 5, Vxel0,2],
3, Vre(2,3]

It is clear that p is a w-distance in X and (p,?) € ®9 x $3. Let z,y € X. In
order to verify (3.19), we have to consider four possible cases as follows:
Case 1. (z,y) €[0,2] x [0,2]. Tt is clear that

z+y

p(fz,fy) 2 + 2 1 2
/O go(t)dt:/o 2tdt—(x4y)§(w+y)24<;+y>

p(z,y)
= [ ettt = viotra. )
Case 2. (z,y) € [0,2] x (2, 3]. Note that

3242y
6

p(fz,fy) 20\ 2 1 2
/ o(t)dt = / 2dt — (M) <(z4y)° -~ (x + y)
; ; 6 i\2



424 Z. Liu, H. Wang, N. Liu, S.M. Kang

Case 3. (z,y) € (2,3] x [0,2]. Tt follows that

2243y

p(fz,fy) 5 2 3 2 1 2
/ so(t)dtZ/ otdt = 220V <@+’ -~ (2+y
0 0 6 4\ 3

z+y p(z,y)
- / 2t dt — 1 (g + y> = / w(t)dt —Y(p(fz,y));
0 0

Case 4. (z,y) € (2,3] x (2,3]. It is easy to verify that
z+y

p(fz,fy) 3 Tty 2 o 1/=z ?
dt = dt = ( —— -3
/0 o(t)dt /0 2tdt ( 3 ) <(z+v) 4(3+y)
Tty z p(z,y)
:/ 2tdt—w<3+y> =/ p(t)dt —(p(fz,y)).
0 0

That is, (3.19) holds. Hence the conditions of Theorem 3.2 are satisfied. It
follows from Theorem 3.2 that f has a unique fixed point in X.

However we cannot use Theorem 1.3 to prove the existence of fixed points of
the mapping f in X. Otherwise, there exists (p, 1) € &1 x Pz satisfying (1.3).
It follows that

3 -4 da(f2,fy)
0< / p(t)dt = lim sup/ p(t)dt = lim sup/ p(t)dt
0 0 0

y—2+ y—2+

< limsup ( / T e - w(ae y)))

y—2+

d(2,y)
< lim sup/ p(t)dt —liminf ¢ (d(2,y)) < 0—1(0) =0,
0

y—2+ y—2F
which is impossible.
Remark 4.3. The example below is an application of Theorem 3.3.

Example 4.3. Let X = RT be endowed with the Euclidean metric d = | - |,
p: X xX =R, ¢,¢:RT - R" and f: X — X be defined by

ple,y) =24y, Vr,yeX, o(t) =4, 1/J(t)=§t2, vt € RT

and

fr= ?z, Vz € RT.
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It is easy to see that p is a w-distance in X, (¢,v) € &3 x @3 and

p(fo.fy) B (a+y) 1
[ et = [T = S < 100 +573 2
0 0

128
3A+2) (@ +y) 1
:/2 ’ 4tdt—w(2<1+‘f’>(x+y)>
0

/é[p(x,fx)er(y,fy)]

01 =6 (3lp(e. 1) + 500 1)), Vi € X

0

That is, the conditions of Theorem 3.3 are fulfilled. It follows from Theorem 3.3
that f has a unique fixed point in X.

Remark 4.4. In case p(z,y) = d(z,y) for all z,y € X, then Theorem 3.4 reduces
to Theorem 1.4. The following example proves that Theorem 3.4 generalizes
indeed Theorem 1.4.

Example 4.4. Let X = RT be endowed with the Euclidean metric d = | - |,
p: X xX =R, 0,9 :RT - Rt and f: X — X be defined by

1
p(z,y) =y, Ve,yeX, ot)=t ()= th’ vt e RT

and

f 0, Vzel04],
Tr =
%, Vo € (4, +00).

It is clear that p is a w-distance in X and (p,v) € &1 X P3. Let z,y € X. In
order to verify (3.33), we have to consider two possible cases as follows:
Case 1. (z,y) € X x [0,4]. It is clear that

p(fz,fy)
/ p(t)dt =0 <
0

Case 2. (z,y) € X x (4,400). Note that

p(f2.fy) 3ui Vi 11
/O cp(t)dt:/o tdt == < Sy -V
VY 1 . p(z,y)
- /O tdt — ¢(2y4> = /O e(t)dt —(p(fz, fy)).

That is, (3.33) holds. Hence the condition of Theorem 3.4 are satisfied. It follows
from Theorem 3.4 that f has a unique fixed point in X.

However we cannot use Theorem 1.4 to prove the existence of fixed points of
the mapping f in X. Otherwise, there exists (¢, %) € &1 x P3 satisfying (1.4).

p(x,y)
y = / o)t — b(p(fz, fy);
0
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It follows that

3 lo—Z| d(f4,fy)
0< / p(t)dt = lim sup/ p(t)dt = lim sup/ p(t)dt
0 y—4t Jo y—4t Jo
) d(4,y)
<timsop ([ p(0at - w(atra )
y—4+ 0
d(4,y) 1
< limsup/ gp(t)dt—liminhb(\/?) < O—¢(> <0,
y—at Jo y—4+ 4 2
which is absurd.
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