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Abstract: The general world model for homogeneous and isotropic universe has been proposed. For this purpose, we
introduce a global and fiducial system of reference (world reference frame) constructed on a (4+1)-dimensional space-time,
and assume that the universe is spatially a 3-dimensional hypersurface embedded in the 4-dimensional space. The
simultaneity for the entire universe has been specified by the global time coordinate. We define the line element as the
separation between two neighboring events on the expanding universe that are distinct in space and time, as viewed in the
world reference frame. The information that determines the kinematics of the geometry of the universe such as size and
expansion rate has been included in the new metric. The Einstein’s field equations with the new metric imply that closed,
flat, and open universes are filled with positive, zero, and negative energy, respectively. The curvature of the universe is
determined by the sign of mean energy density. We have demonstrated that the flat universe is empty and stationary,
equivalent to the Minkowski space-time, and that the universe with positive energy density is always spatially closed and
finite. In the closed universe, the proper time of a comoving observer does not elapse uniformly as judged in the world
reference frame, in which both cosmic expansion and time-varying light speeds cannot exceed the limiting speed of the
special relativity. We have also reconstructed cosmic evolution histories of the closed world models that are consistent
with recent astronomical observations, and derived useful formulas such as energy-momentum relation of particles,
redshift, total energy in the universe, cosmic distance and time scales, and so forth. The notable feature of the spatially
closed universe is that the universe started from a non-singular point in the sense that physical quantities have finite
values at the initial time as judged in the world reference frame. It has also been shown that the inflation with positive
acceleration at the earliest epoch is improbable.
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1. Introduction

The main goal of modern cosmology is to build a
cosmological model that is consistent with astronomical
observations. To achieve this goal, tremendous efforts
have been made both on theories and on observations
since the general theory of relativity was developed.
So far the most successful model of the universe is
the Friedmann-Robertson-Walker (FRW) world model
(Friedmann 1922, 1924; Robertson 1929; Walker 1935).
The FRW world model predicts reasonably well the
current observations of the cosmic microwave background
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(CMB) radiation and the large-scale structures in the
universe. The precisely determined cosmological parameters
of the FRW world model imply that our universe is
consistent with the spatially flat world model dominated
by dark energy and cold dark matter (ACDM) with
adiabatic initial condition driven by inflation (Spergel
et al. 2007; Tegmark et al. 2006; see Planck Collaboration
2018a for recent results).

Although the flat FRW world model is currently the
most reliable physical world model, one may have the
following fundamental questions on the nature of the
FRW world model. First, mathematically, if a manifold
is flat, then the Riemann curvature tensor should
vanish, and vice versa. However, the spatial part of
the Riemann curvature (or Ricci) tensor of the flat
FRW world model does not vanish unless the cosmic
expansion speed and acceleration are zeros, which
implies that the physical space of the flat FRW world
is not geometrically flat but curved. Only its spatial
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section at a constant time is flat. In the FRW metric,
the kinematics of the geometry of the universe is
described by the expansion scale factor a(t) alone.
Generally, the kinematic state of an expanding space
is completely determined by its size and expansion
rate at a given time. Thus, it is natural to expect that
the space-time metric for the non-stationary universe
should include the two parameters [a(¢) and a(t);
Sec. 2].

Secondly, the cosmic evolution equations of the
FRW world model can be derived from an application
of the Newton’s gravitation and the local energy
conservation laws to the dynamical motion of an
expanding sphere with finite mass density (Milne
1934; McCrea and Milne 1934). Besides, the Newton’s
gravitation theory has been widely used to mimic
the non-linear clustering of large-scale structures in
the universe even on the horizon-sized N-body
simulations (Colberg et al. 2000; Park et al. 2005).
On large scales, the close connection between the
FRW world model and the Newton’s gravitation law
is usually attributed to the fact that the linear
evolution of large-scale density perturbations satisfies
the weak gravitational field condition.) However,
one may have a different point of view that the
Newton’s gravitational action at a distance appears
to be valid even on the super-horizon scales in the
FRW world just because the world model does not
reflect the full nature of the relativistic theory of
gravitation.

Thirdly, according to the FRW world model, the
universe at sufficiently early epoch (2=1000) is
usually regarded as flat since the curvature parameter
contributes negligibly to the total density. The present
non-flat universe should have had the density
parameter approaching to 2=1 with infinitely high
precision just after the big-bang (flatness problem).
On the other hand, if we imagine the surface of an
expanding balloon with positive curvature, then the

curvature of the surface is always positive and
becomes even higher as the balloon is traced back
to the earlier epoch when it was smaller. This
prediction from the common sense contradicts the
FRW world model.

Observationally, the flat ACDM universe is
favored by the joint cosmological parameter estimation
using the CMB (Hinshaw et al. 2007; Page et al.
2007), large-scale structures (Cole et al. 2005;
Tegmark et al. 2004), type la supernovae (SNIa;
Riess et al. 2007; Wood-Vasey et al. 2007), Hubble
constant (Freedman et al. 2001; Macri et al. 2006;
Sandage et al. 2006), baryonic acoustic oscillation
data (Eisenstein et al. 2005), and so on. However,
the Wilkinson Microwave Anisotropy (WMAP) CMB
data alone is more compatible with the non-flat
FRW world model (Spergel et al. 2007, §7.3;
Tegmark et al. 2006, Table III). Besides, some
parameter estimations using SNIa data or angular
size-redshift data of distant radio sources alone
suggest a possibility of the closed universe
(Clocchiatti et al. 2006; Jackson and Jannetta 2006).
The WMAP 5-year data analysis (Hinshaw et al.
2009) shows that the WMAP data alone favors the
spatially closed universe with the current curvature
density parameter 2, =—0.09970%% in the tilted
non-flat ACDM FRW universe (Dunkley et al.
2009). The analysis of Planck 2018 CMB data alone
gives 2, =—0.0447(0% with 95% confidence level
(Planck Collaboration 2018a, 2018b). Although the
CMB data alone poorly constrains the magnitude of
the curvature, it precisely determines the sign of the
curvature, excluding flat and open universes
(22, > 0) with over 95% significance level.?

The questions above and the observational
constraints on the cosmological model may bring
about possibilities of non-flat or non-FRW world
models. Interestingly, Einstein (1922) claimed that
our universe is spatially bounded or closed. The

1) Hwang and Noh (2006) show that the relativistic fluid equations perturbed to second order in a flat FRW background world
coincide exactly with the Newtonian results, and prove that the Newtonian numerical simulation is valid in all cosmological

scales up to the second order.



primary reason for his preference to the closed
universe is because Mach’s idea (Mach 1893; Misner
et al. 1973, §21.12) that the inertia depends upon the
mutual action of bodies is compatible only with the
finite universe, not with a quasi-Euclidean, infinite
universe. According to Einstein’s argument, an infinite
universe is possible only if the mean density of
matter in the universe vanishes, which is unlikely
due to the fact that there is a positive mean density
of matter in the universe.3)

In this paper, we propose the general world model
for homogeneous and isotropic universe which supports
Einstein’s perspective on the physical universe. The
outline of this paper is as follows. In Sec. 2, we
review and criticize the FRW metric and present a
new method to define the metric where the
kinematics of the geometry of the universe is fully
considered. The metric and the cosmic evolution
equations for flat, closed, and open universes are
derived in Sec. 3. It will be shown that our universe
is spatially closed. In Sec. 4, we reconstruct cosmic
evolution histories of the closed world models, and
derive interesting properties of the closed universe.
In Sec. 5, we discuss whether the inflation theory is
compatible with the closed world model or not.
Conclusion follows in Sec. 6.

Throughout this
convention (+,—,—,—) for the metric tensor g;,, and

paper, we adopt a sign

denote a 4-vector in space-time as p' (i=0,1,2,3)
and a 3-vector in space as p* (o« =1,2,3) or p. The
Einstein’s field equations are

1
Ry — fgikR =81 G+ Agy, M

where R, =R“,, is the Ricci tensor, R=R'; the
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Ricci scalar, 7}, the energy-momentum tensor, G
the Newton’s gravitational constant, and A the
cosmological constant. The Riemann curvature
tensor is given by Ry, =0, — 0Ly + 10
=17 Iy, with the Christoffel symbol I'f, =

1
5 9™ (0,9, +0,9:,— 0,9,,). The energy-momentum
tensor for perfect fluid is
Ty, = (&, + P uju,— Py, 2

where &, and P, are background energy density and
pressure of ordinary matter and radiation, and w; is
the 4-velocity of a fundamental observer. We
assume that the cosmological constant acts like a
fluid with effective energy density e, = A/87 G and
pressure P, =—¢,. The limiting speed in the special
theory of relativity is set to unity (c=1).

2. How to define metric for
homogeneous and isotropic universes?

(a) Friedmann-Robertson-Walker metric

The starting point for constructing a physical
world model is to define the space-time separation
between two neighboring events, i.e., the line
element

ds? = g;.(x)da'dz", 3)

where g,,(x) is the metric tensor which determines
all the geometric properties of space-time in a
system of coordinates. In Eq. (3), the two events are
generally distinct in space and time, separated by

dz’ = (dz°dz',dz®,dz®). In the special theory of

2) Park and Ratra (2018a, 2019a, 2019b) constrained untilted non-flat dark energy models using the Planck 2015 CMB data,
type la supernovae data, baryonic acoustic oscillations data, Hubble parameter measurements, and growth rate observations.
The estimated curvature parameter ({2,) implies the spatially closed universe, deviating from the spatial flatness by over 5.10,
3.40, 3.10 in ACDM, XCDM, and ¢CDM models, respectively. The constraint on the spatial curvature from the non-CMB
data alone are also consistent with, but weaker than, that from the joint analysis of CMB and non-CMB data sets (Park and

Ratra 2019c).

3) However, in the appendix to the second edition of his book (Einstein 1922), Einstein summarized Friedmann’s world models
and discussed a universe with vanishing spatial curvature and non-vanishing mean matter density, which differs from his original

argument.
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relativity, a separation between two distinct events is
given by

ds* = dt* —dr?, “)

which is invariant in all inertial reference frames.
The metric g,, =diag(1,—1,—1,—1) is called the
Minkowski metric.

The early development in modern cosmology was
focused on finding the metric appropriate for the real
universe whose space-time structure is inconsistent
with the Minkowski metric due to the expansion of
the universe and the presence of matter in it. As a
pioneer, Einstein (1917) developed a model of the
static closed universe that is spatially homogeneous
and isotropic, by adopting a metric with g,, =1 and
9o, =0 from the static condition. Friedmann (1922)
developed a more general world model that includes
both stationary and non-stationary universes of
positive spatial curvature, by assuming that one can
make g,, =1 and g,, =0 by an appropriate choice
of time coordinate. Weyl (1923) postulated that in a
cosmological model the world lines of particles (e.g.,
galaxies) form a 3-bundle of nonintersecting geodesics
orthogonal to a series of space-like hypersurfaces,
which implies that g,, depends on z” =t only and
9o, = 0. Robertson (1929) argued that the line element
may be expressed as ds’=dt*+g,dz"dz” for a
universe where the matter has on the whole the
time-like geodesics z“ = const. as world lines, and
the coordinate ¢ can be interpreted as a mean time
which serves to define proper time and simultaneity
for the entire universe. Walker (1935) also argued that
the coordinates can be chosen so that the line element
for the non-stationary space-time manifold has a form
ds* = dt* + U(t)do®, where do® =h,,dz"da” is the
metric of the 3-dimensional Riemannian space of
constant curvature, if the space has spherical symmetry
about each of time-like geodesics.

The resulting line element for spatially homogeneous
and isotropic universe (FRW metric) is concisely written
as

ds®=dt®> —a*(t)do?
=dt* —a*(t) [dx*+ 52(x)(d6” +sin’9 ) |
©)

where a(t) is a cosmic expansion scale factor, do
is the comoving-space separation between events,
and S,(x)=sinhy, x, and siny for open
(k=—1), flat (k=0), and closed (k=+1) spaces,
respectively (see Weinberg 1972 for a detail
derivation of the FRW metric). The corresponding
cosmic evolution equations known as Friedmann
equations are

a dr @ A
%:_ 7; (e, +3P)+— (6)
and
-\ 2
a e kA
(Z :Té’b_?—F—. (7)

The dot denotes a differentiation with respect to
time.

Let us examine the property of the FRW line
element that has been considered as the general metric
for homogeneous and isotropic universe. To determine
the metric, we need to locate space-time coordinates
of neighboring events. So it is essential to specify ‘a
given moment of time’, the simultaneity for the entire
universe. In the Minkowski space-time, once an
inertial reference frame is set, the simultaneity for the
entire space is guaranteed. However, in the curved
space-time, the concept of the simultaneity is
ambiguous because generally there is no global inertial
reference frame. The traditional method to avoid this
problem was to replace the concept of simultaneity
with that of a 3-dimensional space-like hypersurface,
a slice of simultaneity (Robertson 1929; Misner et
al. 1973, §27.3). At each event on a space-like
hypersurface, there is a locally inertial frame whose
plane of simultaneity coincides locally with the
hypersurface and whose 4-velocity is orthogonal to
the hypersurface. Planes of simultaneity defined by
locally inertial frames at various events on the
hypersurface

overlap to form the space-like



hypersurface itself. Therefore, in the FRW world ‘at
a given moment of time’ just translates into ‘on a given
space-like hypersurface’. The space-time spanned by
the universe is represented as foliation by space-like
hypersurfaces at a series of moments of time.

Figure 1 is a simplified picture showing how
spatial and temporal separations of the FRW line
element is related to space-time events on the
expanding hypersurfaces. Here, the local time
coordinate ¢ of a given event is the proper time as
measured along the world line of the cosmological
fluid element that passes through the event. Let us
imagine two locally inertial frames specified at
events 1 and 2, infinitesimally separated by a(t,)do
on the hypersurface at ¢,. After an infinitesimal time
interval dt, the two frames will be located at events
1" and 2/, separated by a(t,)do on the hypersurface
at t,. The FRW line element (5) is given as a
combination of the temporal separation d¢ and the
spatial separation a(t)do.

The simultaneity for the entire universe as the
space-like hypersurface or the overlapping planes of
simultaneity of the locally inertial frames appears to
be accurate. However, due to the following reasons,
we see that even the planes of simultaneity of two
locally inertial frames separated by an infinitesimal
comoving separation do do not coincide with an
accuracy better than do.

First, on a space-like hypersurface at a constant
time, two planes of simultaneity of the locally
inertial frames do not coincide but deviate with an
angle do for the non-flat hypersurface (Of course,
the angle is zero for the flat hypersurface). Such an
effect of the spatial curvature has been reflected in
the space-space part of the FRW metric (g,4), which
describes the geometry of the hypersurface at a
constant time in terms of the global coordinate
system z%=(x,0,¢). As is known, the metric for
3-dimensional space-like hypersurfaces of constant
curvature is unique (Misner et al. 1973, §27.6).

Secondly, since the universe is expanding, as
observed in the inertial frame at event 1, the frame
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hypersurface
at t=t,

hypersurface
at t=t,

Fig. 1. A simplified picture showing the relationship
between the FRW line element and space-time events on
the expanding universe. Shown are two hypersurfaces at
different time epochs (¢, and t,) infinitesimally separated
by dt=t,—t,. The local time coordinate ¢ is defined as
the proper time as measured along the world line of the
cosmological fluid. Denoted as 1 and 2 are two
neighboring events with a spatial separation a(t,)ds on
the same hypersurface at a constant time ¢,, and likewise
for events 1" and 2’ on the hypersurface at t,.
Reproduced from Park (2012).

at event 2 recedes with relative velocity a(t,)do,
and vice versa. For the expanding flat hypersurface,
the deviation angle between two planes of
simultaneity is given by arctan(ado) = ado as in
the special relativity, which is also comparable to
the order of the infinitesimal comoving separation
do. Although the readings of clocks at events 1 and
2 (1" and 2') are always synchronous in the FRW
viewpoint where the kinematic state (expansion
speed) of a hypersurface at an instant of time is
ignored, they are not as viewed in the locally inertial
frame at event 1 or 2 (1" or 2"). Even if the clocks
to be

synchronization will not be maintained thereafter.

are forced synchronized at ¢, the

We note that the effects of curvature and
expansion become negligible only for a pair of
locally inertial frames whose separation is far
smaller than do. Thus, the conditions for the
time-time and time-space components of the FRW
metric, g, =1 and g,, =0, which have been
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justified by the local proper time of a locally inertial
frame and the orthogonality of the world line of the
locally inertial frame to the space-like hypersurface,
respectively (Misner et al. 1973, §27.4), are valid
extremely locally, and are not relevant to the
geometrical and kinematic properties of the
expanding universe, but relevant to the locally
inertial frame itself.

Furthermore, we see a serious inconsistency of the
FRW line element with the definition of line
element. As shown in Fig. 1, in the FRW metric (5)
the real-space separation a(t)do is measured for
events on the hypersurface at a constant time (e.g.,
events 1 and 2 at ¢,),9 while the temporal separation
dt is measured for events at different time epochs
(e.g., events 1 and 1"). In other words, spatial and
temporal distances are related to two different pairs
of events, in contradiction to the general definition
of the line element [Eq. (3)] in which only a pair of
events should be involved.

Generally, the kinematics of a free particle is
determined by its position and velocity at a given
time. Similarly, the kinematics of the expanding
universe is determined by its size [a(t)] and
expansion speed [a(t)], aside from the gravitational
field over the entire space, which is given by the
Einstein’s field equations and the energy content of
the universe. In the FRW metric, however, the
kinematics of the geometry of the universe is
described by a single function of time, the expansion
scale factor [a(t)] alone. In this sense, the FRW
metric does not include the full information about
the kinematics of the geometry of the universe. In
conclusion, the FRW metric describes the expansion
of the
incompletely.

homogeneous and isotropic universe

(b) Global reference frame and new metric
In the previous subsection, it has been shown that

the effect of cosmic expansion on the space-time
geometry has not been correctly reflected in the
FRW metric. The primary reason comes from the
fact that the local time coordinates of locally inertial
frames have been used as global time to specify the
simultaneity for the universe. As a result, the
expansion speed of the space-like hypersurface has
been ignored in the metric. Besides, the way the line
element is defined does not follows the general rule
that a pair of neighboring events that are distinct in
space and time should be used. These problems can
be overcome by defining a line element based on a
global inertial reference frame, by which the
kinematics of the geometry of the universe is
completely described. The method proposed here can
be applicable to the kinematics of an expanding
2-dimensional surface such as plane or sphere in the
3+1 Minkowski space-time.

To derive the general form of line element for
homogeneous and isotropic universe, let us introduce
a 4+1 Minkowski
4-dimensional FEuclidean space and 1-dimensional

space-time  composed  of
time, and assume that our universe is spatially a
3-dimensional hypersurface with uniform curvature
embedded in the 4-dimensional space. In fact, the
hypersurface with negative curvature (open space)
cannot be embedded in the Euclidean space. For the
present we restrict our attention to flat and closed
spaces, deferring the discussion about the open space
to Sec. 3(c).

Throughout this paper, we call a reference frame
constructed on the high dimensional Minkowski
space-time as world reference frame. It is a global
system of reference provided with a rigid measuring
rod and a number of clocks to indicate position and
time (world time)S) of an event. The space-time
distance between events on the universe will be
measured based on this fiducial system. The
simultaneity for the entire universe is specified by

4) The spatial separation of the FRW line element is defined in the same way as the length of a rigid rod is measured at fixed

time in an inertial reference frame of the special relativity.

5) The world time coordinate is equivalent to the time coordinate of any locally inertial frame on the stationary universe.



the global time coordinate of the world reference
frame.

Although the world reference frame has been
introduced for mathematical convenience, it is useful
in that the space-time coordinates of the frame are
independent of the dynamics of the universe. As will
be shown later, the proper time as measured by an
observer in the universe does not elapse uniformly,
being affected by the cosmic expansion. Thus, it is
natural to use the world time coordinate with
uniform lapse for a fair comparison of physical
phenomena in the expanding universe. The space
coordinates of the world reference frame can be
conveniently used to describe the geometry of a
embedded in the
4-dimensional Euclidean space [see Sec. 3(b)].

3-dimensional  hypersurface

An example of the expanding l-dimensional flat
hypersurface (with uniform and zero curvature) is
shown in Fig. 2a. At initial time ¢, a hypersurface
is given as a straight line, on which there are
equally spaced events (open circles) with mutual
comoving separation dz, all at rest with respect to
the comoving coordinate system whose spatial
coordinate x is related to the real-space coordinate
by r=a(t)z. After an infinitesimal time &t, the
straight line has been expanded, and the proper
separation between neighboring events on the
hypersurface has increased from a(t)dz to
a(t+6t)dx.

We define the line element ds® as the space-time
separation between two distinct events located at
(t,r) and (t+6t,r+6r), which correspond to events
1 and 2" in Fig. 2a without loss of generality. The
spatial separation between events 1 and 2’ as
measured in the world reference frame is
Oy =a(t+ot)|[z+ox]—alt)r= a(t) 2ot +a(t) bz
up to the first order of &t and dz. Therefore, we get

052, = ot* — orly
=(1- d2x2 )6t — 2aax 5t dx — a6z, ®)

where the effect of cosmic expansion on the
physical separation between events has been
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included explicitly. Note that the line element (8)
implies that generally g,, is a function of both time-
and space-coordinates and g,, = 0, which violates
the Weyl’s postulate unless a=0. As shown in Sec.
3(a), the homogeneity of the universe also implies
a=0.

The line element for non-flat spaces can be defined
analogously. As an example of the closed space, Fig.
2b shows an expanding 1-dimensional circle
(1-sphere) with radius a(t) at two distinct
(infinitesimally ~ separated) world times. The
expanding circle is a 1-dimensional hypersurface with
uniform and positive curvature embedded in the
2-dimensional Euclidean space, rw-plane. Events
on the circle are equally spaced out with &y, where
X is a comoving coordinate related to r-coordinate
by r=asiny. The line element is defined as the
space-time separation between distinct events 1 and
2', written concisely as

852y = 02— 012 = (1—a’ )62 — a0y ©9)

where 613, = driy +dw?, is the spatial separation
between events 1 and 2’ as measured in the
world reference frame. The spatial distances
projected on - and w-axes are given by
oy =a(t+6t) sin(x +dx) —a(t) siny and dw,y =
a(t+6t) cos(x+6x) —alt) cosy, respectively. In
the second equality of Eq. (9), ér,y and éw,, have
been expanded up to the first order of &t and dy.
From the two cases, it is clear that the expansion of
space affects both space and time intervals in the
line element, which is the main difference from the
FRW metric. Generally, the line element (metric)
should reflect the fact that the cosmic expansion is
a kinematic phenomenon.

Eq. (8) implies that the FRW line element for the
1-dimensional flat space is valid only at a local
region around an observer at z =0. The FRW line
element for the closed space also has a similar form
to the flat case, i.e., ds> =467 —a®6y>, where, to be
consistent with Eq. (9), ér should be interpreted as
a proper time interval measured by a local observer
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(7=t Vi-d ). To such an observer who may be
located between events 1 and 2 (or between events
1" and 2" after t), the spatial separation between
neighboring events appears to be ady (e.g., the arc
length between events 1 and 2 in Fig. 2b).
Therefore, both FRW line elements describe the
space-time separation between events near an
observer, which is the local nature of the FRW
metric.

3. Metric and evolution equations of
expanding universes

In this section, we define the general forms of
metric for homogeneous and isotropic universes of
various spatial curvature types, and derive the
corresponding cosmic evolution equations from the
Einstein’s field equations.

(@) Flat universe

Suppose that the universe is spatially an expanding
3-dimensional flat hypersurface (with uniform and
zero curvature) embedded in a 4-dimensional
Euclidean space with the Cartesian coordinates
(ry,79,75,7,). The embedded flat space is infinite,
homogeneous, and isotropic, and is Euclidean at an
instant of time. To simplify the problem, let us
assume that the hypersurface is orthogonal to the r,
-axis so that the fourth Cartesian coordinate can be
ignored. Then, each event on the flat hypersurface
is labelled by the world time ¢ and the real-space
position r defined as

r=a(t) x, (10)

where x is the comoving-space position vector
with  the
(zsinfcosg, x sinfsing, x cosd),

Cartesian  coordinates  (z,, z,, 7;) =
expressed  in

terms of the coordinate

z*=(z,60,¢) with z=Ix|= (:L’% +z§ +a:§)1/2.
With the help of the differential of Eq. (10)

comoving  spherical

dr=a(t) dtx + a(t)dx, (11)

(a) t

ox

/ o
. : t
i 2 z
or .,
0 a(t)x a(t+ 6;.)[x +6x] r=ax

(b) w

Oy

Orp

0 ' % l r

Fig. 2. Schematic diagrams showing the expansion of
(@) flat and () closed 1-dimensional homogeneous and
isotropic hypersurfaces. Events denoted as open circles
are equally spaced out on two hypersurfaces that are
infinitesimally separated by Jt. Note that the time axis,
which is orthogonal to r- and w-axes, is omitted in (b).
The line element is defined as the space-time separation
between two distinct events 1 and 2" (see text).

the line element is defined as the space-time
separation between distinct events located at (¢,r)
and (¢t+dt,r+dr):

ds?® = di* — dr?
:(1—212x2) df? —2aadtx + dx — a*dx®
=(1—a'2?)dt> —2aazx dtdr
(1—a’2?)df* —2aaz dtd (12)

— d?[dz* + 2%(d6® + sin®0 d¢?)].

The metric tensor in the coordinate system
' =(t,z,0,¢) is

1—a’z? —aax O 0
. 2
—aax —a 0 0
e = . (13
i 0 0 —d*’ 0 (13)

0 0 0 —a%z%sin%)



We calculate the Christoffel symbols and the
Riemann curvature tensor from the metric tensor.
The non-zero Christoffel symbols I, (=1I7;) are
ﬁoo:%% F(ln :[Qoz:Fg?):%’
Iy =, Iyy=—asito, Iy =1 =—, 19
I3, =—sinf cosd, I, =cotd.

One easily verifies that the Riemann curvature tensor
vanishes:

Ry, =0 (15)

Thus the Ricci tensor R, and the Ricci scalar R
also vanish. This demonstrates explicitly that the
space-time curvature of the expanding flat universe
is zero.

The proper time interval as measured by an
observer in arbitrary motion is obtained from Eq.
(12) as

1/2
- aZUZ] , (16)

-2 . dx

dr=dt|1—a .’I)Z—QCL(LLL'(E
where av=(—v,")"? is the magnitude of proper
3-velocity, v* =dz*/dt is the 3-velocity in the
comoving coordinate system, and v, = g, ;”. For an
observer who is at rest (v*=0) in the comoving
coordinate system (hereafter a comoving observer),

we get the proper time interval
d7'=dt(1*c.12x2)1/2 (17)

and the 4-velocity

T ar

i d:pi( 1
1—a

il 70,0,0) (18)

of the observer. Inserting Egs. (13) and (18) into Eq.
(2) gives the energy-momentum tensor, whose
non-zero components are

-2 9 .
Ty =&(1—az®), Ty =T, =—¢e,aax,

"2 9 2 2
gaax +hHa
TH:%ZQ’ TZQZPbILQ.”ﬂQ, (19)
l—azx

Ty = P,a’zsin’6.

From Egs. (13), (15) and (19), the Einstein’s field

The Spatialy Closed Universe 361

equations (1) reduce to

A

B="a= yzea

(20)
The &, and A, should not be negative because they
are energy density and pressure of ordinary matter
and radiation, suggesting that

g =~F =0 and A=0. (21)

Even if non-zero energies of matter and radiation
with an equation of state (20) can exist, the total
energy density and pressure should vanish:

& tey=0 and F,+ P, =0. (22)

Therefore, in the domain of classical physics the flat
universe is empty, which is consistent with the
Einstein’s claim that the infinite universe has
vanishing mean density (Einstein 1922).

Eq. (20) does not give any information about the
cosmic expansion history. Actually, the homogeneity
condition constrains the flat universe to be stationary.
The homogeneity of the universe means that the
physical conditions such as energy density, pressure,
and the curvature of space are identical at every event
on the hypersurface at a constant time (Misner et al.
1973, §27.3). In Eq. (16), the proper time interval of
an arbitrary observer depends on the choice of the
comoving coordinate system. The proper time of an
observer moving faster at farther distance from the
origin goes slower. Only at =0 or if a=0, it becomes
dr=dty/1—d*’, the same form of the proper time
as in the special relativity, irrespective of the choice
of the comoving coordinate system. Since the
dependence of the proper time interval on the choice
of reference frame is contradictory to the homogeneity
condition, the flat universe should be stationary (a=0).
In conclusion, the flat universe is empty and stationary,
and therefore is equivalent to the Minkowski
space-time.

The formalism given above for a=0 is still
applicable to a finite region of the expanding flat
space.
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(b) Closed universe

The homogeneous and isotropic closed space is
usually described by the spatially finite hypersphere
with uniform and positive curvature. By extending
the example in Fig. 2b, let us consider our universe
as an expanding 3-sphere of curvature radius a(t),
embedded in a 4-dimensional Euclidean space where
each point is labelled by the Cartesian coordinates
(z,v,2,w) and the world time ¢. The equation of
the 3-sphere in z-y-z-w coordinate system is

2yt + 2wt = w? =db (23)

where r is the radial distance in z-y-z coordinate
system. The coordinates =, y, z have transformation
relations with the spherical coordinates r, 6, ¢ as
z =rsinfcos¢, y=rsinfsing, and z=rcosf.

The line element is defined as the space-time
distance between two infinitesimally separated events
located at (t,z,y,2z,w) and (t+dt,x+dx,y+dy,
z4dz,w+dw):

ds® =d’ —dz® — dy? —dz* — dw® =d® — di*, (24)
where dI® is a spatial separation as measured in
the world reference frame. For two distinct events
on the expanding 3-sphere, the spatial separation
is written as®

di? = dz® + dy? + d2° + dw?

(ada—rdr)2
T &

=da® +a®[dx? + sin?y (d6® + sin®0 d¢?)],

=dr* +r*(d0” +sin’0 dg*) +

where w has been removed by Eq. (23) and its
differential

rdr+wdw = ada = aadt, (26)

and r has been replaced with the comoving coordinate
X by a parametrization

r=asiny (0<x <), 27)

and its differential
dr=asinydt+acosydy. (28)

Therefore, the general form of line element for the
non-stationary closed universe is

ds® =[1—a’ (1) dt>
—d(t) [P +sin’x (d6® + sin®0dg? ). (29)

The metric tensor in the coordinate
' =(t,x,0,4) is

system

g, = diag[l— a—dt—d sin*y, —a’sin’ysin’d].  (30)

We calculate the Christoffel symbols and the
Ricci tensor from the metric tensor. The non-zero
Christoffel symbols are

—aa 0o __aa 0 _
=—) If =

0 _
Foof 227 11 2
—a 1—a

22
5 SIUx,
—a
aa . .
Iy, = —— sin’xsin’0,
1—a ) G1)
a )
Iy =T =TI = ’ I, =—sinycosy,
Iy, =—sinycosxsin’d,
Iy =TI% =coty, I'i, =—sinfcosh, I3, =-cot.

The non-zero components of the Ricci tensor are

al 1
ROU :_3(2) 9

aa 2 32
Ry =—"35+ 27 (32

(1—a)? 1-a
R, =R, sin’y, Rg =R, sin’ysin’,

and the Ricci scalar is

R= —G(E) T L 6 L —. (33)

o) (1-a"?  &(1-d)

From Eq. (29), we obtain a proper time interval
as measured by an observer in arbitrary motion as

d7'=dt(lfc'LQ*aZvQ)l/Q7 (34)

and thus express the 4-velocity of the observer as

6) The 3-dimensional version of Eq. (25), dI* = da® +a*(df* +sin*0d¢?), is mathematically equivalent to the one presented in
Dubrovin et al. [1984, §9(2)], which is a separation between two neighboring points in the 3-dimensional Euclidean space,

expressed in terms of spherical coordinates (a6, ).



= (1), (35)
where
y=(1-d" —a??) (36)

is a contraction factor. Note that the contraction
factor depends on the expansion speed of the
universe as well as the peculiar motion of the
observer. For a comoving observer, the energy-
momentum tensor for perfect fluid is obtained by

inserting the 4-velocity «'=(1/v1—a’,0,0,0)

into Eq. (2):

=diagle, (1— &), P,d%,
B,a’sin’y, P,a’sin®y sin*@],

(37

where &, and 7, are energy density and pressure as
defined in the world reference frame. Inserting Eqs.
(30), (32), (33) and (37) into (1), we get evolution
equations for homogeneous and isotropic closed
universe. They are concisely written as

1 a 4@ A
mz = _T(8b+3pb)+? (38)
and
1 _ 8@ A
(17(;2) =73 8b+?. (39)

Combining Egs. (38) and (39) gives a continuity
equation for energy density and pressure

,3(2
a

where ¢ and P are total energy density and pressure

(e4+P) =¢, (40)

of radiation (R), matter (M), and the cosmological
constant (A): e=Y,,¢, and P=>,,P,
(/=R,M, A). Note that & = ey +¢,. The continuity
equation is equivalent to 7', =0, with a semicolon
denoting a covariant derivative. It is worth noting
that the time-time component of the metric tensor
(goo=1— a) is positive according to the sign
adopted. The

convention positiveness of the
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left-hand side of Eq. (39) suggests that the total
energy density should be positive in the closed
universe (&> 0).

Introducing an equation of state P, =w,e, for

each species /, we obtain a solution to Eq. (40) as

eIOCa_S(HwI). Thus the total energy density is

3(1+w,)

written as e= Y, ,&,0(a/a,) . The subscript
0 denotes the present epoch t,. Hereafter we call
universes dominated by radiation, matter, and the
cosmological constant as radiation-universe (R-u),
(M-u), (A-u),

respectively. The energy density evolves as szoca *

matter-universe and A-universe

in the radiation-universe (wy =1/3), ey cca ? in the
matter-universe (w,; =0), and ¢, = const. in the A
-universe (w, =—1). For the cosmological constant,
N = Epg-

Let us define a dimensionless function of redshift
z = ao/a(t) —1,

2

A=
a(1—a’)
8 Gad?
" ao[gk(](lJrz) ey, (1+2) +e,]  (41)
o[y
aRo Mo ay
where a,, = (3/87Ge,,)">. Throughout this paper, a

function of time ¢ will be expressed in terms of
redshift z interchangeably. The radius parameter ay,
(ayp) can be interpreted as a free-fall time or radius
for the gravitational collapse of a stationary radiation-
(matter-) universe with the present radiation (matter)
energy density, and a, =a,, as the minimum radius

of A-universe. By introducing another dimensionless

quantity
87Ge, , o a, 2 (1+2)3(1+u:,)
=— 1— =—] ——
=T [ S @
we can rewrite Eq. (39) as
Dy+Dy+D, =1, 43)

which holds during the whole history of the
universe. The D, can be interpreted as the fraction



364 Chan-Gyung Park

of energy of species 7 [see Sec. 4(e)].

(c) Open universe

We now consider the geometry of homogeneous
and isotropic expanding 3-dimensional space with
uniform and negative curvature. Such a negatively
curved space cannot be embedded in a 4-dimensional
Euclidean space. At an instant of time, it is a
pseudosphere with imaginary radius ia (Landau and
Lifshitz 1975, §111). By replacing o with —a? in
Eq. (23), we obtain an expression analogous to Eq.
(25) for a spatial separation between two distinct
events on the expanding 3-pseudosphere,”)

di? = da? + dy? + d2* + du?
(ada+rdr)?

a+r?
=—da’ + a” [dy® + sinh® (d6* + sin®0 dg* )],

=dr* +r?(d6® +sin*0d¢? ) — (44)

where the radial distance r= (22 +y>+2%)"2 in z-y
-z coordinate system has been parametrized with the
comoving coordinate x by

r=asinhy (x =0). (45)

Therefore, the line element for the non-stationary
open universe is

—a?(t)[dx* + sinh?y (d6® +sin0d¢?).
The non-zero components of the Ricci tensor
calculated from the metric (46) are

al 1
” al 144
aa 2 47)
R, = 2.9 2 (
(14+a)* 1+4a
Ry, = R, sinh’y, R, = R, sinh®x sin’,

and the Ricci scalar is

_ _.la 1 1
n= 6(a)(1+$)2+6a2(1+a2)' “8)

For a comoving observer (v* =0) with 4-velocity

u'=(1/V1+a’,0,0,0), the
tensor for perfect fluid becomes

energy-momentum

7, =diagle,(1+a’), B,a’, @)

P, a’sinh?y, B,a’sinh®y sin®f].

The resulting evolution equations for the open

universe are obtained in the same way as those for
the closed universe are obtained. They are

1 a 4@ A
mz = — 3 (8b+3pb)+? (50)
and
1 _ 8rG A
2(1+a) 38 6D

Combining Egs. (50) and (51) also gives the same
continuity equation as Eq. (40). Since the time-time

component of the metric tensor (g, =1+d’) is
always positive, Eq. (51) suggests that the total
energy density should be negative in the open
universe (e <0).

(d) Our Universe is spatially closed

In Secs. 3(a)-(c), we have demonstrated that flat
universe is equivalent to the Minkowski space-time,
which is empty and stationary, and that closed and
open universes have positive and negative energy
densities, respectively. In other words, the curvature
of the universe is determined by the sign of mean
energy density, not by the ratio of the energy
density to the critical density as in the FRW world.

7) The 3-dimensional hypersurface with uniform and negative curvature can also be represented as a pseudosphere of radius
a, satisfying the equation w* — 2% —¢* — 2> =d*, embedded in a 4-dimensional pseudo-Euclidean space R}. Here, the spatial
separation between two neighboring points on the non-stationary pseudosphere has the same form as Eq. (44) aside from the
sign, d® =du? —da® —di —d2* =da® — d®[dx* +sinh®y (df® +sin*0d¢?)]. See Dubrovin et al. (1984), §3.2(12) for the
3-dimensional case in R?.



Table 1. Possible Ranges of Total Energy Density
in the FRW and New World Models

Curvature Type FRW World® New World
closed e > 3/87Gd’ e>0
flat e>0 e=0
open —3/81Ga> < <0 e<0

“Equality signs for the FRW world models correspond to
cases of stationary universes (=0, a=0).

The open universe is unrealistic because the mean
density of the universe is known to be positive from
astronomical observations. Therefore, we conclude
that our universe is spatially closed and finite. The
spatial closure of the universe has been deduced
from the purely theoretical point of view. Our
conclusion verifies the FEinstein’s claim for the
finiteness of the universe.

The new world model does not contradict the
homogeneity and isotropy conditions, since the
physical condition is identical everywhere on the
space-like  hypersurface (homogeneity) and a
comoving observer cannot distinguish one of his/her
spatial directions from the others by any local
physical measurement (isotropy). For a given
curvature type, the geometrical structure of the

space-like hypersurface of the new world is

new
af

equivalent to that of the FRW world (compare g

FRW
af

with g at fixed time).

(e) The Friedmann equations

In the non-flat universes, the proper time interval
of a comoving observer is related to the world time
by

dr="[1—ka (t)]"dt, (52)

where £ =+1 for closed and —1 for open universes.
The proper time goes slower (faster) than the world
time in the closed (open) universe, with non-uniform
lapse. Only in the flat universe, the proper time
elapses uniformly (dr= dt).

From Eq. (52), we obtain relations between
world- and proper-time derivatives of the curvature
radius:
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1 da)Z k k

— | — +7:7

aQ(dT o> aQ(l—de) (53)
and

1 d%) 1 a

where the proper time 7 acts as the time of non-flat
FRW world models. As will be shown in Sec. 4(e)
[Eq. (92)], energy density and pressure defined in
the world reference frame are equivalent to those
measured by the comoving observer. Therefore,
Friedmann equations (6) and (7) for non-flat
universes can be derived from the new cosmic
evolution equations [Egs. (38) and (39) for closed
and Egs. (50) and (51) for open universes] by the
time-parametrization (52). This, along with the local
nature of the FRW metric as discussed in Sec. 2,
implies that the Friedmann equations describe the
evolution of the local universe around a comoving
observer.

Table 1 lists possible ranges of total energy
density in the FRW and new world models. In the
new world models, the energy density is strictly
positive, zero, and negative for closed, flat, and open
universes, respectively. On the other hand, the FRW
world models have rather complicated ranges of
energy density. From Eq. (53), one finds that
(da/dr)? = 0 for closed, and 0 < (da/dr)? <1 for
open universes. Thus, Eq. (7) plus constraints on
(da/dr)? suggests that the closed FRW world model
have positive energy density larger than or equal to
3/87Gd?, and that the open model accommodate
only negative energy density not smaller than
—3/8rGa’. Note that the positive energy density
appears to be allowed in the open FRW world
model if the constraint on (da/dr)?
The Friedmann equations for the flat universe

is not imposed.

(k=0) cannot be derived with any world-proper
time relation, but can be obtained by neglecting the
curvature term —k/a®> in Eq. (7) for the closed
model, resulting in > 0. The flat FRW world
model is valid only within regions where the effect
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of curvature is negligible or the distance scale of
interest is far smaller than the curvature radius. In
other words, the flat FRW world is an approximation
of the closed universe with large curvature radius.
Its hypersurface is a tangent space of a comoving
observer on the 3-sphere.

All the differences between FRW and new world
models come from a difference between reference
frames adopted. In later sections of this paper, to
describe physical phenomena in the expanding
closed universe, we use both the world reference
frame and the comoving observer’s frame. The
former has a global time ¢ with uniform lapse, while
the latter has a local time 7 whose lapse depends on
the cosmic expansion speed. An event on the
expanding 3-sphere may be labelled by coordinates
(t,x,y,z,w) or (t,a,x,0,4). By omitting the
curvature radius « that is a function of ¢, we regard
the coordinate system z’' = (¢, x,6,$) as equivalent
to the world reference frame. The comoving
observer’s frame is a system of physical space and
proper time coordinates adopted by an observer like
us whose comoving coordinate z“=(x,0,¢) is
fixed during the expansion of the universe. Actually,
the comoving observer’s frame is equivalent to the
locally inertial frame.

4. Physical and astronomical aspects
of the expanding closed universe

In this section, we investigate interesting properties
of the expanding closed universe, such as time-varying
light speed, cosmic expansion history, energy-momentum
relation of particles, redshift, and cosmic distance
and time scales. All the quantities, not otherwise
specified, are defined and expressed in the world
reference frame, and secondarily in the comoving
observer’s frame. In the latter frame, all the physical
quantities and their evolution are the same as those
in the closed FRW world.

(a) Time-varying light speed and cosmic expansion
speed

In the special theory of relativity, the speed of light
is constant and equal to the limiting speed (c¢=1),
which applies to the Minkowski space-time, or
equivalently to the flat universe. In the expanding
closed universe, however, the light speed is less than
or equal to the limiting speed. From the photon’s
geodesic equation (ds = 0), one can express the speed
of light as

n(e) = (1-a)" = = (55)
It should be noted that the light speed varies with
time, depending on the cosmic expansion speed a

and satisfying n2+d2 =1. Both speeds cannot

exceed the limiting speed (0<n<1 and
—1<a<1). The cosmic expansion speed goes to
unity as the redshift goes to infinity because A(z)

2 in the radiation-dominated era

evolves as (1+2z)
[Eq. (41)]. Therefore, we expect a=1 and n=0 at
the beginning of the universe.

On the other hand, the comoving observer always
measures the speed of light as unity because the
observer’s proper time interval varies in the same
way as the world-frame light speed does [Egs. (52)
and (55)]. Besides, the cosmic expansion speed in
the comoving observer’s frame has no limit

(da/dTZd/ v 1—-d'< ).

In the open universe, the speed of light is

n=(1+a)"* > 1: the light propagates faster than
the limiting speed. There is no upper limit on the
cosmic expansion and the light speeds in the world
reference frame. However, the comoving observer
perceives that the speed of light is always unity and
that the cosmic expansion speed is bounded to unity

(da/dr=a/V1+d’ < 1), as discussed in Sec. 3(e).
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Table 2. Cosmological Parameters of the Two Closed World Models.

Parameters Symbols Model 1° Model II°
Input
CMB temperature Tinn 2.725 K 2.725 K
Matter density 2y 0.415 0.315
Dark energy density 2, 0.630 0.696
Hubble constant h 0.55 0.71
Derived
Curvature radius a, 25670 Mpc 40170 Mpc
Speed of light ny/c 0.208 0.105
Expansion speed ay/e 0.978 0.995
Expansion acceleration a 6.79<10" "Mpc ™! 1.45x10" "Mpc
Cosmic age (in world time) t, 85.3 Gyr 132 Gyr
Cosmic age (in proper time) T 15.8 Gyr 13.1 Gyr
Radiation free-fall radius ag, 603.1 Gpc 603.1 Gpc
Matter free-fall radius ayo 8461 Mpc 7523 Mpc
Minimum radius of A-u a, 6867 Mpc 5061 Mpc
Maximum radius of R-u by 1093 Mpc 2675 Mpc
Maximum radius of M-u by 236.3 Gpc 1145 Gpc
3-volume of the universe v, 6.94 < 10" Mpc? 1.34 % 10" Mpc®
Total radiation energy Ey, 8.50<10™ erg 1.64x107 erg
Total matter energy By 4.32<10™ erg 1.05x10™ erg
Total dark energy By, 6.56<10™ erg 2.33x10 erg
Fraction of radiation energy Dy 7.82x107° 4.85x107°
Fraction of matter energy Dy, 0.397 0.312
Fraction of dark energy Dy, 0.603 0.688

“Based on parameters of a non-flat FRW world model that best fits with the WMAP 3-year data only (Spergel et
al. 2007).

’Based on parameters of a non-flat FRW world model that jointly fits with the CMB, SNIa, ~-ray bursts, the shape
parameter I'=;h, Hubble constant, matter density ({2,;:%), and big-bang nucleosynthesis data (Wright 2007). The

Hubble constant is an average of recent measurement values.

(b) Cosmic evolution history a(t) =bgsin(t/by) (0 <t<mby), (56)

The evolution of homogeneous and isotropic N b = (85 G at/3)V2 = (a Ja ) -
. . . . . where = (81 Gepyay/ 3 =(ay/agy)a, 18 the
universe is described by the evolution of physical ) R RO™07 07RO
. . : . maximum curvature radius of the radiation-universe.
quantities during the history of the universe. The . . .
. . . At t =0, the universe expands with the maximum speed
most 1mportant quantity 1s the curvature radius a. . . . .
.. . and zero acceleration (a=1, a=0). The positive
Although it is not easy to get the general solution to S . o )
. . . . acceleration is not allowed in the radiation-universe.
Eq. (39), there exist analytic solutions for special . .

. . For matter-universe (e =0, ¢, =0), the solution
cases of the universe dominated by energy of the T
. . . . for the curvature radius is
single species. For radiation-universe (¢; =0, £, =0),

the curvature radius is given by alt) :b]\’Tfﬁ(tisz)Q (0<t<4by), (57)
M
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where by, =87 Geyad/3 = (a/ayy)’a, is  the
maximum curvature radius of the matter-universe.
The initial condition a(0) =0 has been assumed.
The cosmic expansion acceleration is negatively
constant in the matter-universe (a=—1/2b,;). Due to
the negative acceleration, the expanding universe
containing only radiation and matter is bound to
contract into the single point.

If the universe does not contain the ordinary
matter and radiation but is dominated by the
cosmological constant or dark energy (A-universe),

Eq. (39) becomes

2

da 3 an
= - = —-|—= 58
e v +4/1 (a) (58)

ay = (3//\)1/2 = (3/87er1€1\)1/2 is  the
(minimum) radius of the A-universe at initial time

where

t;. For the expanding A-universe, we get
a(t) =lad +(t—t,)"? (t=1t). (59)

The expansion speed and acceleration of the A
-universe are alt) = (t—t,)/[a} +(t—1t,)*]"* and
at) =d/[a} +(t—1,)*P?,  which go over
asymptotically into unity and zero, respectively, as ¢
goes to infinity. Starting with a(t;) =a,, alt;) =0,
and a(t;) =a,', the A-universe expands eternally.
It is interesting to consider a universe dominated
by energy of a hypothetical species with an equation
of state wy=—1/3 (Kolb 1989). This universe
(H-universe) has a simple expansion history

a(t) =t[1—(ay/an) " (t=0), (60)

where ay, = (3/87Geyy,)"?. The important property
of the H-universe is that acct and a=0. The
universe expands with the constant speed. The
energy density of the hypothetical species evolves

as 8HOCa72. For an extreme case of ay, =0

(&19 = o), the H-universe expands with the limiting
speed (a=t).

To reconstruct the evolution history of the closed
universe, we have adopted two world models that are
consistent with the recent astronomical observations.
The model parameters, which are listed in Table 2,
are based on a non-flat ACDM FRW world model
that best fits with the WMAP CMB data only (Model
I, H,=55 kms 'Mpc™!, 0, =0415, 2, =0.630;
Spergel et al. 2007, §3.3) and on another model that
jointly fits with the CMB and other astronomical data
(Model 1, Hy=71 kms 'Mpc', £,=0.315,
2, =0.696;, Wright 2007), H, =100h
kms 'Mpc ™' is the Hubble constant, and (2, is the
current density parameter of the FRW world model.

where

The Hubble constant of Model I is quite lower than
the popular value of Model I, but is allowed because
the low Hubble constant has been reported from
Cepheids plus SNIa
(H,=623+13+50 kms™'Mpc™'; Sandage et al.
2006) and of (H,=61
kms 'Mpc~'; Bonanos et al. 2006).8)

Using the FRW model parameters as input, we

observations of

eclipsing  binaries

calculate radius parameters ag,, a,q, and a, from a
formula  a,, = (3/87Ge,)"? = Hy '2;2. The
radiation energy density has been calculated from
eno = ki T, /155° [see Sec. 4(f)] with the CMB
=2.725K (Mather et al. 1999).

For simplicity, the neutrino contribution to the

temperature 7.,
radiation energy density has been omitted. The
present curvature radius a, has been obtained from

the relation

Hy=a, ' (da/dr), = (ag] +ayg +a) > —a(;Q)l/Q.
(61)
The basic parameters characterizing the closed
world model are the curvature radius of the universe
(ay) and the radius parameters (ag,, ayg, @,) at the

8) The cosmological parameters of Model I are very similar to the recent values of the non-flat ACDM model constrained with
Planck 2018 CMB data alone (omegak plikHM TTTEEE lowl lowE; Planck Collaboration 2018b): A, = 54.473% kms™' Mpc™!,

02y, =0.4857 5058 2, =0.560" )0%9 (68% confidence limits).



107

108

108

WAL R ELL B

i
Q. 1
= 1
: 104 I
— E— |
1 E I
I
g 10°¢ I3
5 '
& 102k -
2 E 1]
’ [}
2 10k |
> = | 3
5 3 '
&) 1 R M, -
E I3
F I
101 & -
E I
L : ]
—2 Ll vl v vd vl vl vl vl
10 103 10-2 10! 1 10! 10® 10% 10¢
t (Gyr)

Fig. 3. Evolution of curvature radius a over the world
time ¢ (thick solid curve; Model I). For comparison, the
curvature radius of radiation, matter, and A-universes are
shown as dotted (R), dashed (M), and long-dashed (A)
curves, respectively. The small panel shows the fractional
difference of the curvature radius of our universe relative
to a=t (Aa/a=[a—t]/t in unit of percent; thick and
thin solid curves for Model I and II, respectively). The
stars denote quantities at the present time ¢, =85.3 Gyr
[Model I; see Sec. 4(g)]. A rough estimate of redshift is
given by z=t,/t—1.

present time.

It is interesting to note that converting parameters
of the flat FRW world model into those of the new
closed model always gives limiting values of
ay =00, a;=1, and a, =0. The flat FRW world is
a limiting case of the closed universe with infinite
curvature radius. In such a limit, the proper time
becomes frozen (dr=0).

The evolution histories of the two closed world
models are summarized in Figs. 3-6 below, where
we have also plotted analytic solutions for radiation,
matter, and A-universes (¢, =0 is assumed for A-u).
All the numerical values given in the text are based
on Model 1. The evolution of curvature radius of the
closed world model is shown in Fig. 3, where we
have performed a numerical integration of Eq. (39)
to obtain a(t). Note that the solution of H-universe
with infinite energy density greatly approximates the
evolution of curvature radius of our universe, which
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Fig. 4. The proper time of a comoving observer 7 versus
the world time ¢ (thick and thin solid curves for Model
I and II, respectively). The 7t relations expected in
radiation, matter, and A-universes are shown as dotted
(R), dashed (M), and long-dashed (A) curves,
respectively. The star indicates t, =85.3 Gyr and

7, =15.8 Gyr.

differs from a=+¢ by maximally about 2% at
t=100 Gyr, as shown in the small panel.

Figure 4 shows the relation between the proper
time of a comoving observer and the world time,
obtained by integrating Eq. (52). The total elapsed
time until the present time, the age of the universe,
is denoted as a star at ¢, =85.3 Gyr and 7, =15.8
Gyr [see Sec. 4(g)]. The 7t relations expected in
radiation, matter, and A-universes are written in
analytic forms as

T=bgll—cos(t/bz)] (R-u), (62)

=

by

AR 2] o ©

2by 2by

and

i i

} (A-u), (64)

T—aAlnl

ap ap

respectively. Inserting Eq. (62) into (56) gives
a(7) = [r(2b, — 7)]"2, which goes over into aoc7/?
if 7< 2bg, the behavior of a scale factor in the
radiation-dominated FRW universe.
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Fig. 5. Variation of (top) cosmic expansion speed a and
(bottom) speed of light n over the world time ¢ (in unit
of the limiting speed of the special relativity; thick and
thin solid curves for Model I and II, respectively). The

relation 7 +a’ =1 holds. The speed of light in radiation,
matter, and A-universes are shown as dotted (R), dashed
(M), and long-dashed (A) curves. The stars denote
quantities at the present time.

Figure 5 shows the time-variation of cosmic
expansion speed (top) and speed of light (bottom).
At the present time, the universe is expanding faster
than the light by a factor of 4.7 with a=0.978 and
1n=0.208 (denoted as stars). The speed of light in
radiation, matter, and A-universes are written as

n(t) =sin(t/by) =a/by  (R-u), (65)
0= 1[G = 69
and

n(t) B —aa (Aw), (67

- a2 +(t—t,)%]"?

respectively. The behavior of time-varying light
speed implies that photons are frozen (n=0) when
the universe expands with the maximum speed, e.g.,
at the beginning or far in the future of the universe.

Figure 6 shows the history of cosmic expansion
acceleration calculated from

10-¢

d?a/dt? (Mpe~!)
—1x10-8

—2x10-8

104 10-3 10-2 10! 1 10! 102 103 104
t (Gyr)

Fig. 6. Evolution of cosmic expansion acceleration a in
unit of Mpc™ ! (thick and thin solid curves for Model I
and II, respectively). The acceleration in radiation,
matter, and A-universes are shown as dotted (R), dashed
(M), and long-dashed (A) curves, respectively. The star
denotes the acceleration at the present time.

- 3(e+3P)
“ 167 Gea®’ (68)

which has been obtained by combining Egs. (38)
and (39). In the radiation-dominated era, the
expansion acceleration had gradually decreased from
zero, and became negatively constant during the
matter-dominated era (¢=0.1-10 Gyr). Afterward,
the universe has been decelerated until ¢ =58.8 Gyr
(r=10.0 Gyr, z=0.448) from which it starts to
accelerate  positively.  The transition  epoch
corresponds to the point of maximum (minimum)
speed of light (expansion speed). The universe
arrives at the maximum acceleration at ¢t =93.5 Gyr
(r=175 Gyr, 2=—0.088). The present universe is
on a stage before the maximum acceleration. The
future universe will expand eternally with asymptotic

acceleration of zero.

(c) Energy-momentum relation of particles

Now we define energy and momentum of a free
particle with rest mass m in the closed universe.
Here, we mean the rest mass by the intrinsic mass
of the particle that is independent of its peculiar
motion and the dynamics of the universe. Thus m



is the mass as measured in a locally inertial frame
comoving with the particle. It is also equivalent to
the rest mass in the stationary universe. The action
for the free material particle moving along a
trajectory with end points A and B has the form
(Landau and Lifshitz 1975, §8)

S:—m/jdsz /ABLdt, (69)

where the Lagrangian
L:—m(l—dz—a2v2)1/2 (70)

goes over into —m-+ma®?/2 in the limit of
av <1 and a=0. The motion of the particle is
determined from the principle of least action,

3S=—md / ds=0 (e.g., Landau and Lifshitz 1975,

§87), resulting in the geodesic equation

' i dz* dz'

From the Lagrangian, we calculate energy and
momentum of the material particle. The 3-momentum
of the particle is obtained from p, =aL/0v", with

individual components p, =m~yv'a®, p, =m~yv’a®sin’x,
and p, = myv®a®sin®x sin0. The energy of the particle

is given by
©2
. a5 _ m (1 —a )
B =p - L= (1_('12_(121)2)1/2’ (72)
and the relativistic mass by
m, = Byt =mny. (73)

Both energy and mass of a particle are tightly
related to the expansion speed of the universe. For
a comoving particle with a fixed comoving coordinate
(v*=0), the energy and the relativistic mass
become £, =m(1—a’)"? and m, =m(1—a’)"",
respectively.

Let us define the 4-momentum vector of a particle

as
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p' = (my, myvn) =

(74

E
p. Pn)’
1—a

where p is the magnitude of the proper momentum
defined as p=(—p"p,)"> =m~yav and n is a unit
vector indicating the direction of motion of the
particle. According to this definition, the particle’s
energy is the time component of the covariant
4-momentum  p, =mu,, = (E, —apn). From the
square of the 4-momentum

p'p; =m?, (75)
we obtain an energy-momentum relation

B = +m)(1-a), (76)

which goes over into E’=p’+m? in the limit of

a=0. One important expectation from Eq. (76) is
that the energy of a material particle vanishes when
a=1, e.g., at the beginning of the universe.

The equation of motion of a particle with small
peculiar velocity (v* < 1) is obtained from the
space component of Eq. (71) as
aa

1—a

dv®
dt

—+

a)o_
+2 o =0, (77)

where any quadratic of v” has been dropped. The
solution to this equation
1-a’

av®oc — (78)
shows how the proper peculiar velocity of a particle
evolves as a result of the cosmic expansion.

From Egs. (74) and (76), the energy and the
4-momentum of a massless photon are

+2
B =p,(1-a)", (79)

and

i (PP
P __[V/_j_7f’anj’ (80)
1—a

where p, is the photon’s proper spatial momentum.
The photon’s energy and spatial momentum are
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usually expressed as photon’s frequency and inverse
wavelength multiplied by the Planck constant
(£,=hv and p,=h/)). Therefore, Eq. (79) is
equivalent to

=n=1-a")"2 (81)

A comoving observer measures frequency and wavelength
of the same photon as v, =v(1—ad>)"V2 and A=A
Thus, v A. =1 in the locally inertial frame. The
subscript ¢ denotes a quantity measured by the
comoving observer.

(d) Doppler shift and cosmological redshift of
photons

The stretch of photon’s wavelength is induced by
the receding motion of an observer from a light
source (Doppler shift), or by the cosmic expansion
(cosmological redshift).

First, let us consider the Doppler shift. For simplicity,
the cosmic expansion speed is assumed to be fixed.
Suppose that an observer with 4-velocity u’ = (y, yun,)

is moving away from a light source emitting photons
with 4-momentum p’ = (p,,/V1—a’, p,,n,/a), and
is receiving photons from the source. The observed
momentum of a photon is given by the inner product
of «' and p':

[ 2
1—a —avcosb,,

Pop :piui = e Pem> (82)
1— az —a*?

where p,, and p, are the proper spatial momenta
of emitted and observed photons, respectively, and
n, - n, =cosb,, (6,,=0 for receding and 0, =7
for approaching observers). The ratio of momenta
(or energies) of observed to emitted photons for the
longitudinal Doppler effect (6,, =0) is

Pob _ E:)b — | CX_U , (83)
Pem bjem CX to

where ¢, =17/a is the light speed in the comoving

coordinate system. The ratio for the transversal
Doppler effect (8,, =7/2) is

Pop _ Eob _ 1

Pem Eem 1— 1)2/C?<

(84)

The two formulas for the Doppler effect are similar
in form to those in the special relativity.

Next, for the cosmological redshift, let us suppose
that photons, emitted at world time ¢ from a light
source at comoving coordinate x, have arrived at
the origin at ¢, Using the photon’s geodesic
equation and assuming that photons have traveled
radially by the symmetry of space, we get

/ OXdX =— / ) 1a @ o

f’[) f,0+($1’,0
:/ cX(t')dt':/ e, (t)dt',
t t+ot

where the minus sign in front of the second integral
indicates that photons have propagated from the
distant source to the origin. The ot and dt, are the
world time intervals during which a photon’s wave
crest propagates by the amount of its wavelength at
the points of emission and observation, respectively
(i.e., v=46t""). The third equality holds because the
integral does not change after the infinitesimal time
intervals &t and ot,.

Manipulating Eq. (85) gives the frequency ratio of
emitted to observed photons,

v (5150_ (:X(t)

Y, _W_ (5X<t0)

L9N1/2
_a_o[la ] :(1+Z)2A(0) =r(z).

1—&(2)
The cosmological time dilation function r(z) is
useful for comparing physical quantities at past and
present epochs. The variation of r(z) is shown in
Fig. 7. The corresponding function in the FRW
world model, 1+ z, has a similar value to r(z) only
at low redshift (2<1), going to infinity at infinite
redshift. The r(z) is almost constant during the
radiation-dominated era with the maximum value of

r(o0) = [(ego + v +8A)/8R0]1/2 =113. (87)



From Egs. (81) and (86), the photon’s frequency
and wavelength vary as

2
VOC% and Aoca. (88)

Because the wavelength of a photon increases in
proportional to a, the redshift is equal to the fractional
difference between wavelengths at the points of
observation and emission of the photon:
z=ay/a—1=(Ny, = Aem)/ A~ Besides, the photon’s
energy and spatial momentum vary as

1-d 1
Enocia and p.oc—. (39)
a " a

i

From Egs. (56), (57), and (59), one finds that
E =const. (R-u), Eoca * (M-u), and Ejoca
(A-u). In the comoving observer’s frame, both
photon’s energy and spatial momentum always vary
as a .

(e) Total energy in the Universe

The conservation of energy in the classical physics
is closely related to the invariance of physical laws
under a time-translation (Noether’s theorem), which
applies to the physics in the Minkowski space-time.
In general relativity there is not necessarily a time
coordinate with the translation-symmetry, so the
conservation of energy is not generally expected.
However, in an asymptotically flat region or in a
locally inertial frame, it is possible to define the
conserved energy. For this reason, it has been usually
said that there is not a global but a local energy
conservation law.

Let us estimate the total energy in the universe
based on the definition of energy in Sec. 4(c). First,
we need to define the volume element. The
4-dimensional volume element is given by

dV, = V—g da’ da* da* do® = v/— g dt dx dO dp, (90)

where ¢ is the determinant of the metric tensor g;,.

We obtain the 4-volume of the universe from

r/ .
V4(t)=de4=27r2/ (1—a")Y263dt’ . The proper
0
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Fig. 7. Variation of r(z) along with redshift (thick solid
curve; Model I). The upper bound value of r(z) at
infinite redshift is 113. For comparison, the cosmological
time dilation factor 1+z in the FRW world model is
shown as a dashed curve.

3-volume of the universe is the time-derivative of 1/:

A% . L orta
Lo (1-a')2d = (9])

Vo=~ (14 2740)

The factor (1—a’)"/? appears as a natural contraction
effect due to the expansion of the universe. At the
present time, 1, =6.94 < 10" Mpc®. One can verify
that the 3-volume of the universe evolves as Voca'
(R-u), Voca™ (M-u), and Veca® (A-u). Note that
V. =dV,/droca® in the comoving observer’s frame
and thus V= (1—a")"2V,.

If there are /V comoving particles with rest mass

m in the universe, then the matter energy density is

o = NEp_ Nm(l—(.;)l/2 _ Nm
M= = ; =

Vo= %

C

e (92)

Therefore, matter energy densities both in the world
reference and the comoving observer’s frames are
equivalent to each other, which also applies to the
radiation energy density if m is replaced with p, in
Eq. (92). The matter energy density is related to the
density py by ey =pun’
py=Nm,/V=Nm/V,(1—-d") =ey/(1—d’).

The total energy of each species 7/ is calculated

matter because
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from

)1+3u',

(1+2

TG 93)

Ey=¢g, V= 27r2ag£[0
The present values of total radiation, matter, and
dark energies (g, Eyp, Eno) are listed in Table 2.
In radiation, matter, and A-universes, the total
energy evolves as K =const., Fyoca’?, and
Ejoca®, respectively. On the other hand, Ey.oca™',
Ey.=const.,, and E, =d® in the comoving
observer’s frame, implying that the radiation energy
is infinite at the initial time, and the matter energy
is always constant.

Figure 8 shows the variation of total radiation,
matter, and dark energies during the history of the
universe (thick solid curves), together with that of
energy fraction parameters (D thin solid curves).
The total radiation energy remained constant in the
radiation-dominated era (<10 Gyr), and thereafter
has decreased. The total matter energy was zero at
t=0, arrived at the maximum value at ¢ =58.8 Gyr
(7=10.0 Gyr), and then has decreased, going back
to zero far in the future. The total dark energy has
continuously risen up from zero as the universe
expands. We can estimate the total rest mass in the
universe by transforming the total matter energy into
M= By,(1—a,)""* =~ 10°M,,, which corresponds
to about 10 galaxies with a typical mass of
10",

From the definition of energy fraction parameters
[Eqs. (42) and (43)], one finds that eVc is a
conserved quantity such that

e(t) Vlt)e, (t) =g, Vje,o = const., (94)

where ¢ is the total energy density. Thus, the ratio
of present to past total energies in the universe is
obtained as

EE) 801/6 CX (t)

OOl (95)

where £= Y, E, (long dashed curve in Fig. 8) and
E,=1.09x 10" erg. The initial amount of total energy
in the universe is £(0) = E/r(c0) =9.62 < 107 erg.

R, M, A)

cood vod ool ved ol

E(t) (x10% erg; I
5
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Fig. 8. Variation of total radiation (%), matter (£,),
and dark (%) energies in unit of 10* erg over the
world time ¢ (thick solid curves; Model I), together with
that of total energy FE=E,+E,+E, (long dashed
curve). Thin solid curves represent the variation of the
corresponding energy fraction parameters (Dy, Dy, D,;
Dy+Dy+D, =1) with a dimensionless unit. The
vertical dotted line indicates .

Since only the radiation contributes to the total energy
at t=0, the same value is obtained from
E(0) = By (0) = Byr(c0)  with  the help of
By (t) = Eyyr(z) deduced from Eq. (86).

According to the definition of energy in this
paper, the total energy is not conserved in the
expanding closed universe, but increases with time.
Especially, the total energy is finite at the beginning
of the universe.

(f) Energy density, pressure, and temperature
in thermal equilibrium

We describe the evolution of energy density,
pressure, and temperature of gas in the -early
universe (see Kolb and Turner 1990 for details). Our
discussion is restricted to the relativistic gas particles
in thermal equilibrium. The particles are assumed to
have low rest mass compared to their kinetic energy.

The number of particles of species 7 per unit
spatial volume dV per unit momentum volume d W
can be expressed as



g]f[(xi7p7‘,)
AN, = ———dVdW, 96
T o S ©6)

where g, is the spin-degeneracy of the particle, f; is
the particle distribution function for species 7,
equivalent to the mean number of particles
occupying a given quantum state, and %i=~h/27.
Assuming zero chemical potential, we can write
fr=lexp(E/kyT,) £1]7", where plus and minus
signs are for fermions (f) and bosons (b),
respectively, kg is the Boltzmann constant, and 77
is the thermodynamic temperature of species Z The
proper spatial and momentum volume elements in
the world reference frame are given by

AV=+/—gdxdods=(1—a’)"2dV,
1 22\
dW= ar dp, dpydp, = (1—a’ )24 W,
where dV, and d1¥, are proper volume elements in
the comoving observer’s frame. Note that
dVdW=dV,dW,. The momentum volume element

o7

is written as dW=(1—a’) Y24rpXdp for isotropic
gas particles with proper momentum p.

The energy density of the relativistic gas is
obtained by integrating over the momentum space
the particle’s energy multiplied with its distribution

function:
9r 9r /C’“ 47Tp3dp
= [ Egfan=
R N P
_ 47791]"4137}4 f o g8 du (98)
(2rh)? (1*&2)2 0o e’ +1
g kT g ki T
=TI () and — B,

2008 (1—)? 30 (1—a)?
where z = E/ky7, and E, ~p(1—a")"? for the
relativistic gas.

The pressure of the relativistic gas is obtained in

a similar way:

9r /
P=——7= 1 p dW
7 (271'71)3 D1aV1afT
9r 4rp’dp &r

. (99)
~ 3(2nh)° fo BT 3
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where p,4 and v,4 are proper momentum and velocity
in one direction: v,y = (p,o/ E,)(1—a’) and p’y = p*/3
for isotropic gas. The relativistic gas acts like
radiation, with an equation of state w,=1/3 and the
energy density varying as e;oca *. Therefore, from

Eq. (99) the thermodynamic temperature of the
relativistic gas evolves as

T Y170 (100)

In the comoving observer’s frame, 7.cca '. From
a formula of the entropy density o, = (¢,+ P,)/ks 1},
one can verifies that the total entropy .5, = o,V of the
relativistic gas is constant.

For photons, the quantity = = hv/ky Ty is invariant
during the cosmic expansion history because the
photon’s frequency varies in the same way as the
temperature does. Since x is also frame-independent
(z==,), we have Ty = Ty (v/v,) = TRC(I—d2)1/2.
The present CMB temperature in the world
reference frame is Ty, = Ty (1—a) /2 =057K
(T30 = Tvpp)- From Eq. (100), the ratio of past to

present radiation temperatures is

LoN1/2
TR_&[lazj =r{2), (101)

Tro  a\1—g,

which enables us to estimate the radiation temperature
at the past epoch. For example, at the beginning of
the universe 73(0) = Ty,7(o0) =64.0 K, while it is
infinite in the comoving observer’s frame. The
behavior of 7(z) implies that 7} =const. in the
radiation-universe.

The epoch of radiation-matter equality is
determined from the condition e = ey:

2

142z, = =5081. (102)

€q

EMo ( URo

€Ro oY)

At this epoch (., =1.65><10"* Gyr, 7., = 29700 yr),
the size of the universe was a., =5.05 Mpc and the

radiation temperature was 7;, ., = Tyor(z,) =453 K,
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OF Tieoq = Treo(1+24,) = 13850 K.

To summarize, as judged in the world reference
frame, the early universe was cold and all the
physical processes in it were extremely slow.
Especially, the universe started from a regular
(non-singular) point in the sense that physical
quantities have finite values at the initial time. The
singular nature of the FRW universe comes from the
fact that the flow of the proper time was frozen

(dr=0) at t=0.

(g) Cosmic distance and time scales

Lastly, we consider cosmic distance and time
scales in the closed world model. As the most
popular distance measure, the coordinate distance
(d;) to a galaxy at redshift z is obtained by

integrating  the  photon’s  geodesic  equation
(dx=dtV1— a /a),
ty vV1— 2 ,
dc(z) _%Xc( ) _%/ Tadt
(103)

a(]dz
_f [4%(= 2

Here x(z) is the comoving coordinate distance.

For sufficiently large a,, Eq. (103) goes over into
do(z) = / apdz’/A(Z"), which is equivalent to the
0

coordinate distance in the flat FRW world model.
The coordinate distance in the matter-universe has

( ”
Y0

(V0]

an analytic form

2

1/2
dc(z) =2ayarctan (1+z)—1]
1/ (104)

(M-u).

2
—1

—2ayarctan l

We can derive other astronomical distances based
on luminosity and angular size of distant sources.
For the luminosity distance, let us imagine that a
light source at redshift z has intrinsic bolometric
luminosity Z. as measured at the source. Since both
photon’s energy and arrival rate vary in proportion

to o ' in the locally inertial frame, the flux of the
light source as measured by the present comoving

observer can be written as

L L

drd;  dmadsiny

a

70)2’ (105)

C C

where d is the luminosity distance to the source?),
di (z) = ay(1+2) siny(2). (106)

The angular size distance (d,) to a galaxy with
physical size r, and angular size 6, is given by

Ty \9nb, agsinye(z)
dA(Z)— ] = T, . (107)

g g

The recession velocity (v,.. =z) of a galaxy has
also been used as a distance measure in the local
universe. By integrating dz =—da(ay/a*) from the

definition of redshift, we get

fﬂ
z—/ )dt—a(]/ H(7

where H(7) =a '(da/dr) =ay ' [A%(z)—(1 +2)2]H2
is the Hubble parameter. Since the Hubble parameter

Ay

dt’, (108)

remains almost constant during the recent epoch
(2=<0.1), the recession velocity is related to the
coordinate distance by v,.. =~ H,d.(z), which is the
Hubble’s law.

The age of the universe or the lookback time
have been used as a measure of cosmic time scales.
The age of the universe measured in world time is
calculated from

%dz A*(2)

/odt /z QP V) —aes

while the age measured in proper time of a

. (109)

comoving observer (us) is obtained by integrating
Eq. (52):

z)Z/t\/ﬁdt'

/‘00 a,dz’ 1 (110)
L () A% ) - ()Y

9) If the flux of the source is measured in the world reference frame, the luminosity distance becomes d; (z) =a,r(z) sinx. (2).



The latter is equivalent to the age of the FRW
universe. Note that ¢> 7 (see Fig. 4 for -t
relation). At the present time, ¢, =85.3 Gyr and
7, =15.8 Gyr. The Ilookback time, the time
measured back from the present to the past, is given
by t,—t(z) or 7,—7(z).

Figure 9 compares coordinate, luminosity, angular
size distances (top) and cosmic ages (bottom) as a
function of redshift in the closed world model with
Model I parameters of Table 2. Also shown are the
corresponding distances and age for the flat FRW
world model that best fits with the WMAP CMB
data (92,h* =0.1277 and h=0.732; Spergel et al.
2007). Distances of both world models agree with
each other at high redshift (2=10), but the flat
FRW world model underestimates distances to
nearby galaxies than the closed world model.

5. Inflation

The FRW world model has been criticized
because of two shortcomings, namely, flatness and
horizon problems. As shown in Sec. 3, the universe
with positive energy density is always spatially
closed. If the present universe is traced back to the
past, it would become a more curved hypersurface,
a 3-sphere with smaller curvature radius. Therefore,
the closed world model proposed in this paper is
free from the flatness problem. Next, let us consider
the horizon problem, which is stated as follows. The
observed CMB temperature fluctuations separated by
more than a degree are similar to each other over
the whole sky. In the FRW world model, such an
angle corresponds to a distance where the causal
contact was impossible on the last scattering surface.
The large-scale uniformity of the CMB anisotropy
suggests that the observed regions must have been in
causal contact in the past.

The inflation paradigm has offered a reasonable
solution to the puzzle of the large-scale homogeneity
of the observable universe by proposing that there
was a period of rapid expansion of the universe with
positive acceleration (Guth 1981). According to the
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Fig. 9. (top) Coordinate (d.), luminosity (d;), and
angular size (d,) distances in the closed world model
(solid curves; Model I). The coordinate distance to the
big-bang is d.(c0) =15.7 Gpc. (bottom) Cosmic ages
measured in world time (¢; top curve) and in proper time
of a comoving observer (7; bottom curve). The dashed
curves are the corresponding distances and age for the
flat FRW world model that best fits with the WMAP
CMB data (£2,;h* =0.1277 and h=0.732; Spergel et al.
2007).

inflation theory, the inflation takes place due to the
presence of a scalar field ¢, whose energy density

and pressure are given by e¢:%¢2+ (¢), and

P@=%¢2f V(¢), respectively, where V(¢) is a

potential of the scalar field. Here we assume that the
dot over ¢ is the world-time derivative. From Eq.
(38), for a universe dominated by the scalar field,
the condition for the positive expansion acceleration
is

o < Vig). (111)
A distance scale of causally connected region (so

called horizon size) is usually quantified by the
Hubble radius and the particle horizon size. In the
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FRW world model, one important implication of
the positive expansion acceleration is that the
comoving Hubble radius decreases with time, i.e.,
d(aH) /dr<0. The comoving Hubble radius is
defined as the comoving distance at which the
recession velocity as defined in the world reference
frame is equal to the speed of light (ax, =n):
2

~_ Vl—a 1 1+2
)= e e ar e (2

The comoving particle horizon size is the comoving
distance a photon has travelled during the age of the

universe:

_ /'\/1—512 P dz’
Xl’(t)*ﬂ p dt*/‘: [AZ(Z')7(1+Z')2]1/2'(113)

The proper Hubble radius and particle horizon size
are given by dy(t) =a(t)xy(t)=1/H(r) and
dp(t) =alt)xp(t), respectively.

Figure 10 compares proper (top) and comoving
(bottom) horizon sizes as a function of world time.
It is important to note that comoving horizon sizes
were zeros at the beginning of the universe, and
then have increased until the recent epoch. As
shown in Sec. 4(b), the universe was expanding
with the limiting speed and zero acceleration at the
initial time (Figs. 5 and 6). Therefore, the positive
expansion acceleration or the decrease in the
comoving Hubble radius is not allowed at the early
stage of the closed universe. The decrease is only
possible in later A-dominated universe (¢=100 Gyr;
Fig. 10, bottom).

Actually, the scalar field ¢ is not essential for
driving the rapid expansion of the universe. Even if
the scalar field is dominant, the condition (111) is
not satisfied. We can only expect that ¢ = V(¢)
from the constraint of zero acceleration, obtaining an
equation of state

P =2 (114)

Thus the curvature radius increases as acct in the
universe dominated by the scalar field. Further

T T T T T . .
dp(t) = a f§ (1-a%)/2 dt'/a

Edu(t) = (a/a) (1-a%)"2

E 6&\1“"_',,_

Proper Horizon Size (Mpc)

Comoving Horizon Size (deg.)

10-3 | | | | | L T -

10+ 10-3 10-2 10-t 1 10! 102 108 104
t (Gyr)

Fig. 10. Time-variation of proper (top) and comoving
(bottom) horizon sizes in the closed universe (Model I),
namely, the Hubble radius (dy, x;) and the particle
horizon size (dp, xp). For comparison, the evolution of
curvature radius a(t) is shown as dashed curve in the
top panel. The proper Hubble radius has an asymptotic
maximum  dy; () =a, =6867 Mpc. The comoving
horizon size is shown in unit of degree, with an
asymptotic maximum xp (c0) =49.4°. The vertical dotted
lines indicate the present epoch.

constraining the universe to expand with the limiting
speed demands that the energy density of the scalar
field should be infinite, as in the extreme case of
H-universe [Sec. 4(b)]. However, the radiation-
universe with finite total energy provides a far
simpler expansion history a=¢ for t< b, [Eq.
(56)], which demonstrates the sufficiency of the
radiation in driving the rapid expansion and the
needlessness of the scalar field. In conclusion, it is
improbable that the inflation with positive acceleration
occurred in the early universe.

If the universe expands with the limiting speed,
the peculiar velocity of a particle vanishes as
implied by Eq. (34): the matter and radiation were
frozen with zero propagation speed at the earliest
epoch. Besides, information at one region could not
be easily transferred to other regions due to the



small horizon size. Thus, physical information
sharing through the causal contact during the
expansion of the universe is not an efficient way to
explain for the large-scale homogeneity of the
universe. The spherically symmetric and uniform
distribution of supernova remnants (e.g., Tycho’s
supernova 1572; Warren et al. 2005) driven by a
strong shock into the ambient interstellar medium
shows that the large-scale homogeneity can be
generated from the ballistic explosion at the single
point, without the causal contact during the
expansion. At the beginning of the universe,
everything was on the single point so that every
information such as temperature and energy density
could be shared in full and uniform contact.
Therefore, if the initial condition was properly set at
the creation of the universe, e.g., by the quantum
processes at t=<tp (Planck time), which is out of the
scope of the classical physics, the observed
uniformity of density distributions at super-horizon
scales may be explained.

6. Conclusion

In this paper, the general world model for
homogeneous and isotropic universe has been
proposed. By introducing the world reference frame
as a global and fiducial system of reference, we have
defined the line element so that the effect of cosmic
expansion on the physical space-time separation can
be correctly included in the metric. With this
framework, we have demonstrated theoretically that
the flat universe is equivalent to the Minkowski
space-time and that the universe with positive energy
density is always spatially closed and finite. The open
universe is unrealistic because it cannot accommodate
positive energy density. Therefore, in the world of
ordinary materials, only the spatially closed universe
is possible to exist.

The naturalness of the finite world with positive
energy density comes from the Mach’s principle that
the motion of a mass particle depends on the mass
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distribution of the entire world. The principle is
consistent only with the finite world because the
dynamics of a reference frame cannot be defined in
the infinite, empty world. The closed world model
satisfies the Mach’s principle and supports Einstein’s
perspective on the physical universe.

We have reconstructed evolution histories of the
closed world models that are consistent with the
recent astronomical observations, based on the nearly
flat FRW world models (Model I and II; Sec. 4). The
present curvature radius of the universe is a, = 25.7
Gpc (a; =40.2 Gpc) for Model I (Model II). The
expansion histories of both models imply that the
closed universe dominated by dark energy expands
eternally. However, the currently favored flat FRW
world exists only as a limiting case of the closed
universe with infinite curvature radius that is
expanding with the maximum speed (a, =1, a, =0).

From the local nature of the FRW metric (Sec. 2)
and of the proper time of a comoving observer [Sec.
4(e)], it is clear that the FRW world model describes
the local universe as observed by the comoving
observer. Since the Newton’s gravitation law can be
derived from the Einstein’s field equations in the weak
field and the small velocity limits, the gravitational
action at a distance usually holds at a local region of
space on scales far smaller than the Hubble horizon
size (e.g., Peebles 1980). The proper Hubble radius
dy; (Fig. 10, top) may provide a reasonable estimate
of the characteristic distance scale where the Newton’s
gravity applies. The cosmic structures simulated by
the Newton’s gravity-based N-body method will
significantly deviate from the real structures on scales
comparable to dj;. The variation of the comoving
Hubble radius x;; = dy;/a also implies that in the past
(future) the Newtonian dynamics was (will be)
applicable on smaller region of space compared to the
size of the universe (Fig. 10, bottom).

In this paper, the history of the universe has been
tentatively reconstructed based on cosmological
parameters of non-flat FRW world models. The more
general cosmological perturbation theory and parameter
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estimation are essential for accurate reconstruction of
the cosmic history.
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