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A WEAKLY COUPLED SYSTEM OF SINGULARLY
PERTURBED CONVECTION-DIFFUSION EQUATIONS WITH
DISCONTINUOUS SOURCE TERM'
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ABSTRACT. In this paper, we consider boundary value problem for a weakly
coupled system of two singularly perturbed differential equations of con-
vection diffusion type with discontinuous source term. In general, solution
of this type of problems exhibits interior and boundary layers. A numerical
method based on streamline diffusiom finite element and Shishkin meshes
is presented. We derive an error estimate of order O(N~21n? N) in the
maximum norm with respect to the perturbation parameters. Numerical
experiments are also presented to support our theoritical results.
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1. Introduction

Differential equations with a small parameter (0 < ¢ < 1) multiplying the
highest order derivatives, termed as Singularly Perturbed Differential Equations
(SPDEs), arise in diverse areas of applied mathematics, including linearized
Navier - Stokes equations of high Reynolds number, heat transfer problem with
large Peclet number, drift diffusion equations of semiconductor device modelling,
chemical reactor theory, etc.,

In general, this type of equations exhibit boundary and/or interior layers.
Standard numerical methods like finite difference and finite element methods on
uniform mesh for solving this type of euations fail to produce good approxima-
tions to exact solutions. Many authors [2, 3, 12, 13, 14] have developed efficient
numerical methods to resolve boundary and interior layers. A good number of
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articles have been appearing in the past three decades on non-classical methods
which cover mostly single second order equation. But, a few authors only have
considered system of SPDEs [6, 7, 8, 9, 11].

In this paper, we consider the following boundary value problem for coupled
system of singularly perturbed second order ordinary differential equations of
convection-diffusion type with discontinuous source term:

Lyt = —euf (z) + bi(2)u) (x) + ari (z)ur () + ar2()uz(z) = fi(2),
Lot i= —puy (z) + ba(z)uy(2) + az1(z)ui(z) + aza(2)uz(z) = f2(2), (1)

T € (QUQT),
u1(0) =0=1wu1(1), wu2(0)=0=us(1), (2)

with conditions on coefficients

br(x) > P >0, for k=12, (3)
a;j(x) <0, for 4,j=1,2 and i#j, (4)
a1 (z) > |aa(x)|, aga(x) > |as(x)], Vo e Q. (5)
CAET > g™ for every €= (£1,6) € R, A= [ayy], (6)
(7)

1
and 04—56220']@, for some a,0, >0, k=1,2, 7

where 0 < &€ < pu << 0 are small parameters, Q = (0,1), Q= = (0,d), QF =
(d,1), d € Q, and uy,us € U = CO(Q) NCHQNCHQ UQT), 4 = (uy,uz)?.
Further it is assumed that the source terms fi, fo are sufficiently smooth on Q\
{d}; both the functions fi(x) and fa(z) are assumed to have a single discontinuity
at the point d € Q. That is f;(d—) # f;(d+),7 = 1, 2. In general this discontinuity
gives rise to interior layers in the solution of the problem. Because f;,i = 1,2
are discontinuous at d the solution @ of (1) - (2) does not necessarily have a
continuous second derivative at the point d. That is uy,us ¢ C%(Q). But the
first derivative of the solution exists and is continuous.

Systems of this kind have applications in electro analytic chemistry when
investigating diffusion processes complicated by chemical reactions. The param-
eters multiplying the highest derivatives characterize the diffusion coefficient of
the substances. Other applications include equations of prey-predator popula-
tion dynamics. As mentioned above, in general, classical numerical methods fail
to produce good approximations to singularly perturbed equations. Hence vari-
ous methods are proposed in the literature in order to obtain numerical solution
to singularly perturbed system of second order differential equations subject to
Dirichlet type boundary conditions when the source terms are smooth [9]. In-
general the Galerkin FEM even on layer adapted mesh for convection-diffusion
type equations does not yield satisfactory result because of the convergence of
the stability problem of this method. Hence in [4], authors suggested a SD-
FEM to overcome this stability problem. This SDFEM was first introduced
in [1] for a convection dominated convection-diffusion equation. The authors
proposed a modification of the standard Galerkin finite element method that
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actually represents a Petrov-Galerkin FEM with the test functions adapted in
such a way as to produce a small amount of artificial diffusion in the streamline
direction, thereby enhancing stability. Therefore, this method is also known as
the streamline-diffusion Petrov-Galerkin method. It can be also considered as
the finite element method that adds weighted residuals to the standard Galerkin
FEM. The SDFEM has been successively applied to numerical solving of sin-
gle convection diffusion problem with a smooth source function. Motivated by
the works of H-G. Roos et al.[4], in the present paper we suggest a numerical
method for the above BVP. This method is based on Streamline - Diffusion Fi-
nite Element Method (SDFEM) with layer adapted meshes like Shishkin meshes.
For this method we derive an error estimate of order O(N~21n* N) for Shishkin
mesh, in the maximum norm. In order to capture a boundary layer with a
numerical method, it is essential that the approximate solutions generated by
the numerical method are defined globally at each point of the domain of the
exact solution. The numerical solution obtained from a finite element method
defined only at the mesh points, is extended it to the whole domain by a simple
interpolation process such as piecewise linear interpolation. Because we want
our technique to be capable of extension to complex problems in higher dimen-
sions, we only consider the finite element subspaces by piecewise polynomial
basis functions.

In this connection, we wish to state that the authors [7] considered the same
type of problem (1) - (2) with e = p and proved almost first order convergence
with respect to € on a Shishkin mesh of the finite difference method with special
discretization at the point d. When we compute numerical solutions, it is not
desirable to obtain error estimates in L',L? or energy norm, as they do not
detect the local phenomena such as boundary or interior layer. Therefore the
most appropriate norm for the study of singular perturbation problem is the
maximum norm [2]. The main significance of this paper is that the error estimate
for numerical solution is given in terms of the maximum norm. Now we define
the maximum norm of 4 = (u1,us) as

| % loo=maxi—1 2{l| ui [}, | wi lloo=maxzefo,1) | wi(x) |,i=1,2
H u ”oc[a:i,l,aci]: maX{” U1 HOO[Q?;‘—17I:']7 ” U2 ||OO[33i—1,wi]}’

” Uj ||(X>[Ei—17$7'}: MaXge(z;_1,2:] | ul(x) |vi =12

Further we define

| a(@) =] (ur(2), ug(x)) |= max(| ui(x) [, uz() |).

Remark 1.1. Through out this paper, C denotes generic constants that are
independent of the parameters €, u and N, the dimension of the discrete problem.
We also assume ¢ < CN~! and p < CN~! as is generally the case in practice
for convection-diffusion type equations.
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For our later analysis it is useful to have a decomposition of @ in the smooth
part ¥ and the layer part w. That is
u=7v+w, where U= (v1,v2), w=(wi,ws).

Theorem 1.1. [Derivative Estimates] With the decomposition of the above, we
have the sharper bounds of the solution and its derivatives of the problem (1)—(2).

For j=1,2 [oP@)|<C, k=01)3zeQ,

()| < €4 Ll TR
Ces (x), T € QF,

i (2)] < Cle ™ ere(@) +p " eru(2)), 2 €Q7,
1 T | Ol Feg (@) + p e u(2)), © € QF, k= 1(1)3,
|w(k)(z)| < Clu_kel,u(m)v r e,
’ T | CuFer (), z QT k=12,

e (), v Q7

" Cu=t(e2erc(x) + u=2
|’UJ2 ($)| < —1/.—2 : —2 +
Cu=t(e %eqc(x) + p ez u(x)), € QF,
where
e1w(x) = e~ T, erw(r) =e" TS w=ep, and B = min{f, B2}.

This paper is organized as follows. Section 2 presents a weak formulation of
the BVP (1) -(2) and describes a finite element discretization of the problem.
Section 3 presents a role of projection operator on approximation space and
error representation. It also includes an analysis of the corresponding scheme on
Shishkin meshes and an interpolation error in the maximum norm. In Section
4 we present a detailed error analysis of the projection operator and other error
terms. The paper concludes with numerical examples.

2. Analytical results

A standard weak formulation of (1)—(2) is: Find @ = (u1,u2) € (H(Q))?
such that

B(a,v) = f*(v), ¥V ve(Hy())? (8)
with
B(u,v) := (B1(u,v), B2(u,v)) and  f*(0) := (f{(v), f2(v)),
where
By (u1,v1) := e(ul, v)) + (biu},v1) + (a11u1 + ajaug, v1), (9)
Ba(ug,ve) := pu(uy, vh) + (baub, va) + (ag1us + azaus, ve) (10)
and

fi(or) = (fr;01), fo(v2) = (f2,02).
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Here H{(2) denotes the usual Sobolev space and (.,.) is the inner product on
L2(Q2). Now we define a norm on (Hg(£))? associated with the bilinear form
B(.,.), called energy norm as

all g = lelua|? + pluzl? + o (url|§ + luz 1), (11)
where [Jullo := (u,u)*/? is the standard norm on Ly(Q), ¢ = min{o;, 02}
while |ul; = ||u/||o is the usual semi-norm on H{(2). We also use the nota-

tion ||@llo = (|lui|? + |luz||3)*/? for the norm in (Ly(92))2. It is obvious that
B is a bilinear functional defined on (Hg(£2))2. We now prove that it is coer-
cive with respect to [[|.|[|z;, that is | B(a,u) [> 1||al|[%,, where | B(u,?) |=
\/Bl (I_L, 1_))2 + BQ(ﬂv 6)2'

Lemma 2.1. A bilinear functional B satisfies the coercive property with respect

2
HL

to [[]- Il -
Proof. Let @ = (uy,u2) € (HZ(Q))?. Then
[B(a,w)] = /Bi(u,u)? + Ba(u,u)?

> 1By, )] + |Ba(a, )]

%[5(1/1, uh) + (v, ur) + (anur + argus, uy) + p(ub, ub)
+(baub, ug) + (a21u1 + agausg, us)]

%[5|u1|f + plug|? + /01 by (x)ujurdr + /01 by (x)ubuodx
+(auy, ur) + (qug, uz)]

1 2 2 1b1(x)d 2 /l 2
= = = d
slemlt ol + [ 2D L)+ [ ot

1 1
ba(x) d , o / 2
—1—/0 5 I (u3)] + ; ausdx

= gletulfpluaf? - 5 [ ddtae) + [ auddo
0 0
1 ! 2 ! 2
—5/ ugd(bg(:n))—l—/ auzdz]
0 0

1 ! 1
= gl + ol + [ (@ = 3i@)ida

Y

+ [ o= gt

v

1 ] 1 1
gl + fuaft + minfor. oo [ o+ [ utda]

- 1
1B@ )] > Slelu |t + pluali + o(lfua|§ + [luz]§)]-
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Therefore we have
_ 1,
1B(a,a)| > 5 |llall[7;-

Hence B is coercive with respect to |[|.|[ ;- O

Also we observe that B is continuous in the energy norm, that is, | B(@, )| <
6/|||12|||Hé “[I[9[| . for some B > 0. Further f* is a bounded linear functional
on (H}(Q))?. By Lax-Milgram Theorem [12], we conclude that the problem (8)
has a unique solution.

2.1. Discretization of weak problem. Let QY = {xq,z,---,2x} be the
set of mesh points x;, for some positive integer N. For i € {1,2,--- N} we
set h; = x; — x;—1 to be the local mesh step size and for i € {1,2,--- N} let
hi = (h;+hit1)/2. For the discretization of (9)-(10) we use linear finite elements
with a lumping for both B and f*[5, 4]. We form the discrete problem as

N-1 N-1
— = ! ! ! N L
Bip(u,0) = e(uj,vy)+ (bruy,v1) + hia11,3u1,4v1, + E hia12,iU2,;V1 4
i=1 i=1
N oz
1 / !
+ E / 617k(—5u1 + blul “+ aj1uy + a12UQ)b1’U1d$,
k=1"YTk—1
N-1 N-1
- = ’o / N ~
Bop(u,0) = p(uy,vy) + (bauy, va) + hiaoq su1 ;02,5 + g hiaos iU iV2 ;
i=1 i=1
N oz /
1 !
+ E / 527k(—uu2 + b2u2 “+ ag1uy + GQQUQ)()Q’Uzd.’B,
k=1"YTk—1

fin®) = (frm) +Z / 51 fibrvde,

and  f3,(v) = (f2,02) +Z/ 82, fabavyda.
Thk—1

Then we have

By (a,v) := (B1n(4,v), Ban (1, v))
and [ () = (f1,(0), f3,(0)).

Now the discrete problem of (8) is: Find @y, € V;? such that

By (tn,vp) = fii(op), ¥ oy € V2, (12)
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where V;2 =V}, x V},, Vj, is a finite dimensional subspace of H}(f2) and the basis
functions of V}, are given by

x_;f%, T € [ri-1, 4]
di(x) = %, T € [Ti, Tiy]
0, T ¢ [vio1,ig]

Then {(i)z ?51_2 where i’z = (d)z,O) for i = 172, ,N — 1 and (i)i = (05¢N—i+1)
fori=N,N+1,...,2N — 2, is a basis function of th. Here we define a discrete
energy norm on Vh2 associated with the bilinear form By,(.,.) as

vi = lelunlf + pluznli + o (lusnl§ + llu2nll3)

N i
+30 [ e @)ds
i=1"Ti-1

[z ]]

N
3 [ b o) P
i=1 " Ti-1

By, is a bilinear functional defined on Vh2. Further we have to prove that it
is coercive with respect to [||.||[v,, that is |By(@n, @n)| > <l||unll}, , for some
¢ > 0. Also By, is continuous in the discrete energy norm and f; is a bounded
linear functional on V},. By Lax-Milgram Theorem, we conclude that the discrete
problem (12) has a unique solution and it is also stable [12]. The difference
scheme corresponding to the discrete problem (12) is

LNU; = (LY U;, LYU;) = (f1n(9i,0), f2r.(0, ¢4)), (13)
Uo=0, U,n=0, Uypp=0, Uyn=0, (14)

where
LYU; = —e(DYUy; — D™Uy ;) + a1 ;DU i + B1;D Ui + 71,:U1 i + 7;,¢U2,i;
LYU; = — (DU — D™ Us,) + a0 ;DU + 2D Us i + 42,iUszi + ’Y;,iUl,i-

Here le = (Ulyi,Ugyi), U17i = Ul(l'i), a1 = all(xi)7 and Simﬂarly for UQ,ia
12,3, G214, A22,; and ¢ = 1(1)N — 1,

Tit1
a1 = hip / (D194 105 + 01,0410 1 &) + 61 1b1a11 i1 0} d,
T

7

Bri= —hy / (b1 i+ 1. B26L 10 + b1 sbrari b1 6))d,
Ti—1

i—
s Tit+1

01 ibran ¢idx +/ 81 iy1brar @idz,

Zq

Yi,i = Biéﬁfz‘ -I—/

Tj—1

M, = hiaiz +/

Ti—1

a3 Tit+1

01 ibrarag;da +/ 81 ir1braraddz,

Zq
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Ti41
g = hi / (b2 s 1 i + 02,i41630, 1 & + 02, i1 1b2a02¢i10})d

i

A / (ba 15 + S0, b20 16, + b ibrcnadhi 1))
o Zq Ti41

Yo.i = hiaaz; +/ 82,ib2a20¢;dx +/ 82 ir1b2azeddr,
Tj—1 fers

s Tit+1

89,ib2az1 ¢jdx +/ 02,i+1b2a21 Pjda.

Zq

and '7;,1‘ = hias1,; +/

Ti—1
To preserve an M — matrix of the corresponding coefficient matrix, we take
72 72

— 1 — 2 .

ari; = EHanHme,mm], Ao = @HaQ?”Lw[a:i,le]a i=11)N -1,
and if the local mesh step is small enough, then it is possible to choose 45 ; =
0,k = 1,2. In other case, we shall choose d;; from the condition, oy ;, i =
1(1)N —1 of the difference scheme (13)—-(14) equal to zero. Since dj; is positive
we have

0, By < 2%
01, = b’ %
|faJ b1¢;¢i— 1d$[fz; (07 i1 + brarigid_y)da] |, hy > o
1
and also
07 hi < %ﬁu
o ba
62” B T; T 2#
| [, bedidiadal [ (D305 1 + boaayid_y)da] ™|, hy > 7
2
where by = [|by| () and by = |[b2]|=(q). Now, the scheme is stable because

the coefficient matrix is M — matrix [12]. We derive the following estimates of
51,1’ and 62,2‘

S < Ch; for i=1(1)4 and =4 +1(1)3X,
T lo for ':%+1(1)% and =3 (1)N -1,

where k =1, 2.

3. Error Analysis - I
Now the given discrete problem is: Find iy, € V;2 C (H}(2))? such that
Bh('ljh,?jh) = f}t(’ljh>, Yoy, € Vh2 (15)
Since the above discrete problem has a unique solution and some interpolant
al € Vh2 of u is well defined. We define a biorthogonal basis of th with respect to
By, to be the set of functions {A7 351_2 where AJ = (A, \}) for j = 1.2, ..., 2N 2,
which satisfies

Bi(®;, M) = (6:5,6:;) for i,j=1,2,..,2N —2. (16)
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In otherwords

Bin(®, A7) = 4 for i,j=1,2,..,2N —2,

Bon(®:, N) = &,
where §;; is the Kronecker symbol. Then the components w;;, and uzp, can be
uniquely represented as

N-1
uih = Y Bin((uan,uan), (A, Ab)) o
i=1
N-1 4 4
and ugn = Y Bon((uin,uzn), A TTHL AT
i=1
Define linear transformations Pp, Py : (H(Q2))? — V}, such that
N-1
Pia = Y Bun((ur,uz), (Af, M)
i=1
N_l . .
and Pyt = Y Bop((ur, uz), AT AN g
i=1

Let P = (P, P,) and @y, € VhQ. Then

Puy, = (P, Pauy)

N-1 N-1
= (D Bun((uin, uzn), (X, A5))di, > Ban((uan, uzn), AY 771 AT 1)) gy)
=1 i=1
= (u1n, uzn)-

That is, Pty = @y, Vi, € V2.
Hence P is a projection operator on VhQ. Now, the error @ — uy, can be written
as,
-y, =u—u' + Pa’ —a)+ Pu— . (17)

We estimate this error in the rest of this section.

3.1. Shishkin mesh. For the discretization described above we shall use a
mesh of the general type introduced in [10], but here adapted for the layers at = =
d. When 0 < € < p << 1, the solution of the problem (1)—(2) has a overlapping
boundary layers at x = d and x = 1. This necessitates the construction of layer
adapted meshes at these points. Let N > 8 be a positive even integer and

d 1-d o, ¢
2’ B 4 728
When o, = %“, then p = O(e), and the result can be easily obtained. Therefore,
we only consider the case 0. < . Let O = (0,d — 0,,),Q = (d — 0,,d —

0, = min{ ToIn N}, 0. = min{ ToIn N}, To > 2.
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0c), 8 = (0c,d), Q4 = (d,1 —0,),2% = (1 —0y,1 —0c),Q = (1 —0c,1). Our
mesh will be equidistant on (g, where
Qs = Q1 UQy,
and graded on €y where
Qo = U3 U5 U Q.
We choose the transition points to be
Tn/a=d—0y, Tanwg=d—0c, Tana=1—0y Trng=1-0..

Because of the specific layers, here we have to use four mesh generating functions
©1, P2, p3 and @4 which are all continuous and piecewise continuously differen-
tiable, with the following properties: ¢ and ¢3 are monotonically increasing
and @92 and ¢4 are monotonically decreasing functions and

p1(1/4) =0, ©1(3/8) =In N
©2(3/8) =In N, w2(1/2) =
¢3(3/4) =0, <P3(7/8) In N
©4(7/8) =In N, pa(1) =
The mesh points are
N(d—0u), i=0(1)N/4
d—ou+ F(n—e)ei(ts), i=N/4+1(1)3N/8
a- T—Oapg(t») i =3N/8+1(1)N/2
TV a4+ L1 - d-20,)6 - N/2), i=N/2+1(1)3N/4
1 -0y, + B (n—e)ps(ts), i=3N/4+1(1)7N/8
— Fepa(ti), i=TN/8+1(1)N,

where ¢; = i/N. We define new functions 11, 19, 93 and 14 by
pi=—Iny;, i=1(1)4

There are several mesh-characterizing functions 1 in the literature, but we shall
use only those which correspond to Shishkin mesh with the following properties

max [¢)'| = CInN,

and

i (t) = e 4=YDIN (1) = = 4(1-20InN

bs(t) = e SE=3/VInN (1) = =8(1=1)InN
Also, on the coarse part {)g we have

hi <CN™'.
It can be easily seen that on the layer part Qg of the Shishkin mesh
hi <C(p—e)N"'InN, x; € QUQs,
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hiSCé‘N_lth, z; € Q3 U Qg.

4. Interpolation Error

Initially we consider the interpolation error in the maximum norm and we
compute the interpolation error for the components u; and us.

Lemma 4.1. For the Shishkin mesh and i = 1,2, we have

CN—2In*N,z € Qy

J(z) —ul(z)] < 2
|u@>umm_{CN4w€QS

Proof. First we consider the case ¢ = 1 for the Shishkin mesh. Let z € Q7. To
prove the estimates, we use the decomposition of solution as smooth and layer
components and triangle inequality

(w1 = u)(2)| < (01 —of)(@)] + |(wr —wi)(@)]- (18)
Then the first term of (18) will be

[(v1 = vi)(2)]

IN

2 [ e -z

i—1

IA

20/ (t—xi,l)dt

< Ch?, x € |mi_1, 4]
If v € 0y NQ~ then |(vy —vf)(z)] < CN72. In case z € Q2 N Q™ we have
|(v1 = vf)(2)] < C(u—€)?N"2In® N.
When x € Q3N Q™ we get
|(v; — o) ()| < Ce2N~21n® N.
Again if x € Q3 N Q7 the second term of (18) will be

(w1 —wi) (@) < 20w (@) Lo fois i

—B(d—z;)
< C max e =
1<i<f
(w1 —wi)(z)] < CNT™.
Now let z € Q5 N Q™ we have
(wr —wi)(z)] < ChIwi(2)], =€ [zi1,]
2 —B(d—=;)
< Chjymaxe &
(w1 —wi)(z)] < Clu—e)>N"?In*N.

and if x € Q3 N Q™ then we have

(w1 —wi)(z)] < 2/$i ) ()|(t = zi1)dt, @ € [3i1, 7]

i—1
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_ Bld—uwy) _ Bld—=;)
£

Ch? max[e2e e~ &
K3

+ 2
CEeN'InN)? (e 24+ p72)

CN72In® N(1 + (¢/u)?).

ININIA

Similarly we will also obtain the same estimate on & € Q. From equation (18),
the result is proved for ¢ = 1. When ¢ = 2, the bounds of the interpolation error
are same except the singular part we on Q3N Q™. If z € [z;_1, x;] then

we—wh@)] < 2 [ ol s
Ti—1
(d—=z;)
< Ch?maxu?e "7
< C(eN'InN)?pu2
< CN72mn*N(e/p)%
Hence the lemma is proved. O

In the later analysis, the following estimates will be used

C, z€Q NQ C, z€eQ™NQ
erw(z) < eaw(x) <
’ CN-™, zcQ NQg, CN-™, zeQtnQg,

(19)
where w = ¢, p.
5. Error Analysis - II

The difference scheme (12) can be rewritten as,

- Ui,it1—Us,s Ui, i—Ui,i— Uy, —Uy,i—

(g (Lop=ln) oy (GoasUnimny) gy (Yrsslims g,y

‘H]i’iUgJ = fikh,i’ 1= I(I)N — 1,

— U. 7 —U: 7 U i—U i— U.- 7‘,—U G —

T (g (U2 oy (UnisUnims ) gy (Uicloicy g, 17,

a2, Ui = [ 0= LN -1,
where p1; = 1 — “H= gy = Bty = al%w’lﬂ Q= % and pe; =
1- L’lifla q2,i = %7 ro; = 7%,%}1;&-,82,@7 qéﬂ- = ’%‘j, i =1(1)N — 1. For further
analysis of (17), we shall need additional assumptions for the mesh.

2(1—p)B

Remark 5.1. If o N~ max |¢'| < e < d||by| gy N1
max{|[b1 | (@), 102l L () } )

and g < d||ba|| oo ()N~ for some 0 < p < 1 then

Pri=p >0, Tk,i2%>oa Qi +qe; >0, k=12



A weakly coupled system of singularly perturbed convection-diffusion equations 369

The above remark gives raise to estimate the discrete Green’s function N =
(A1, A}) and now we can apply Lemma 5.3, from [16] to estimate of this discrete
Green’s function. For this we define || M| 11(q) = PR fl_l | M | de.

Lemma 5.1. On an arbitrary mesh, the discrete Green’s function N o= (M, ),
defined as the solution of the discrete problem (12), satisfies | A1|| =) < C and

1) Iy < C for k=1,2.
Proof. Following the procedure adapted in [5], we can prove this lemma. U

Remark 5.2. Since /\i € Vi, k = 1,2, the corresponding matrix of the difference
scheme derived from (16) is an M — matrix and the discrete maximum principle
for that scheme we have )\fm > 0, it follows that

N 2
> / N dzx
i=1 Y Ti-1
N e ‘
= Z/ (Mi10i-1 + X ;0i)dw
Ti—1

i=1
h; Al
E(Akl 1+)\k1 Zhl)\g@z
=1

If H)\iHLw(Q) < C, then from the previous estimate we have ||)\;c||L1(Q) <C.

M1zt (@)

I
Mz

Il
—

3

We now proceed to estimate the remaining parts of the equation (17). Then
we estimate |u;(x) — u;p(z)| for each interval [z;_1, x;].

5.1. Projection Error. Let x; € QY be a mesh point. From equation (17),
the projection error at the points of the mesh is

P(a! — @)(a;) = (Pi(a' — 0) (), Pa(a — )(x,)).

Each of the components of the above will be estimated seperately. We have

Pi(a' —a)(z:) = Bua(((uf —u), (uh —u2)), (A}, A5))

= e((uf —ur), AD) + (ba(uf —w1)', AY)
N-1

+ ) hjan(zy)(uf ; —ur )AL
j=1
N-1

+ hjaia () (ud ; — uz i) +Z/ S1(—e(uf — u1)
7j=1

+ bl(u{ — ul) + au(u{ —u1) + alg(ué — ug))bl()\ﬁ) dx.

We seperately consider each integral in the above equation. Applying the inte-
gration by parts to the first integral in P; (u! — u)(x;) and using the properties
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ud(z;) = ug(x;) for i = 1(1)N — 1 and (\%)” = 0, we obtain

uf (i) = ua (),
/1 e(ul —uy) (X)) dz = 0.
0

The second integral of the above equation will be transformed in to
1
= [ =)@ (30 e |

|—Z/ L) ()N + by (ND) )da |
£J 1
Clluf = unll oo ey (INF [l 2= () + 1D N 22.c3y)

1
[ laf = ) Nde |
0

IN

CHul _u1||L°°(Q)~

A

For the analysis of the remaining part of Py (a! —)(z;), we use the decomposition
of @ and Theorem 1.1. For the first component v; of the smooth part

< Ce |01 | vy llpee @ lAD) 11 21a)

|Z/ 61 ;0 by (\8) da |
< (CeN7L.

For the layer part w; of the first component of the solution, we need the following
estimate of |(A\}) ()], € [xj_1,2;]. Then we have
(A (@) = 7 | M(25) = Xi(2j-1) |< CN| Al =) < CN

On z; € Qg, we have h; > 2max{d,1 — d}N~! and hence

\Z/ e6y jwy by(A)) d |
T mJ 17 /7

ceN*(Z/ lw) || () | d+ Z/ Lw || (M) | de)
j=17%i-1 j_N+1

<
N
4 xj
1 9 —b(d=z) o —B(d a:)
< CeN O |(EY [ e e }j da]
j=17%i-1 Tj—1
3N 3N
4 4 T
- J B(l—z) _ (A Te R
+le2 / e~ = dr+p? / e” #  dz])
Fr o i~ ¥ mn
N 3N
4 4
—Bd==) ., € —B(d=z) —BO-2) .
D B s i ) S o
, Pl

INA
Q
'M»\z
sy
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ax
LD G )
¥
< C’(1+i)N1’TO, [since, & < pl,
< CON!'=™,

N oz _ Nz, _
Z/ d15b%(ug —wr)’ () 'de | = | —Z/ edyj(ug — u1) (b7 (A1)') da|
o PR EoN

< CON7Huf —url (e

N ZTj . .
IZ/ 01 annby(ug —ur)(A))'de| < ONTHlug — g @y lIAi ]l 1o

< CN7Muf - u1 || o (0)
and

N zj -,
I3[ danbied - () de | < ONHub — wal e
j j—1

Using the results of Lemma 4.1 and combining the above estimates, we get

Py (@' — a)(x;) <CN2In® N + CeN~! + CN'~™,
And now we have to estimate the second component P, (u! — u)(x;) as follows
Po(@ —a)(ws) = Bon(((uf —ur), (uh — uz)), (N, AD)

= ,LL( ué - U’Q),v >‘22’) + (bQ(ué - u2),7 >‘22)
—1

2/\

+ > hjagyj(uf ; — u1 )y

M

ZT
H»—t

B 227] (UZ J u27J AQ N =+ Z/ 62,] - u2)”

—l—bg(u2 —uo) + ag (ul — up) 4 ane(ul — u2))ba(N) d.
For estimating the above terms, we follow the similar procedure adapted for the
first component of projection operator P;. Using the properties of \j, we get
the same bounds for all the terms except | Zjvzl f;jj,l pdajwhbe(Ny) dx|. For the
layer part wsy of the solution component uy, we have

N .z ‘
> / 6y ullby (N de|
j=17%

HM
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IN
Q
=
7
[
R\gg
|
E.
>:
=
S
+
|I
m\z M “;‘2
\&
>:
=
)

J=1""i j
3 i
i T —B(d—=x) _ Tj _B(1—z)
< OuNYORYN( 22/ ¢ 4 S / =25 aa)
j=17%i-1 =417 %1
> =
< e 14 S e )
j=1 N1

< CN'"™,
Finally, we arrive at the following estimate for P,
Py(a! — a)(x;) <CN2In® N+ CuN~—' 4+ CN1~™,
Since | P(a! — u)(x;) |= max(| Pi(a! —@)(x;) |,| Po(a! —u)(z;) |), we have
| P(a! —a)(z;) |[<KCN2In* N +C(e + p)N~t + ON'=™. (20)
The remaining part in the error representation in (17) is consistency error.

5.2. Consistency Error. Let K = (K1, Ks) = Pu—uy = ((Piti—u1p,), (Paii—
ugp)). That is, K1 = Pia — uyp and Ko = Pyt — ugp. Now,

K, = Piu—uyy
N—1 o N—1 o
= Z B1h((U1, uQ)a (/\7i7 AlQ))qbl - Z Blh((ulha u?h)) (Allv )‘12))¢)1
v o
= Z Blh((ulaUQ)a()‘zb)‘ZZ))(bi‘i’ Z fl(()‘lh)‘é))qsz
; i=1
N—1 o
— Z Bi((u1,uz), (i, \)) gy — Z Bin((w1n, ugn), (A1, A3))di
N_l— =1
= (Bin — B1)((u1,uz), (A}, Ab)) Z Jin((
-
+ > AL AY))
N— . o N—1 o
K = (Bin = Bi)((u1,ua), (A, M) + Y (fi = fin) (AL, AD)) -
i=1 i=1

Then we have

Ki(z:) = (Bin— B1)((u1,u), (A, A5)) + (f1 = f1n) (AT, A9))
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= Blh((ulaUQ)a( Zl7>‘12)) '
Bl((U1,UQ),( 1:28)) + f1((AL ) — (A1, A2))

N-—1

-1 1
Kl (xz) = hjall,julhj)\lﬂ» — / a11u1/\1dx a12 JU277)\1 i
— 0 j=1

1
—/ arpup\idz) + / fiXide — Z hj 10 5),
0

j=1

where u1 ; = u1(x;), ug; = u2(z;) and a1a; = ar2(x;). Similarly we get

N— 1
2 : N+i—1 N+i—1
a1 julyj)\ / a21u1A2 d:z:)
0

N— 1
+2 1 N+i—1
E a22 U2, J>\ / a22U2>\2 dl’)
— 0

1

+([ Al — thQ,JAN“ )

S—

Now we define

N— 1 N-1
Kl .’EZ a11,;U1, ]Alj Z/ a11u1 )\ dx + Z h ja12,5U2, ])\1]
J=1 i
72/ (a12112) )\d:z:+z flAldfohflj)\lj
xj ] 1 Tj—1

Then we can write Ki(z;) as

K () = {Kf(ﬂvi) + Z;V:l féj_l((anm)l — (a11u1))Njde + Zj‘vﬂ féj_l((amuﬁl
T S eaw))Mde — XL [ ()T = fi)Nida,

The later sums of Kj(x;) can be bounded by

|Z/ CL11’LL1 (auul)))\idx\
ZTj—1

< Ollur = willpee @y lannll ooy + llats = arillzoe @ lun ll oo @) 1N 121 ()
< Cllur = ufllpoe @y + N2l oo @) 1A L1 @)

< Olur = willpee @y + N72)

< CN Zmax | |2

< CN72I*N,
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N 4
|Z/ ((a12u2)’ — (a10us))Nidz| < CN~21In® N,
j=1/@i-1
and
|Z / ~ f)Nda| < ON"|Xi ey < ON 2.
Tj

If we define K2 (ZCZ) similar to K3 (z;), then we can write

K3(2:) + Y0, f27 ((a2iu)! = (azrun))AY e
Ko (z;) = +30000 J27 ((asauz)’ (22)
—(agou2)) N e = I [ o () = f2)2 e
We can also estimate the later sums of K»(x;) as done for K1 (z;). In the point-

wise errors, K1 (x;) and Ks(z;) it remains only to estimate the expressions Ky (x;)
and K3 (x;). First we write K5 (x;) and KJ(x;) in the form

K3 (#:) =< (a11u1)", A] >p 4 < (a12u2)', X] >p — < fLLA] >4, (23)
K3 (x;) =< (agiun) T, N7 >p 4 < (agoua) T, MY T > — < AT 5,

(24)
where

<g,w' >h—Zhjngw—Z/ )dz,
le

for a piecewise linear functlon g, not neccessarily continuous. For integrals in
the previous formula, we use Simpson’s rule
1Nl
k - - k
< g,Ww” >p= 6 Z(hi(gi —gi 1)~ hit1(gi1 — 9 ))wi - (25)
i=1
In order to estimate Kj(zr) and Kj(xx), we start with the decomposition of
the solution #. Hence we seperately analyze smooth part v and the layer part w.
Now the equation (23) can be rewritten as

K (x1) =< (a1101+a1202)1,)\’f >p + < (a11w1+a12w2)17)\]f >p — < ff,)\zi >ho-

(26)
First, we estimate the third term of the equation (26)
N—1
(AR <0 C Y Il = fimn) = hann (FLaa S
i=1
N-1
< C Z |3 f1(&) — hzz+1f{(€i+1)|>"1€,iv §i € [wi1, i
i=1
N—1
< CON?| (@) D (Eirr — &)AT,

i=1
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< ON72 |l o @ I Lo ()
since by < CN7L, | AY]| () < C and || f{'|| ) < C. Finally, we get
[(f{, X <CN2. (27)

Now, the first term in the above expression containing the regular component
v1 and vg, that can be easily estimated. In fact,

| < (a11v1 + a12ve)’, A > |
N-1

< C[HallHLw(Q) Z |hz(U1_z - U;r,i—l) - hi+1(”1_,i+1 - Uii)P"f,z
i=1
N-1
Hlarall g @) Y Thi(vz; = v 1) = hisa (vg,40 = v3 ) IAL]
i=1
N-1
< C[Z |h12”/1(§i) 7,+1U1 (&i+1) |)\ i T Z |h2 1+1’U2(£1+1)‘A i)
i=1
& € [zio1, 2]

N—-1
< CIN o [l (@) Y (Ginr — E)AT,
=1

< ON7?|M L@,

by using Theorem 1.1, h; < CN~1i = 1(1)N — 1 and ||)\’1“HLOC(Q) < C. Finally,
we get

| < (a11v1 + 0,12112)1,)\’1f >n | < CN~2. (28)
Now, Let us denote the coefficient in < (ajw; + (112’11)2)], )\]f > corresponding
to )\’f’i by m;. Depending on the values of index ¢, we consider different cases. In

general, gii denotes right-limit and left-limit of a function g at a mesh point z;.
Case 1: When1 <i < %—1 or %—!—1 <1< %—1. That is, [2;—1, 2;+1] C Qs.
The coefficient m; can be estimated by

lmi| = | hi(aﬁ,iw;i - a1+1,z‘—1wfr,z’—1) - hi+1(af1,i+1wf,i+1 - aﬁ,iwii) |

+ | hi(a;2,iw;,i - a1+2,i71w;,i71) - hi+1(a;2,i+1w;,i+1 - aTZ,iwIi) |

< Cﬁi[”wlnL"o[?ﬁi—hmHﬂ + ||w2HLOO[-'I«'7‘,—171i+1ﬂ
< Chi[max |e; ,,(x)| + max |ea ,(z)|], from Theorem 1.1 and (19),
z€Qs z€Qs
| m; |< ChiN™™. (29)

Case 2: When%—&-lgig%—10r%+1§i§%—10r—+1<z<

% — 1. or % +1<i< N —1. That is, the subinterval [z;_1,z;+1] C Q. The

layer part will be calculated by estimating m;. We have
b (a— o ot + _ . — - o+ o+
mp = hl(all,iwl,i all,i—lwl,i—l) hl+1(a11,i+1w1,i+1 ayy Wy,

(= an— ot + . - P
+hz(a12,iw2,i a12,i71w2,i—1) h1+1(a12,i+1w2,i+1 a12,iw21)
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hi(—a11,iv1w1,i41 + 2a11,w1 5 — a11i—1wii-1) + (hy —

—a11,,w1,4) + hi(—a12,i+1w2,i41 + 2012, ;W2 — a12,i—1W2i—1) + (h; — hit1)

(a12,i+1w2,i+1 - a12,iw2,i)

all,i(hi(*wl,iﬂ + 2w11,i - wl,i—l)

hi+1)(a11,i+1w1,i+1

+ (hs — hig1) (W1,i41 — wi,))

+hi(a11,i - all,i—l)(wl,i—l - wl,i) + hi+1(a11,z‘+1 - all,i)(wl,i - w1,¢+1)
Fwii(—hiv1a11,i+1 + (hi + hig1)ai; —

X(hi(_w2,i+1 + 271121,1‘ - w2,i71) + (hi - hi+1)(w2,i+1
+hi(a12,; — a12,i—1)(Woi—1 — w2 ;) + hivi(a12,i4+1

hia11.i—1)a12,;

+wa i (—hiy1a12,i41 + (hi + hiy1)ai2; — hiar2,—1).

—wa,i))

- alQ,i)(w2,i - w2,7:+1)

Using the Taylor’s expansion for each of the terms in the previous expression

!
- hi+1)a11,iw1ﬂ- -

12

!’
h¢+1)a12,iw2,i -

12

Pi )w2 (5%)

yields
hiar1i(—w1,i41 +2w1; —w1-1) = hi(hy
. hihzz+1
2
hiai2,i(—wa,it1 + 2wa; —wai—1) = hi(h; —
h hz—i—l
2
hit1)a11,i(wiipr —wii) = hipr(hy
h; — h1+1)a12,z(w2 i+l — ,i)
h; a11,; — G11,i— 1)(1011 1 *wl,z') (
hi(ai2,; — a12,i-1)(wa,i—1 — wa;) = _h3a12(
h7,+1 a11,i+1 — @11 z)(wl,z — Wy z+1) /1
hivi(aiais1 — ar2)(wa; —woir1) = (b7 —

hz+1)a12 W2, —

+h?+1a12(77i+1))w2,i7

where 6;,&, pi,n;i € [xi—1, ;).

a1 wy (Giv1),

a12,iws (0it1),

h3 "
< 1wy (0)

h3 12
- a12,w3 (0)

- hi+1)a11,iw/1(£i+1)v
= Rit1(hi — his)arziwy(Eir1),
= *h?an Pz)wl(fz)

= h‘z—i—la 1(Pz+1)w1 (fz+1)

§(h§a12(77k)

Lemma 5.2. For the points x;—1,x;,xi41 € Qo, v; Fd = Ty of the mesh with
To > 2 the following holds

| (hi = hig1) (w41 — wiy) |
| (hi = hit1)(wa,iv1 — wa) |
| (hi = hig1)wy, |
| (

and hi — z+1)w2,i |

IA A

IN

IN

Chis1N 72,
Chit1N72,
CN—?
CN~2,
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PT‘OOf. Let x;_1, x5, Tit1 € QQ and x; 7é d= 1‘%

T _ ’ ’
|hi — hiy1| = 50(/1*5)1\7 Yoy (pi) = ¢ (pit1)
< Clp—e)N"?|o"(&)
for pi, pis1,& € (ti—1,tig1). Also |wiip1 — wii| = hipa|wi(aig1)], g1 €
(T4, 2i11)
(hi = hig1) (Wi —wis)| < Clp—e)hira N2} (&) || wy (@isn) |
o, Y1) (o
< C(p—e)hjg1 N2
< Cp—¢e)hin (%(wi))
x[e 7 ere(aipr) + 1 e p(@ivn)]
< Chi N2y
>~ +1 ( wl(mz) ) [lel,al + |€17H ]
< ChiptN2(Yr(tivr)) >
Using the fact that max|v¢) | = ClnN and ey (ait1) < ¥1(t)% + N~

et p(air1) < ¥1(t;)? + N~ we have
| (hi = hix) (Wi —wig) | < Chipa N7 (9 (1) + N770) (1 (1))
| (hi — hiz1) (Wi —wis) | < ChiaN72,
since 79 > 2. When [z;_1,7;,41] C Q3 and [2;_1,2:41] C Qo N QF, the above
estimate is also true for these intervals. From the previous analysis, we get
hiart i(—wy 41 +2wi; —wii1) < Ch;N~2? 4+ Ch; N~ ?max ]|,
hiai2,i(—wa ;41 + 2wo; —wa—1) < Ch;N~2 + Ch;N~? max |7//1\7
and
(hi — hit1)arr (w41 —w1y) < Chi1 N2,
(hi — hip1)aia,i (w21 —wa;) < Chip N2
O

Applying the above Lemma 5.2 to each of the terms in m; of Case 2, we have
|m;i| < ChyN~? max |¢'|?. (30)

Now it remains to prove the estimates at the transition points.

Case 3: When z;,7 € {%, %, %, %} and i # % At these points w1 4, W1 41
and wg ;, we ;41 are bounded by C'N~70. Then, using the expression for |m;| given
in Case 2,

| m; |S CBZ'N_TO. (31)

Case 4: When i = % That is, z; = d
I + 7. - -+ o+
mp = hl(all,iwl,i a’ll,i—lwl,i—l) hl+1(a11,i+1w1,i+1 all,z’wl,i)

A= an— ot + 7. - - 4+ o+
+h1(a12,iw2,i a12,i71w2,i—1) hz+1(a12,i+1w2,i+1 a12,iw2,i)
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_ + o+ -
= hi(—a11ip1w1 041 + afy W)+ a Wy — ani-1we,i-1)

+ o+ e
hi(—a12,i41w2,541 + af5 ;wo ; + Q15 Wy ; — Q12— 1W2,i-1)

El
A

hil(afy ; — arnap)wi; + (agy ; — annio1)wy|
+hi|a11+1,i(wii —wiit1) +arni—1(wy; — wii-1)]
+hi|(a1+2,z‘ - a12,i+l)w;i + (agg,; — a12,i—1)wy |
+hi|a12+1,i(w;i — wait1) + a12,i—1(w2_71‘ — wai—1)|
Chihigr|w),| + ChZ|wy | + Chyi(hi(arr i1 — ajy )@ ;
1
2
+Ch?\w£i| + Chi(hi(ai2,i—1 — ajp ;)W

IN

1
hiaiy o (9;) + §h?a11,i—1@'1/(19i) + Ry) + Chihigr|wy,]

1 _
/2,1‘ - §h12+1a12,iw/2/(19i)
1
+§h?a12,¢—1@§/(?9¢) + Ry), U € [wi_1,24]

We use the asymptotic expansion of the layer components w; = w; + R; and
wg = wWg + Ra, that can be derived using the technique from [15]. It can be
concluded that the leading part @} of w] and @} of w) are continuous at x = d,
enabling us to use Taylor’s expansions for estimating wii —Wiit1, Wy ; — Wi,i—1
and w;:i — W2 41, wz_)i —wa ;—1. Since Ry, Ry contain lower order terms, we have

| m; |< ChieN™' + Chie N~ max [¢/|* + Ch; N2 max |¢/|?, (32)
and we use the estimate of max |¢’| in the above result to obtain

|mi| < Chi(e + N"Y)N~'In® N, for Shishkin mesh.

Collecting estimates (29)—(32) from the previously analyzed cases and using
e <CN~! and u < CN~! we have

| =

|< (anwy + appws), NF >, <

N-1
Z |mi|>\lf,i
i=1

N-1
C(N™™ + N2 max|¢']) Z hidy
i—1

IN

IN

ON~2 max ||| \4] 20
< ON ?max|¢/],
since 79 > 2 and [|A} 1) < C. From (26), (28) and the above estimate, we
have
K{(x) < CeN™' + OCN~?max |¢/|. (33)

A similar estimate is also hold for K3 (zy), from (24). Therefore from equations
(21)—(22), (33) and max |¢'| = Cln N (in case of Shishkin mesh), for p = 1,2
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we have
Ky(ry) < Cle+p)N'+CN2In®N.
Since | K (z;)| = max(| K1 (x;)|, | K2(z;)]), we have
|Pii(x;) — ()| = |K(2;)| < Cle + W) NP+ CN~2In® N.

Lemma 5.3. Let @ and 4, be solutions of the BVP (1)-(2) and (13)-(14)
respectively. Then for Shishkin mesh, the pointwise maximum norm of the error
satisfies

| a(z;) — an(z;) |< ON"2In® N+ Cle + p) N~ L+ CN—™. O

Now, since V}, uses linear Lagrange elements, we can easily derive a bound for

the error u; — u;, on each element [z;_1,z;],7 = 1(1)N,j = 1,2. For arbitrary
i€{1,2,---,N} and = € [x;_1,x;], the triangle inequality implies

| uj(x) = ujn () [<] uj (@) —uj(@) [ + [ uj (@) —ujn(@) [,j = 1,2

The difference between the piecewise linear function uJI and u;p at the point x
is estimated by, for ¢ = 2(1)N — 1

|ul(@) —ujn(@)| = |uj(@ic1)dio1(@) + uj(2:)di(x) — uin(io1)di—1(x)
—u;n(x:)Pi(2) |
< ui(@io1) —ugn(@i-1) | gim1(@)+ | ug(@i) — wjn(i) | i)
< CN72*N+C(e+p)N~' +CN'"™ | by Lemma 5.3

where ¢; are functions defined in Section 2.1. The same bound holds for i = 1
and ¢ = N. Therefore for each interval [z;_1,z;] we finally obtain the error
estimate

|uj(@) —ujn(@) | < a—a"|Lope, 0 (34)
+ CN2In® N+ C(e+ )N+ CNY™ 5 =1,2.

6. Error Estimate

The following theorem gives us the result on the maximum norm of the error
@ — Uy, not just on each interval, but on the whole domain [0, 1].

Theorem 6.1. Let 4 and uy, be solutions of BVP (1)-(2) and (13)-(14) respec-
twvely, € < CN_l,M < CN~! and 79 > 3. Then we have

|@ — @n|| < ON"2In®> N,  for Shishkin mesh.

Proof. For Shishkin mesh, the theorem follows from the inequality (17) and the
results on interpolation error 4.1. O

Remark 6.1. All the results in this article also hold good in case when the
functions f; and f; have more than one point of discontinuity. We may also use
Bakhavlov-Shishkin meshes [4] instead of Shishkin meshes. For this case, we will
arrive O(N~2) convergence and numerical experiments has been carried out for
both Shishkin and Bakhavlov- Shishkin meshes in the next section.
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7. Numerical Experiments

In this section we experimentally verify our theoretical results proved in the
previous section.

Example 7.1. Consider the BVP

—euy + U+ 2uy —up = fi(z), (35)
— gy + Uy — uy + 2up = fo(x), xEQUQT, (36)
where
1.0, 0<z<0.5,
h@){48,05§xg1
and

fey = |20 0sw=05
€Tr) =
2 1.8, 05<z<l.

For our tests, we take ¢ = 2718, which is sufficiently small to bring out the
singularly perturbed nature of the problem. We measure the accuracy in various
norms and the rates of convergence " are computed using the following formula:
EN

TN = logg(ﬁ),

where

BN = max{ max | (uyn)™ (@:) = (ujp,) " (@) [}

j= x; €82

and ug ;, denotes the piecewise linear interpolant of w;p,.
Example 7.2. Consider the BVP
—eu; 4 2u) 4+ 2(x 4+ 1)%uy — (1 + 2¥)ug = fi(z),  (37)
— iy + 1.5uy — 2cos(ma/Duy + (1+V2)us = folz), z€Q UQT, (38)

where

and

(@) —2z, 0<z<0.5,
xT) =
? 1—22, 05<z<lL.

In Tables 1 and 2, we present values of EV, Y for the solutions of the BVPs
(35)-(36) and (37)-(38) for Shishkin and Bakhavlov-Shishkin meshes respectively.
The Figures and depict the numerical solution of the BVP (35)-(36) for Shishkin
mesh with N = 512. From the tables it is obvious that the method presented in
this paper works better than the standard upwind difference scheme on Shishkin
mesh. Some extent the numerical results support the theoretical results.
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TABLE 1. Values of EN and vV for the solution of the BVP
(35 - 36).

N Shishkin mesh Bakhavlov-Shishkin mesh
EN rv EN N

32 | 6.1623e-002 | 0.8613 | 6.1611e-02 0.8610

64 | 3.3921e-002 | 0.9729 | 3.3921e-02 0.9728
128 | 1.7283e-002 | 1.0642 | 1.7283e-02 1.0640
256 | 8.2660e-003 | 1.2053 | 8.2666e-03 1.2052
512 | 3.5851e-003 | 1.5764 | 3.5854e-03 1.5766
1024 | 1.2020e-003 - 1.2021e-03 -

TABLE 2. Values of EN and vV for the solution of the BVP
(37 - 38).

N Shishkin mesh Bakhavlov-Shishkin mesh
EN rv EN rN

32 | 2.9345e-002 | 1.0687 | 2.9379e-002 1.0698
64 | 1.3990e-002 | 1.0703 | 1.3996e-002 1.0707
128 | 6.6622¢-003 | 1.1111 | 6.6634e-003 1.1112
256 | 3.0842e-003 | 1.2282 | 3.0845e-003 1.2283
512 | 1.3165e-003 | 1.5880 | 1.3165e-003 1.5880
1024 | 4.3790e-004 - 4.3792e-004 -
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