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ESSENTIAL NORMS OF SUMS OF TOEPLITZ
PRODUCTS ON THE PLURIHARMONIC DIRICHLET
SPACE

YOUNG JoO LEE

Abstract. On the setting of the pluriharmonic Dirichlet space, we
describe the essential norm of an operator which is a finite sum of
products of several Toeplitz operators.

1. Introduction

Let B be the unit ball in the complex n-space C™ and V be the
Lebesgue volume measure on C™ normalized so that V(B) = 1. The

Sobolev space .¥ is the completion of the space of all smooth functions
f on B for which

1]l = {\/dev
9 (),

n . n a
RIGI=D 55 () RIG) =D 5()

for z = (21, ,2n) € B. The Sobolev space . is a Hilbert space with
the inner product

<f,g>—/deV/Bgdv+/B(Rng+ﬁfﬁg) av.

A function u € C?(B) is said to be pluriharmonic if the one-variable
function A — u(a + Ab), defined for A € C such that a + A\b € B, is
harmonic for each @ € B and b € C". The pluriharmonic Dirichlet space
Dpn, is then a subspace of . consisting of all pluriharmonic functions

) 1/2
+/B(|Rf|2+|7€f|2) dV} <

where

Received February 10, 2019. Accepted March 12, 2019.

2010 Mathematics Subject Classification. 47B35, 32A37.

Key words and phrases. Toeplitz operator, pluriharmonic Dirichlet space, Essen-
tial norm.



620 Y. J. Lee

on B. Then one can check %, is closed in .. We let @ be the Hilbert
space orthogonal projection from . onto %, and put
Lhee = {9065” L, 8—%,6—30 eL® j=1,-- ,n}.
Ozj aZj

It is known that each function in .#1> can be extended to a continuous
function on B, the closed unit ball; see Theorem 5.4 of [1] for example.
Thus we will use the same notation between a function in .Z lfo and its
continuous extension to B. For ¢ € 1>, we note that Ry, Ry € L.
Given u € £V, the Toeplitz operator T, with symbol u is the linear
operator on %, defined by

Tuf = Q(uf)

for functions f € Zpy,. Then one can see that T, is bounded on Z,.

In this paper we consider operators which are finite sums of Toeplitz
products of several Toeplitz operators. More explicitly, we consider op-
erators of the form

N M
<1> SII%,
i=1 j=1

where u;; € £ 1,20 “We then study the characterizing problem of when
an operator of the form (1) is compact. Moreover, we will describe the
essential norm for such an operator. Recall that the essential norm || L||.
of a bounded linear operator L on %, is defined as

[L]le = inf [|L + K|
K

where the infimum is taken over all compact operators K on Z,;,. Thus
we note L is compact if and only if || L[| = 0.

On the setting of the Bergman spaces or holomorphic Dirichlet spaces,
the corresponding problem has been well studied. Axler and Zheng [2]
considered the problem on the Bergman space of the unit disk and proved
that such an operator is compact if and only if the Berezin transform of
the operator vanishes on the boundary of the disk. Later their result has
been extended to bounded symmetric domains in [5]. Recently, on the
holomorphic Dirichlet space of the ball or polydisk, the same problem
has been studied as in [7] and [9].

We in this paper continue to study the same problem on the pluri-
harmonic Dirichlet space under consideration and describe the essential
norm of an operator of the form (1) in terms of the boundary value
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of the corresponding sum of products of symbols. The following is the
main result of our paper.

Theorem 1. Given u;j € L1 we have

N M; N M;
Z H Tuy || = m%§ Z H u;i(n)] -
i—1 j=1 KA P

e

In Section 2, we collect some basic facts. In Section 3, we will prove
Theorem 1. As a consequence, we characterize the compactness for such
an operator to be compact; see Corollary 8. Also we study the compact
product problem with pluriharmonic symbols; see Corollary 9.

2. Preliminaries

The Dirichlet space Z is a closed subspace of .% consisting of all
holomorphic functions in .. We let P be the Hilbert space orthogonal
projection from . onto Z. Each point evaluation is easily verified to be
bounded linear functionals on both 2 and Z,;,. Hence, for each z € B,
there exist functions K, € & and R, € %, which have the following
reproducing properties:

f(z) = ([, K2), u(z) = (u, R)

for functions f € 2 and u € Zp,. As is well known, a real-valued
function on B is pluriharmonic if and only if it is the real part of a
holomorphic function on B. Hence every pluriharmonic function on B
can be expressed, uniquely up to an additive constant, as the sum of a
holomorphic function and an antiholomorphic function; see Chapter 4
of [10]. Using this fact, we can see that Z,, = 2 + 2. Hence there is a
useful relation between R, and K,:

R.=K,+K,—1.

Since Py = (p, K) for z € B, the formula above leads us to the follow-
ing useful connection between P and @:

(2) Q(p) = P(p) + P(®) — P(¢)(0)
for functions p € .. We let L? = L?*(B,V) be the usual Lebesgue

space equipped with the usual norm || ||2 and A% be the well known
Bergman space consisting of all holomorphic functions in L2. Let 3 be
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the Bergman projection which is the orthogonal projection from L? onto
A2 Tt is known that there is a useful connection between P and 3:

R(Py) = B (Rep) — B (Re) (0)
for functions ¢ € .7; see [7] for detail. It follows from (2) that
R(QY) = B (Ry) — B (Ry) (0)
R(Q¥) =B (RY) = 3 (RY) (0)
for functions ¢ € .%.

For a function ¢ € L, we let S, denote the Bergman space Toeplitz
operator on A? defined by

3)

Seof = 5(%0f)

for functions f € A?. Clearly S, is bounded on A% Given a bounded
linear operator L on A2, the Berezin transform L of L is the function

on B defined by
L(a) = / (Lba)bgdV,  a€B
B

where b, denotes the well known normalized Bergman kernel of A2. It
is known that L is a continuous function on B. Moreover, it turns out
that the Berezin transform of an operator which is a product of Bergman
space Toeplitz operators preserves the boundary continuity of symbols.
More explicitly, it is known that for given symbols ¢, € L* which are
continuous on B, the Berezin transform S/vﬁ is continuous up to B and

(4) 5,9, =@¢ on OB

holds; see Proposition 2.1 of [4] for example. Also, the Berezin transform
turns out to provide a compactness criterion for operators which are
sums of products of Bergman space Toeplitz operators. Specially, for
symbols ¢, 9, u € L, it is known that S,Sy — S, is compact on A?if
and only if

lim [S,Sy — Sul(a) = 0;

la]—1
see Theorem A of [5] for more general results. Recall that each function
in .#1° can be extended to a continuous function on B. Now, combining
these observations with (4), we have the following characterization.

Lemma 2. Let ¢,¢,u € Y. Then S,S, — S, is compact on A*
and only if p1) = u on 0B.
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3. The proof of Theorem 1

We let 7 be the space of all f € Z such that f(0) = 0. Note that
Dph, = Do ® 2. The following is taken from Proposition 2 of [8].

Proposition 3. If a sequence u; = f; +9; € 9o + 9 converges to
0 weakly in Py, then f; and g; converge to 0 weakly in 2. Also, if h;
converges to 0 weakly in &, then h; converges to 0 weakly in Dpy,.

It is easy to see that the identity operator from %, into b2 is bounded.
Moreover, it turns out that it is in fact compact; see Proposition 3 of
[8]. In particular, for a sequence ¢, converging weakly to 0 in Z,,, we
have ||pg|l2 = 0 as k — oo.

The following lemma will be useful in our proofs. Recall that 3 is the
Bergman projection and put

<f,g>2=/Bfgdv, f.g € L2

Lemma 4. Let u € 5. If p; converges to 0 weakly in Dy, then
we have

lim B[R (ugp;)](0) = 0.

j—)OO

Proof. For each j, we write ¢; = f; +9; € Zo + 9. By Proposition
3, fj converges to 0 weakly in . We first claim that R¢; converges to
0 weakly in A%. To prove this, let € € A% be an arbitrary function and
choose 1) € 2 such that Ry = € —€(0). Since Rf;(0) = 0 for each j, we
see

(Repj, €)2 = (Rfj, Rep 4 €(0))2
= (Rfj, Rip)2 + e(0)R f;(0)
= (Rfj, Rip)2

= (fj,¥) = £;(0)4(0)

= {fi»¥)

for each j, which implies (Ryj,€)2 — 0 as j — oo and R¢; converges
to 0 weakly in A%2. Now, to complete the proof, we note that

1
2
\ [ ®u, dv‘ < |[Rulloe ( / wdv) S0
B B
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as j — oo by the remark just after Proposition 3 again. It follows that

lim B[R (up;)|(0) = lim [ [(Ru)p; + u(Rep;)]dV

j—o0 j—= JB
= lim <R90J'> )2
Jj—00
J]—00
=0
because R f; converges weakly to 0 in A2, The proof is complete. O

For each a € B, we let

|
Buz)= Y oG e  cp

a0 nllalal

and put e, := F4||E,||~! for notational simplicity. Then, it is known
that e, converges weakly to 0 in & as a — 0B and lim,_,¢(ueq, eq) =
u(¢) for every ¢ € 9B; see Lemma 6 of [7]. It follows that

(5) lim (T, eq, €q) = lim (ueq, eq) = u(Q)
a—C a—C

holds for every v € £ and ¢ € 0B.
The following shows that a semi-commutator of two Toeplitz opera-
tors is always compact on Zpy,.

Proposition 5. For any u,v € %>, T, T, —T,,, is compact on Dph-

Proof. Put T = T, T, — T, for notational simplicity and let fj be a
sequence converging weakly to 0 in Z,,. To prove the compactness of
T on Py, we need to show ||T' fx|| — 0 as kK — oo. First note that each
T, fr. converges weakly to 0 in Z,;, and then

(6) lim ||fill2 =0 and ITo fell2 =0
k—o0

lim
k—o0
by the remark just after Proposition 3. Since Qp(0) = fB pdV for every
p €., we have

ITfi(0)] < /B [Ty fie + wv fil AV < Julloo | Ty frll2 + luvlloo [ fe]l2

for each k. It follows from (6) that
(7) lim |7T'f,(0)] = 0.
k—o0
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Since T'fr, = QuQ (v fx) — uv fr], we have by (3)
(8)
R(Tfr) = BIR(uQ(vfr)) — R(uv fi)] — B[R(uQ(v fr)) — R(uvfy)](0)
= Bl(Ru)T, fi] + BuR(Q(v fi))] — BIR(uTy fx)](0)
= Bl(R(uv) fi] — BluvR fi] + B[R (uv fx)](0)
= Bl(Ru)Ty fi] + Blu{B(R(vfi)) — B(R(vfk))(0)}]
— BIR(uTy, fr)](0) = Sr(uo)fx — SwRfr + B[R (uvf})](0)
= Bl(Ru)T, fi] + Blu{B((Rv) fi. + vRfy) — B(R(vfk))(0)}]
— BIR(uTy fr)](0) = Sr(uo)ft — SwRfrx + B(R(uvfy))(0)
= SruTofi + SuSrofi + SuSuR fr — B(w) B[R (v 1)](0)
— BIR(uTy, fr)](0) = Sr(uo)fx — SwRfr + B[R (uvf)](0)
= SrRuTv fr + SuSrufr + [SuSv — Su] R fx — B(w) B[R (v fx)](0)
— BIR(uTy fi)](0) = Sr(uv) fx + B[R (uv fi)](0)

for all k. Since f and T, fi converge weakly to 0, we have by Lemma 4

Jim S[R(vf)](0) = lim BIR(uT, f)](0) = lim B[R (uv fi)](0) = 0.

{s
) —
{s
) -

Also, since R f;, converges weakly to 0 in A? and S, S, — Sy, is compact
by Lemma 2, we see ||[SySy — Suv](Rfk)|l2 — 0 as k — oco. Combining
these with (8) and (6), we have

IR(T )l < [1Srull [|To fill2 + [[SuSwoll [l fill2 + [[[SuSs = Su] R fill2

+ [[Bull2] B[R (v fi)](0)] + |BIR(uTo f1)1(0)]
+ 1SR o) [ fkl|2 4 B[R (wv fx)](0)]

—0
as k — 0o0. Also, one can see by (3) again
R(Tf) = SraTufs + SaSrofi + [SaSs — Sw]R i — B@)BR(0fi)](0)
— BIR(uTo f1))(0) = Srqam) fi. + BIR(uv fi)](0)

for all k. Note that the complex conjugate of a sequence converging
weakly to 0 in 2, also converges weakly to 0. Now, by the similar

argument above, one can see that | R(T'f;)||2 — 0 as k — oo. Combining
the above together with (7), we see

tim [Tl = lim [[TAO + [RTS)IE + IR(T L) 2] =
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which implies the compactness of T as desired. The proof is complete.
O

Given u,v € 1>, observing
TuTv = Tuv + [TuTv - Tuv]y

we see that T,T, is a compact perturbation of Ty, by Proposition 5.
By using the exactly same argument as in Proposition 9 of [9] together
with Proposition 5, we can see that the same is true for operators which
are finite sums of products of several Toeplitz operators as shown in the
following.

Proposition 6. Given u;; € £ Loo " there exists a compact operator
K on Py, such that

N M;
Z H Tuiy = Tvazl T2 i + K.
=1 j5=1
Before we prove the main result, we describe the essential norm of a
single Toeplitz operator as a preliminary result.

Lemma 7. For u € %%, we have ||Ty||. = ;relgg lu(n)|.

Proof. Put p = max,cpp |u(n)| for simplicity. Choose a point ¢ € OB
such that |u(¢)] = p. For any compact operator K on %, since e,
converges weakly to 0 in %), as a — 0B by Proposition 3, we note that

1T + K| 2 lim [((Ty + K)eéa, €q)| = lim [(Tyeq, €a)| = |u(C)]
a—( a—(

by (5), thus p < ||T,||e holds.

Now, we prove the reverse inequality. By Lemma 1.2 of [6], there
is an orthonormal sequence v; in %, for which ||T,9;|| = [|Tulle as
j — oo. Write ¢; = f; +g; € Yo ® 2 for each j. Since 1; converges
weakly to 0 in Py, f; and g; converge weakly to 0 in & by Proposition
3. In particular, we note f; and g; converge uniformly to 0 on every
compact subsets of B. Thus, by the remark after Proposition 3, we see
) tim [ JewsPav < i tim [ P dv =0

j— Jp j—o JB
where £ = u, Ru, or Ru. On the other hand, since u is continuous on
B, for any € > 0, there exists r € (0,1) such that |u(z)| < p+e for every
r < |z| < 1. Fix t € (r,1). Then note

lim |fi(2)]*dV (z) = 0.

Jj—o0 2| <t
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Writing
fi(z) = Zaéz“, z€B

[0
for the Taylor series expansions of f;, we note

) N t2|a\+2n N
[yarav =Sk [ erav=3 el [ e

a0 ll<t ja|>0

and

[ mipav=% @ Pl [ icpas
|2|<r lal +n Jop

|a|>0

tQ‘ al+2n 2|al+2n
= S P el () P o
t oB

|la>0

(£)2\a|+2n
t

for each j. Since |a|? — 0 as |a| — oo, we see

lim [uRf;|2dV < ||ul|% 11m IRf;|*dV =0

J=00 J|z|<r |2|<r
and hence
hm/yunfjﬁdvz lim [uR f;|>dV
j—oo JB I Jz|>r
(10)
<(p+0° Jim [ [Ru,av.
j—oo /B

Also, using the similar argument above for g, we can see
(11) hm / [uRg;[>dV < (p+¢) hm / |Rap;|? dV.
Note that by the boundedness of @,
2
Tl < | [ wwydv] [ (1Rups R Ry 1R ) av
for each j. It follows from (9), (10) and (11) that
Jim TP < (ot ) lim [ (1R + R ) dv

< (p+e)° lim [[o;]]?
J—00

for any € > 0. Since ||¢;|| = 1 for each j, the above shows
lim || T, 45l| < p-
j—00
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Now, recalling lim;_,« ||T3,%;|| = ||Tulle, we have ||T,||e < p, as desired.
The proof is complete. O
Now we are ready to prove our main theorem.
Proof of Theorem 1. By Proposition 6 and Lemma 7, we see

N M N M;
S 1Ime| = oy | = s | ITvotn),

i=1j=1 e i=1 j=1

€

as desired. The proof is complete. O

As an immediate consequence of Theorem 1, we obtain the following
characterization.

Corollary 8. For u;; € & Lee " the following statements are equiva-
lent.

N M;
(a) Z Ty;; is compact on Dy,
i=1 j=1
N M;
(b) Z ui; = 0 on 0B.
i=1 j=1

As an application of Corollary 8, we consider the compact product
problem of when the compactness of a product of several Toeplitz opera-
tors with pluriharmonic symbols implies the triviality of one of symbols.
For n > 2 and pluriharmonic functions u1, - -+ , uny which are continuous
on 0B, it is known that uq ---uy = 0 on 0B if and only if u; = 0 on B
for some j; see Corollary 3.5 of [3] for details. Thus, the following is a
simple consequence of Corollary 8.

Corollary 9 (n > 2). Let u1,--- ,uy € £ be pluriharmonic
functions. Then T, --- Ty, is compact on YDy, if and only if u; = 0 for
some j.

Consider two harmonic symbols u, v which are nonzero on the unit
disk and uv = 0 on the unit circle. Then T, T, is compact by Corollary
8, but neither u nor v is identically zero. This observation tells us that
Corollary 9 can not be extended to the one dimensional case in general.
But, for a single Toeplitz operator with pluriharmonic symbol, we have
the following characterization for full range of dimensions.

Corollary 10. Let u € £ be a pluriharmonic function. Then the
following are equivalent.
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(a) Ty is compact on Ppy,.
(b) =0 on B.
(c) Ty =0 on Dy,

Proof. Since a pluriharmonic symbol which vanishes on 9B vanishes
on B, implication (a) = (b) follows from Corollary 8. Also, since (b) =
(c) = (a) is clear, we complete the proof. O

In view of Corollary 10, one might ask whether the same is true
for general symbols. But the answer is no. For example, the Toeplitz
operator Ty_,2 is compact on Zp, by Corollary 8, but Tj_,2 is not
equal to 0. Indeed,

Tiop1(0) = [ (1= ) dviw) £ 0.
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