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ABSTRACT. In this paper, we introduce §-fuzzy ideals in a pseudo comple-
mented distributive lattice in terms of fuzzy filters. It is proved that the
set of all §-fuzzy ideals forms a complete distributive lattice. The set of
equivalent conditions are given for the class of all §-fuzzy ideals to be a sub-
lattice of the fuzzy ideals of L. Moreover, §-fuzzy ideals are characterized
in terms of fuzzy congruences.
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1. Introduction

The theory of pseudo-complementation was introduced and extensively stud-
ied in semi-lattices and particularly in distributive lattices by Frink [9] and
Birkhoff [8]. Later, pseudo-complements in Stone algebras have been studied by
several authors like Balbes [7], Frink [9], Gratzer [10], etc. In 2012, Rao [13],
introduced the concept of d-ideal in a distributive lattice in terms of pseudo-
complementation and filters.

On the other hand, the notion of a fuzzy set initiated by Zadeh in [17].
Rosenfeld [14] has developed the concept of fuzzy subgroups. Since then, several
authors have developed interesting results on fuzzy theory, like ([1],[2],[3],[4],[5],
(6],[11],[14],[15],16])

In this paper, the concept of d-fuzzy ideals is introduced in a distributive
lattice in terms of pseudo-complementation and fuzzy filters. Some properties of
these §-fuzzy ideals are studied and then proved that the set of all 0-fuzzy ideals
can be made into a complete distributive lattice. We derive a set of equivalent
conditions for the class of all -fuzzy ideals to become a sublattice to the lattice of
all fuzzy ideals, which leads to a characterization of Stone lattices. We also prove
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that the homomorphic image of a d-fuzzy ideal is again a J-fuzzy ideal. Finally,
O-fuzzy ideal of a pseudo-complemented distributive lattice is characterized in
terms of fuzzy congruences.

2. Preliminaries

We refer to Gratzer [10] for the elementary properties of lattices. An algebra
L= (L;A,V,x*,0,1) is of type (2,2,1,0,0) is a psueo-complemented distributive
lattice, if the following conditions hold:

(1) (L;A,V,0,1) is a bounded distributive lattice, and
(2) foralla,be L, aNb=0< aAb* =a.

Remark 2.1. The pseudo-complement a* of an element a is the greatest element
disjoint from a, if such an element exists.

A distributive lattice L in which every element has a pseudo-complement is
called a pseudo-complemented lattice.

Theorem 2.1 ([10]). For any two elements a,b of a pseudo-complemented lat-
tice, we have the following:

(1) 0** =0,

(2) ana* =0,

(3) a<b=b* <a*,

(4) a <a**,

(5) aFtr = a*7

(6) (aVb)* =a*AD*,
(7) (@Nb)*™ =a™ Ab*.

An element x of a a pseudo-complemented lattice is called closed, if x = x**.

Definition 2.2 ([7]). A pseudo-complemented distributive lattice L is called a
Stone lattice, if for all x € L, it satisfies the property:

r* Vot =1.
Definition 2.3 ([13]). Let L be a pseudo-complemented distributive lattice.
Then for any filter F', the set define
0(F)={zeL:z*cF}
is an ideal of L.

Definition 2.4 ([13]). Let L be a pseudo-complemented distributive lattice. An
ideal I of L is called a d-ideal, if I = §(F'), for some filter F' of L.

Definition 2.5 ([17]). Let X be any nonempty set. A mapping p: X — [0, 1]
is called a fuzzy subset of X.

The unit interval [0, 1] together the the operations min and max form a com-
plete distributive lattice. We often write A for minimum or infimum and V for
maximum or supremum. That is, for all o, 8 € [0, 1] we have, a A8 = min{«, 5}
and a V g = maz{a, §}.
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The characteristics function of any set A is defined as:

(z) = 1,if z€ A
XA =00, i« ¢ A

Definition 2.6 ([14]). Let 1 and 6 be fuzzy subsets of a set A. Define the fuzzy
subsets U@ and p N6 of A as follows: for each x € A,

(1 U)(x) = plx) v 6(x) and (11 6)(x) = u(x) A O(a).
Then pU6 and pN@ are called the union and intersection of p and 6, respectively.

For any collection, {u; : i € I'} of fuzzy subsets of X, where I is a nonempty
index set, the least upper bound | J,;; p; and the greatest lower bound [, i
of the u;’s are given by for each = € X,

(Uierni)(@) = Vg pi(x) and (Mg pa) (@) = Niep i),
respectively.

For each t € [0, 1], the set

= {ze A p(z) > 1}
is called the level subset of p at ¢ [17].

Definition 2.7 ([14]). Let f be a function from X into Y; p be a fuzzy subset
of X; and 0 be a fuzzy subset of Y. The image of p under f, denoted by f(u),
is a fuzzy subset of Y defined as follows: for each y € Y,

) = {Supw) twe [Ty} i TN Y) A ¢

0, otherwise

The preimage of § under f, symbolized by f~1(6), is a fuzzy subset of X defined
as follows: for each = € X,

FHO) (@) = 0(f(2)).
Definition 2.8 ([15]). A fuzzy subset p of a bounded lattice L is called a fuzzy
ideal of L, if for all x,y € L the following conditions are satisfied:
(1) u(0)=1,
(2) p(xVy) > p) A ply),
(3) ulzAy) > p@) Vv uy).
Definition 2.9 ([15]). A fuzzy subset p of a bounded lattice L is called a fuzzy
filter of L, if for all x,y € L the following conditions are satisfied:
(1) p(1) =1,
(2) plxVy) = pe)V uy),
(3) ul(x Ay) = u(z) A ply).
We define the binary operations "+” and ”-” on the set of all fuzzy subsets
of L as:
(1 +0)(x) = Sup{u(y) NO(2) :y,z € L, yV z =z} and
(- 0)(x) = Sup{p(y) NO0(2) :y,z € L, y ANz = x}.
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If ;v and @ are fuzzy ideals of L, then -0 =puAfd=pnNband pu+60=pve
is a fuzzy ideal generated by p U 6.

If i and 0 are fuzzy filters of L, then p+ 6 = u A 6 (the pointwise infimum of
wand 6) and -0 = p VO (the supremum of p and 6).

Definition 2.10 ([12]). Let L be a lattice, © € L and « € [0, 1]. Define a fuzzy

subset «, of L as:
1,if y<=z
ax(y):{a,if y£a
is a fuzzy ideal of L.

Remark 2.2 ([12]). «, is called the a-level principal fuzzy ideal corresponding
to x.
Similarly, a fuzzy subset o® of L defined

*(y) 1,if <y
« =
Y a,if Ly

is the a-level principal fuzzy filter corresponding to x.

Definition 2.11 ([15]). A proper fuzzy ideal p of L is called prime fuzzy ideal
of L, if for any two fuzzy ideals 0, of L, 0Nn Cp =6 C porn C p.

Definition 2.12 ([15]). A fuzzy subset 0 of Lx L is said to be a fuzzy congruence
on L, if for any x,y, z € L, the following hold:
(1) O(z,z) =1,
(2) 0(z,y) = 0(y, x),
(3) O(z,y) NO(y, 2) < 0(x, 2),
(4) O(z,y) <O(xVz,yVz)ANO(zAz,yAz).
Note that a fuzzy subset p of L is nonempty if there exists x € L such that

w(x) # 0. The set of all fuzzy ideals and fuzzy filters of L are denoted by FI(L)
and F'F(L) respectively.

3. 0-Fuzzy Ideals

In this section, we study J-fuzzy ideals in a pseudo-complemented distributive
lattice and its property. Throughout the rest of this paper L stands for a pseudo-
complemented distributive lattice (L, V, A, *,0,1).

Definition 3.1. For any fuzzy filter p of L, define the fuzzy subset d(u) as
follows:

O(p)(x) = p(x*) for each z € L.
Lemma 3.2. For any fuzzy filter u of L, 6(u) is a fuzzy ideal of L.

Proof. For any fuzzy filter p of L. Since 0* = 1, we get d(u)(0) = p(0*) =

1.
Let z,y € L. Then 0(u)(z Vy) = pu((z Vy)*) = pla* Ay*) = p(z*) A p(y*) =
O(p)(x) Ao(p)(y). Thus 6(p) is a fuzzy ideal of L. O
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The proof of the following lemma is quite routine and will be omitted.

Lemma 3.3. For any fuzzy filters p and 0 of L, we have the following.

(1) (kN do(p))(x) = p(0) for each z € L,
(2) 6(u)(x) = 8(u)(2) jor each z € L,
(3) w(x) <o(u)(x*) for each x € L,

(4) 1 C 0= b(u) C3(0),

(5) (s 010) = 6(1) 16(6).

Lemma 3.4. For any fuzzy filter u of L, 6(n) = x1 if and only if p = xr.

Proof. Let 6(p) = xr. Then for each « € L, 6(p)(z) = 1. Since 0 = 1* € L, we
get u(0) = p(1*) = d(p)(1) = 1. Since p is a fuzzy filter, we have p(0) < p(x)
for each x € L. This implies that p(x) = 1, for each 2 € L. The converse part
is trivial. O

Definition 3.5. A fuzzy ideal u of L is a d-fuzzy ideal, if p = §(0) for some
fuzzy filter 6 of L.

Example 3.6. Consider the distributive lattice L = {0, a,b, ¢, 1} whose Hasse
diagram is given below.

0

Define fuzzy subsets p and 6 of L as follows: p(0) =1 = p(a), p(b) = ulc) =
p(1) =0and 6(1) =1 = 0(c) = 6(b), 6(a) = H(0) = 0. Then it can be easily
verified that p and 6 are fuzzy ideal and fuzzy filter of L respectively in which
w=09(6). Thus p is a d-fuzzy ideal of L.

Every d-fuzzy ideal is a fuzzy ideal but the converse may not be true. For
this, we have the following example.

Example 3.7. If we define a fuzzy subset i of L given in the above example
as n(0) = 1, n(a) = nb) = n(c) = 0.5 and (1) = 0, then n is a fuzzy ideal
but not a é-fuzzy ideal of L. Now we proceed to show 7 is not a §-fuzzy ideal.
Assume that n = 6(A\) for some fuzzy filter A. Since ¢* = 1* = 0, we get
n(1) = 0(A)(1) = A(0) = n(c). Which is a contradiction. This shows that we can
not find any fuzzy filter A of L such that n = §(\). Then 7 is a fuzzy ideal but
not a d-fuzzy ideal.

Lemma 3.8. If F is a filter of L, then §(xr) = Xs(r)-
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Proof. Let x € L. If z* € F, then x € §(F) and §(xr)(x) = 1 = x5r)(x). If
x* ¢ F, then x ¢ 0(F) and d(xr)(r) = 0= x5r)(v). Thus 6(xr) = xsr). O

Corollary 3.9. For any nonempty subset I of L. I is a §-ideal of L if and only
if X1 1s a 0-fuzzy ideal of L.

Proof. Let I be a d-ideal of L. Then there is a filter F' of L such that I = o(F).
Thus by the above lemma, we have x; = d(xr). So xr is a d-fuzzy ideal of L.
Conversely, suppose x is a 6-fuzzy ideal of L. Then there is a fuzzy filter 6 of
L such that x; = §(0). Since 0 is a fuzzy filter of L, every level subset of § is a
filter of L. To show I is a d-ideal, it is enough to show that I = §(61). Now, let
x € I. Then xr(z) =1 and z* € 0;. Thus x € 6(61). Again, let z € §(61). Then
z* €61 and 6(0)(x) =1 = xs(z). Thus x € I. So I is a d-ideal of L. O

Lemma 3.10. For each x € L, o, is a §-fuzzy ideal of L, o € [0, 1].

Proof. For any x € L, a,~ is a fuzzy ideal of L. To prove ay,~ is a §-fuzzy ideal of
L, it is enough to show that a,« = §(a®). Let a € L. If a < z*, then g« (a) =1
and x < a*. Which implies §(a”)(a) = 1. If a £ z*, then a,«(a) = « and
z £ a*. Thus §(a”)(a) = a. So az« = 6(a”). Hence oy~ is a §-fuzzy ideal. O

Let us recall a dense element of a pseudo-complemented distributive lattice.
An element x of a pseudo-complemented lattice is called dense if * = 0. The
set D of all dense elements of L is a filter of L.

Lemma 3.11. Let p be a proper -fuzzy ideal. Then p(x) = wu(l) for each
xeD.

Proof. Let u be a proper §-fuzzy ideal. Then there is a proper fuzzy filter 6 of L
such that p = 6(). Since 1 € D, we get u(1) = 0(0). Let z € D. Then z* =0
and pu(z) = 3(6)(x) = 6(*) = 6(0) = (1), O

Let us denote the set of all d-fuzzy ideals of L by FI°(L). Then by Example
3.6, we can easily verified that FI°(L) is not a sublattice of the class FI(L) of
all fuzzy ideals of L. If we define the fuzzy subsets # and A of L as follows:

0(b) =0(c) =6(1) =1, 6(a) =0(0) =0 and
Ala) = A(e) = A1) =1, A(b) = A\(0) = 0.
Then clearly § and A are fuzzy filters of L. But §(0) V §(A) is not a d-fuzzy ideal
of L. We thus have the following theorem.

Theorem 3.12. The set FI°(L) forms a complete distributive lattice with re-
spect to inclusion ordering of fuzzy sets.

Proof. Clearly (FI°(L),C) is a partially ordered set. For any two fuzzy filters
w, 6 of L, define the binary operations N and V as follows:

5(u) N6(0) = 5(u 1 0) and S(u)V3(6) = 6(u v 0).
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It is clear that 6(N#) is the infimum of §(x) and §(6) in FI°(L). Also &(u)VS(6)
is a d-fuzzy ideal of L. Now we prove 6(u)Vo(0) is the supremum of {§(u), 6(0)}
in FI°(L). Since p € p Vv @ and 0 C pV 0, we get §(u) C 6(u Vv 6) and
6(0) C 6(p Vv ). This implies that §(u V 6) is an upper bound of {d(u), §(0)}.
Let 1 be any 0-fuzzy ideal containing 6(x) and 6(8). Then there exists a fuzzy
filter A such that n = §(\) and §(u) C §(N), 6(6) C §()\). Now we proceed to
show d(p vV 0) C §(N). For any x € L, we have

Vo)) = (uV6)a)
Sup{u(a) ANO(D) :aNb=z"}
Sup{u(a™) NO(b*™):a ANb =z}
Sup{ (@) AXD™) : a™ AV = 2™}
Sup{A\(y) ANA(z) :y Nz =1z"}
Az™)
= () ().
Thus 6(p)V4(0) is the supremum of {5(u), 6(6)} in FI*(L). So (FI*(L),N,V)
is a lattice. Now we prove the distributivity. For any &(u), 6(0), 6(n) € FI°(L),
() (6(0) N d(n)) 6(uV (61n))
(v 0) N o(uvn)
(0()vo(6)) N (6(p) V().
Then FI°(L) is a distributive lattice. Next, we prove the completeness. Since
{0} and L are é-ideals, x (o} and x, are least and greatest elements of FI°(L).
Let {6(u;) : i € I} be a subfamily of FI°(L). Then (,c; 6(u;) is a fuzzy ideal
of L. Now,

INIA A

()@ = Influ():iel)

iel
= ((pa)(@)
iel
= 5(()ma)(a).
iel
This shows that ((),c;0(u;)) € FI°(L). Thus (FI°(L),N,V) is a complete
distributive lattice. O

Lemma 3.13. FEvery proper 0-fuzzy ideal is contained in a minimal prime fuzzy
ideal.

Proof. Let p be a proper 0-fuzzy ideal of L. Then p = §(0) for some proper
fuzzy filter 8 of L. Since D is a filter of L, we have yp is a fuzzy filter and
uwNxp < a, where a = u(1). By corollary 1.6 [15], there exists a minimal prime
fuzzy ideal n of L such that 4 Cnand nNxp < a. (]
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In the following theorem, we established set of equivalent conditions for the
class of d-fuzzy ideals to be a sublattice of the set of fuzzy ideals. We also
characterize Stone lattices in terms of §-fuzzy ideals.

Theorem 3.14. In L the following conditions are equivalent:

(1) L is a Stone lattice,

(2) For any x,y € L, (x ANy)* = x* Vy*,

(3) For any two fuzzy filters p, 0 of L, () V §(8) =d(uV 6),
(4) FI°(L) is a sublattice of FI(L).

Proof. The proof of 1 = 2 and 3 = 4 is straightforward. Now we proceed to
prove the following.

(2 = 3): Assume the condition (2). Let p and 6 be fuzzy filters of L. We
have always 6(u) vV 6(0) C 6(u VvV 0). We know that §(u) V §(6) is the smallest
fuzzy ideal containing 6(u) and 6(6). To prove our claim, it is enough to show
0(p V@) is the smallest fuzzy ideal containing §(u) and 6(6). Let A be any fuzzy
ideal containing 6(u) and 6(#). Now, we proceed to show §(p Vv 6) C . For any
x € L, we have

v o)s) = (Vo))
= Sup{u(a) NO(b):aNb=2a"}
< Sup{p(@™)AOD) :anNb=2a"}
— Sup{d(u)(a) ASO)F) anb =17}
< Sup{A(@*) AAD"):aANb =z}
< Sup{A(@*) AAD") :a" VI =™}
< Sup{AW) AA(z) ryVz=a™}
= Az™)
< Aa)

Thus §(pV0) is the smallest fuzzy ideal containing §(u) and 6(6). So d(u)Vi(0) =
o(p Vo).

(4 = 1): Assume that F'I°(L) is a sublattice of FI(L). Let o € [0,1). Then by
Lemma 3.10, o~ and ay++ are both d-fuzzy ideals of L. Suppose that x* VvV z** £
1. Then g+ V oz« is a proper é-fuzzy ideal of L. Hence there exists a minimal
prime fuzzy ideal 6 such that a;« Vag« C 8 and dNxp < . Now we need to find
O@Nxp)(@* V™). Now (g V age)(x* V™) > agpe (@) A g~ (2**) = 1. Since
gz V Qg C 0, we get that 0(z* V 2**) = 1. We know that z* V 2** is a dense
element, so we have yp(z* VvV 2**) = 1. This implies that (§ N xp)(z* Vz**) = 1.
This is a contradiction. Thus z* V z** = 1 for each x € L. So L is a Stone
lattice. O

Theorem 3.15. In L the following conditions are equivalent:

(1) L is a Boolean algebra,
(2) Every a-level principal fuzzy ideal is a 0-fuzzy ideal,
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(3) For any fuzzy ideal p of L, p(x) = pw(x**) for all x € L,
(4) D is a singleton set.

Proof. (1 = 2): Suppose that L is a Boolean algebra. Then every element of L
is closed. This implies a, = e for all # € L. By lemma (3.10), az-+ = 5(a®").
Thus every a-level principal fuzzy ideal is a d-fuzzy ideal.

(2 = 3): Assume that every a-level principal fuzzy ideal is a d-fuzzy ideal.
Let p be any fuzzy ideal of L. Since z < a™*, we get u(x**) < p(z). For each
x € L, a, is a §-fuzzy ideal of L. Then there exists a fuzzy filter 6 of L such that
a; = §(0) and a,(x) = ay(z**). This shows that +** < z and p(z) < p(z*).
Hence p(z) = p(z**) for all z € L.

(3 = 4): Suppose that condition 3 is true. For each z € L, = < z**. Now
we proceed to show z** < x. For each x € L, a, is a fuzzy ideal of L. By the
assumption, we have o, (z) = a,(z**). This implies z** < z. This shows that
x = x** for all x € L. Thus every element of L is a closed element. Assume that
D is not a singleton set. Then there exists an element x € D such that = # 1.
This implies * = 0 and z** = 1. Since every element is closed, we get = 1.
This is a contradiction. Thus D is a singleton set.

(4 = 1): Suppose that D = {d}. Forany z € L, xVz* € D. Then x Az* =0
and zVz* = d. This implies 0 < x < xzVz* = d for all z € L. This shows that L
is a bounded distributive lattice in which each elements is complemented. Thus
L is a Boolean algebra. O

We now characterize §-fuzzy ideal in terms of fuzzy congruence relations.

Theorem 3.16. For any fuzzy filter p of L, define a fuzzy relation 6(u) as:
O(p)(z,y) = Sup{p(a) :x Na=yAa, a € L} for each x,y € L.
Then (1) is a fuzzy congruence relation on L.
Proof. Let p be a fuzzy filter of L. We prove that 6(u) is a fuzzy congruence on
L. For any =,y € L, clearly 6(u)(z,z) =1 and 0(p)(z,y) = 0(u)(y, ).
(1) IfzAa = zAa and zAb = yAb, then we get that 2 A (aAb) = yA(aAb).
Thus
O(p)(x,z) NO(p)(z,y) = Sup{p(a):xANa=zAa, a €L}
A Sup{pd):zAb=yAb, be L}
Sup{u(a) Aud) iz Na=zANa, zANb=yAb}
Sup{u(anb):xzA(aANb)=yA(aNb)}
Sup{p(c) :x ANe=yAc, a € L}
0(n) (@, y).

(2) For all z1,x9,y1,y2 € L,

0(p) (21, 91) A O(p) (22, y2)
= Sup{p(a) :z1 ANa=y1 Na, a € L}

INIA
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A Sup{u(d) : xo Nb=ys Ab, b€ L}
Sup{u(a) Apd) :z1 ANa=1y1 Aa, 2 ANb=ys Ab}
Sup{pu(a Ab): (x1 Ax2) A(aAb) = (y1 Ay2) A(aAbd)}
Suplu(e) : (21 Aza) Ac = (1 Aya) Ack
() (@1 A 2,51 A ya2).
(B) IfxyAa =y1 ANa and 29 Ab = yo AD, then (x1 Aa) V (x3 A D)
(y1 Aa) V (y2 Ab). Thus
(x1 Vaa) A ((aV z2) A(z1 V) A(aVb))
= (y1 Vy2) A((aVy2) Ay VD) A (aVD)).

Since x1Aa = y1 Aa and zoAb = y2 Ab, we have (z1Vb)A(z2Va)A(aVd) =
(y1 Vb) A (y2 Va) A (aVDd). Since p is a fuzzy filter of L,

IIAIA

p((xr VO AlzaVa)A(aVvbd) = plxy V) Apu(zeVa)AulaVd)
(@) A (D)

Y

Then

0(1)(@1,y1) A O(p)(22,y2)
= Sup{u(a) :z1 ANa=y1 Na, a€ L} A Sup{ud) :zo Ab=ya Ab, be L}
Sup{p(a) Aud):x1 ANa=y1 ANa, 9 Nb=ys Ab}
Sup{u(a ANb):x1 Aa=y1 Aa, 2 ANb=yz A b}

< Sup{pu((z1 Vb)) A(zaVa)A(aVDd)): (x1V x2)
A1 Vo) A(z2Va)A(aVb)) = (y1 Vy2) AN((y1 V) A(y2Va)A(aVb))}
< Sup{p(c): (1 Vax) Ae=(y1 Vyi1) Ac, c € L}
= O(u)(z1 V a2,y Viy2).
Thus 0(u) is a fuzzy congruence on L. O

Theorem 3.17. For any fuzzy ideal (v of L, the fuzzy subset n,, of L defined as:
nu(z) = Sup{u(a) : 2* Na* =0, a € L}
s a fuzzy filter of L.
Proof. Let u be a fuzzy ideal of L. Since 1* = 0, we get that 1* A a* = 0 for all
a € L. Thus n,(1) > p(0) = 1. So n,(1) = 1. For any z,y € L,
nu(x) A nu(y)

= Sup{u(a):z*Na* =0, a € L} A Sup{u(®d) : y* Ad* =0, be L}

= Sup{u(a) Au(d) : " Aa* =0, y* Ab* =0}
= Sup{u(aVbd):z*ANa* =0, y* A" =0}.

Since z* A a* = 0 and y* A b* = 0, we get that z** A a™ = a* and y** A b* = b*.
This shows that (x Ay)** A(aVb)* = (aVb)*. Since L is a pseudo-complemented
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lattice, we get (z Ay)* A (aV b)* = 0. Using this fact, we have
Mu(@) Anu(y) < Sup{p(a Vo) : (z Ay)" AaVb)" =0}
< Suplule) s (wAy) Act = 0)

= nuzAy).
Thus 7, (x Ay) > nu(x) Anu(y). On the other hand,
nu(z) = Sup{p(a):z*Na* =0, ac L}
< Sup{p(a): (xVy)*ANa* =0, ac L}
= nu(x v y)
Similarly, n,(z V y) > n,(y). So nu(xVy) > nu(z) Vn.(y). Hence 7, is a fuzzy
filter of L. O

Let 6 be a fuzzy congruence on L and x € L the fuzzy subset 6, of L is defined
by
0:(y) =0(x,y) forally € L
is called a fuzzy congruence class of L determined by 6 and z. In [16], B. Yuan
and W. Wu observed that, the fuzzy congruence class 8y of L determined by 0
is a fuzzy ideal of L. In the following theorem, we characterize §-fuzzy ideal in
terms of fuzzy congruence.

Theorem 3.18. For any fuzzy ideal i of L, the following conditions are equiv-
alent:

(1) p is a 0-fuzzy ideal,
(2) p="00(n,),
(3) w=0o(n) for some fuzzy filter n of L.

Proof. The proof of 2 = 3 is straightforward. Now we prove the following.
(1 = 2): Assume that p is a d-fuzzy ideal of L. Then p = d(n) for some fuzzy
filter n of L. For any = € L,

Oo(nu)(z) = 0(nu)(z,0)
= Sup{nu(a):zNa=0,aecL}
> ()
= Sup{u() 2™ Ab*=0,be L}
> p(z).

Conversely, let © € L. Then

Oo(n.)(x) = Sup{nu(a):zha=0,acl}
= Sup{Sup{p®d):a*Ab"=0,be L} :zNa=0}.
Now we need to show p(z) > n,(a) for each a € L such that z Aa = 0. Fix
an element b in L satisfying © A a = 0 and a* A b* = 0. Then z < a* and
a* < b**. This implies b* < z*. Since p = d(n) and 7 is a fuzzy filter, we have
p(z) =n(z*) =2 n(b*) = u(b). Thus p(z) = w(b) and
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p(z) > Sup{u(d) : a* Nb* =0, b€ L} =n,(a).

This shows that p(xz) > 7n,(a) for each a € L such that z Aa = 0. So u(x) >

0o (nu) (). So pu= bo(1,)-
(3= 1): Assume that u = 0y(n) for some fuzzy filter 5 of L. For any « € L,

(@) = Sup{n(a) : 2 Aa =0} > n(a*) = 3(n)(x).

Thus 6(n) C pu.

Conversely, let x,a € L such that £ Aa = 0. Then a < z*. Since 7 is a fuzzy
filter, we get n(a) < n(x*). This implies §(n)(x) > n(a) for each a € L such that
xAa = 0. This shows that §(n)(x) is an upper bound of {n(a) : zAa = 0}. Thus
o(n)(x) > Oo(n)(z) = p(z) for each z € L. So u C §(n). Hence u is a §-fuzzy
ideal of L. O

4. 6-Fuzzy Ideals and Homomorphism

In this section, some properties of the homomorphic images and the inverse
images of d-fuzzy ideals are studied.

Throughout this section L and L' denote distributive pseudo-complemented
lattices with least elements 0 and 0 respectively and f : L —» L’ denotes an
onto homomorphism and Kerf = {0}.

In [13], M. S. Rao obsered that, for any two pseudo-complemented distributive
lattices L and L' with pseudo-complementation x. If f : L — L' an onto
homomorphism and Kerf = {0}. Then f(z*) = (f(x))* for all z € L. In the
following theorem we prove that the homomorphic image of a §-fuzzy ideal is
again a d-fuzzy ideal.

Theorem 4.1. Let pu be a d-fuzzy ideal of L. Then f(u) is a 0 fuzzy ideal of L.

Proof. Let pu be a d-fuzzy ideal of L. Then u = §(6), for some fuzzy filter 6 of
L. Since p is a fuzzy ideal and 6 is a fuzzy filter, f(u) and f(0) are fuzzy ideal
and fuzzy filter, respectively. Now we prove f(8(6)) = &(f(6)). For any y € L,

F6(0))(y) Sup{6(0)(a) :a € L, a € f(y)}
= Sup{f(a):a e fT ()}
Since f(a*) = (f(a))* and f(a) = y, we get f(a*) = y*. This implies a* €
f~1(y*). Based on this fact we have the following,

FOO))y) < Sup{0(b):be fH(y")}

FO) ()
= 0(f(9))(y).
Thus f(5(6)) € 6(7(6)).
Conversely, for any y € L,
S(f@O))y) = fO)Y)

= Sup{f(a):acL,ac f(y)}
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< Sup{f(a™):a € fH(y")}
= Sup{6(0)(a”) :a € fTH(y")}-
Since f(a) = y*, we get a* € f~1(y*

*). Using this fact, we have the following
S(fO)y) < Sup{s(0)(b):be L, be f(y™)}

)

)

f(6(0)(y™)

F(6(0))(y)-

Thus 0(f(0)) C f(6(F)). So 6(f(6)) = f(6(0)). Hence the homomorphic image
of a d-fuzzy ideal is a §-fuzzy ideal. O

IN

Corollary 4.2. For any x € L, f(az~) = 6(f(a”)).
Lemma 4.3. If p is a d-fuzzy ideal of L', then fY(n) is a & fuzzy ideal of L.

Proof. Let u be a d-fuzzy ideal of L'. Then there is a fuzzy filter 6 of L’ such
that u = 6(0). Since @ is a fuzzy filter of L, f~1(0) is a fuzzy filter of L. Now for

any x € L, f~1(8(0))(x) = 6(0)(f(x)) = 0(f (") = f~H(0)(z") = (f1(0)) ().
Thus f~1(u) is a §-fuzzy ideal of L. O

Theorem 4 4. The class FI°(L) of 0-fuzzy ideals of L is homomorphic to the
class FI*(L') of 6-fuzzy ideals of L.

Proof. Define g : FI*(L) — FI*(L') by g(u) = 6(f(6)), where u = 6(8) for
some fuzzy filter  of L. It can be easily verified that g(x{03) = X0} and
g(xz) = xm. Let n, A € FI°(L). Then there are fuzzy filters u and 6 of L
such that n = §(u) and A = §(f). Thus nNA = §(rN ) and VA = §(u V 0)
are 6-fuzzy ideals. So 6(f(N8)) and 6(f(uV 6)) are 6-fuzzy ideals of L'. Since
1N C pand pN@ C 6, we have 6(f(N0O)) C 6(f(0))NS(f(1)). Forany y € L,

O(f (1) N a(f(0))(y) = Sup{u(a) :a € f7H(y"), a € L}
A Sup{0(b) :be f~(y*), be L}
Since f is a homomorphism and f(a) = y*, f(b) = y*, we get f(a V b) = y*.

Using this fact, we have

O ) N(fON) < Sup{ulavb):avbe fH(y")}
A Sup{f(aVvb):aVvbe f(y*)}
Sup{u(aVb)AbaVvb):aVvbe fHy")}
= Sup{(pn6)(aVvb):aVvbe f 1y}
Sup{(pN)(c):ce [ (y")}

= f(kNno)(y")

= 6(f(rno))(y)
Hence 3(£ (1)) N (/(6)) = 8( (1N 6)). Therefore g1 A) = g(m) N g(A).

IA
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On the other hand, g(nvA) = g(6(n)v6(0)) = g(6(nV 0)) = 6(f(nV ).
Since f is an onto homomorphism, we have f(u VvV 0) = f(u) V f(8). Then

6(f(nv0))=0d(f(n)V f(6)). Thus
gyA) = 6(f(n) Vv f(0))
= 6(f(n)Vs(f(0))
= g(myg(A).
So g(nvA) = g(n)Vg(\). Hence g is a homomorphism. O

References

1. B.A. Alaba and W.Z. Norahun, Fuzzy annihilator ideals in distributive lattices, Ann. Fuzzy
Math. Inform. 16 (2018), No. 2, 191-200.

2. B.A. Alaba and W.Z. Norahun, a-fuzzy ideals and space of prime a-fuzzy ideals in distribu-
tive lattices, Ann. Fuzzy Math. Inform. 17 (2019), No. 2, 147-163.

3. B.A. Alaba and W.Z. Norahun, o-fuzzy ideals of distributive p-algebras, Ann. Fuzzy Math.
Inform. 17 (2019), No. 3, 289-301.

4. B.A. Alaba and W.Z. Norahun, Fuzzy Ideals and Fuzzy Filters of Pseudo-complemented
Semilattices, Advances in Fuzzy Systems. 2019 (2019).

5. B.A. Alaba and G.M. Addis, L-Fuzzy Prime Ideals in Universal Algebras, Advances in
Fuzzy Systems. 2019 (2019).

6. B.A. Alaba and G.M. Addis, L-Fuzzy ideals in universal algebras, Ann. Fuzzy Math. Inform.
17 (2019), No. 1, 31-39.

7. R. Balbes and A. Horn, Stone lattices, Duke Math. J. 37 (1970), 537-545.

8. Birkhoff, G., Lattice theory, Colloquium Publication 25, Amer. Math. Soc., New York,
1948.

9. O. Frink, Pseudo-complements in semi-lattices, Duke Math. J. 29 (1962), 505-514.

10. G. Gratzer, General lattice theory, Academic Press, New York, San Francisco, 1978.

11. W.J. Liu, Fuzzy invariant subgroups and fuzzy ideals, Fuzzy sets and systems 8 (1982),
133-139.

12. T. Ramarao, Fuzzy ideals and filters of lattice, Doctoral thesis, Dept. of Mathematics,
Acharya Nagarjuna University, Nagarjuna Nagar 522510, Guntur, A.P., India, 2011.

13. M.S. Rao, d-ideals in pseudo-complemented distributive lattices, Archivum Mathe-
maticum(Brno), Tomus 48 (2012), 97-105.

14. A. Rosenfeld, Fuzzy Subgroups, J. Math. Anal. Appl. 835 (1971), 512-517.

15. U.M. Swamy and D.V. Raju, Fuzzy ideals and congruences of lattices, Fuzzy Sets and
Systems 95 (1998), 249-253.

16. B. Yuan and W. Wu, Fuzzy ideals on a distributive lattice, Fuzzy Sets and Systems 35
(1990), 231-240.

17. L.A. Zadeh, Fuzzy Sets, Information and Control 8 (1965), 338-353.

Berhanu Assaye is an Associate Professor in Bahir Dar University(BDU), Ethiopia. He
received both his post doctoral degree and PhD from Andhara University, India. His research
interests are in the areas of lattice theory and fuzzy theory. He has published 52 papers in
reputable and peer reviewed journals. He advised about 30 MSc. and 10 PhD Students. He
served in various positions in BDU such as vice president of BDU and dean of students of
BDU.

Department of Mathematics, College of Sciences, Bahir Dar University,Ethiopia.
e-mail: berhanu_assaye@yahoo.com



§-Fuzzy ideals in pseudo-complemented distributive lattices 397

‘Wondwosen Zemene received M.Sc. from Bahir Dar University and he is a Ph.D candi-
date at University of Bahir Dar, Ethiopia. Since 2014 he has been at University of Gondar,
Ethiopia. His research interests are in the areas of lattice theory and fuzzy theory.

Departement of Mathematics, University of Gondar, Gondar, Ethiopia
e-mail: wondiel976@gmail.com





