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ALGORITHMS TO APPLY FINITE ELEMENT DUAL SINGULAR FUNCTION
METHOD FOR THE STOKES EQUATIONS INCLUDING CORNER
SINGULARITIES
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ABSTRACT. The dual singular function method [DSFM] is a solver for corner sigulaity prob-
lem. We already construct DSFM in previous reserch to solve the Stokes equations including
one singulairity at each reentrant corner, but we find out a crucial incorrection in the proof of
well-posedness and regularity of dual singular function. The goal of this paper is to prove ac-
curacy and well-posdness of DSFM for Stokes equations including two singulairities at each
corner. We also introduce new applicable algorithms to slove multi-singulrarity problems in a
complicated domain.

1. INTRODUCTION

Corner singularity occurs a reentrant domain and is a reason losing accuracy. One of the
answers for that problem is the dual singular function method [DSFM] which is constructed in
[1, 2, 3, 4]. We already proposed DSFM for Stokes equations, but we find out a crucial incor-
rection in the proof of well-posedness and regularity of dual singular function at the Lemma
4.2 in [3]. We fix the proof at the Lemma 4.2 in this paper and construct new algorithms of
DSFM for Stokes equations including 2 singularities at a corner.

The governing equations are

—puAu+Vp=1£f, inQ,
V-u=0, in{, (1.1)
u=0, ono,

with f is a given function in H=1(Q), Q is a computational domain in R?, and y = Re™!
is the reciprocal of the Reynolds number. Here the unknowns are the (vector) velocity field
u € H}(Q) and the (scalar) pressure p € L3(€2).
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It is well known in [5, 6, 3] that 2 singular functions of the solution of (1.1) can be involved
in each reentrant corner. It means the solution of (1.1) can be written by the form

u\ [ w uj u;
<p>_(Q>+al<pi>+a2<p§>’ (2

where oy and s are the stress intensity factors, (u$,p$) ¢ H2(Q) x HY(Q), i = 1,2, are
singular functions, and (w, q) € H2(Q) x H ().

Let w be the internal angle. Without the loss of generality, we assume that the corresponding
vertex is at the origin and that the internal angle w is spanned by the two half-lines § = 0 and
0 = w. We denote I';,, for 2 edges on the boundary including the reentrant corner and I',,,; for
other parts of the boundary. The singular function (uf, p7), where u; = (uj,v{), have been
computed in [5, 3] with the eigenvalues \(> 0) satisfying

sin?(\w) = A sin?(w). (1.3)

We already know from [3] that (1.3) has only trivial solutions 0 and 1 for the case w < 7. And
(1.3) has a non-trivial unique solution 0.5 < A < 1 for 7 < w < S7 and has 2 non-trivial so-
Iutions 0.5 < A1 < Ay < 1 for the case S < w < 27, where 5 :~ 1.430296653124203. And
(1.3) has a unique solution A = 0.5, if w = 2x. Then the singular functions are summarized as,
1=1,2,

e .
] - Aisin(8) sin((1 - 2)9)
s | = &
Ug alr (sin(Aif)) — A; sin(@) cos((1 — A;)0))
p; H
—2rMiTL ) cos((1 — X))
R (1.4)

. (sin(A\;0) + A;sin(6) cos((1 — \;)0))

_ i
C: T (0)sin((1 - )6) !

2r I\ sin((1 — \;)0)

where
Cy = sin(Aw) + Ajsin(w) cos((1 — A\)w) and  Cy = A;sin(w) sin((1 — \j)w).

We note that the singular function (uj,p;), ¢ = 1,2, in (1.4) is the solution of homogeneous
Stokes equations with vanishing Dirichlet boundary condition at I';;,. And A; has to be a pos-
itive real number and (u$,p;) € H*(Q) x H*(Q), i = 1,2. Let n be a smooth cut-off
function which is equal one identically in neighborhood of origin, and the support of 7 is small
enough so that the functions nuy, i = 1,2, vanish identically on 0€2. Then, in general, the
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solution (u, p) including singular parts of (1.1) can be rewritten of the form (1.2) as

S S
<u>=<w>+a1<mu§>+a2(mu§), (1.5)
p q mpi 12Dy

where o and « are the stress intensity factors and (w, ¢) € H2(Q) x H(9).

The strategy of FE-DSFM is to compute the regular solution (w, ¢) € H2(Q) x H*(£2) and
stress intensity factors «r; and aig by applying the standard finite element method. So we need
to construct decoupled system by using the following dual singular functions (ugl, pf), where

d d ,d

u? = (ud,v), i = 1,2, which is derived in [3],

—r*)‘iﬁ sin(#) sin((1 + X;)8)
W

£

<
ShS
|

= dy _T—Mi (sin(Ai) — Ay sin(6) cos((1 + A)8))

3

2r 27\ cos((1 4 Ai)0)

T—Ai; (sin(\;0) + A;sin(0) cos((1 + A;)0))

+dy T—Aiiz' sin(0) sin((1 + X;)0) ’

2r I\ sin((1 4 \)6)

where

dy = sin(Ajw) + Ajsin(w) cos((1 4+ A\j)w) and  dy = A;sin(w) sin((1 + A\j)w).

2. THE FINITE ELEMENT DUAL SINGULAR FUNCTION METHOD

In this section, we build a new variational formulation to find the regular part (w,q) and
the stress intensity factors a;, ¢ = 1,2 in (1.5) and introduce well-posdness of the system. It
will be proved in §3. We now start this section with introducing the following lemma for the
properties of the singular and the dual singular functions.

Lemma 2.1 (Properties of singular and dual singular functions). The singular function
(ug,pf) € HMQ) x HNQ) and the dual singular function (ul,pd) ¢ H(Q) x L*(Q),
1 =1, 2, satisfy
—pAu; + Vpi =0, in,
V- uf = 07 on P’i?’n
and
—uAuf + Vp;-j =0, in{,

J 2.1
V-u; =0, only,,
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respectively. The boundary conditions of uj and u? vanish on I';,, but the boundary value of

ufl is not defined at the origin. Both of u; and ugi are not 0 on T ,y4.

In order to derive a explicit form of the singular functions, we set
B(ri;re) = {(r,0) :r1 <r <rgand 0 < § < w} NN

and
B(r1) = B(0;71).

We define a smooth enough cut-off function of 7),(r) as follows:

1a in B( % )
np(r) = { very smooth function, in B(5pR; pR),
0, in 2\ B(pR).

where p is a parameter in (0, 2] and R is a fixed real number which will be determined later
so that the singular part 72,u; has 0 on whole 0f). Here and thereafter, we choose that n; =
n2 = 1, in (1.5) and assume that 0 < p < 1. That is, the singular function representation of
the solution of problem (1.1) has the form

u\ [ w npuj npus >
= + « +« , 2.2
(P) <Q> 1<nppi> 2<77pp§ 2

where w € H} () N H2(Q) and ¢ € L3(Q2) N H(Q) satisfying
2
—pAW + Vg + > ai (—pdmeul) + V(npi)) =f, in®,
= , (2.3)

V-w—i—ZaiV -(nouj) =0, in§.
For the sake of a clear explanation, we note that the inner product of vectors a = (a1, as)

and b = (b1, ba) is
(a, b) = (a1, b1) + (az, ba)
and also
(Va, Vb) = (0,a1, 0;b1) + (Ozaz, Oba) + (Oya1, Oyb1) + (Oyaz , Oyba) .

Then we can obtain the weak form of (2.3) by the standard Galerkin finite element technique:
find (w, ) € H}(Q) x L?(Q) satisfying, for all v € H}(Q2) and ¢ € L?(1),

w(Vw, Vv) 4+ (Vg, v) + Zazc, (f,v),
24

(V-w,¢) +Zaidi<¢>

0,
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where

ci(v) = (=ulmpui) + V(1,p;), v),  di(¢) := (V- (nou}), ¢). (2.5)
Because 4 unknown variables (w,q) and «; are coupled in 2 equations of (2.4), we have
to build 2 additional equations which are linearly independent with (2.4). Therefore we test
ngpu;-l ¢ HY(Q) and ngpp? ¢ L*(Q), j = 1,2, with the first and the second equations in (2.3),
respectively. Then we have the additional equations

< pAw + Vg, napuj > Zazﬁ

<V~W, ngpp?> +Zalﬂ£j =0
i=1

(2.6)

where

<

ﬁf = <f, n2pu?> )
i < pAmpu;) + V(np7) nzpug>7

ij
B = (V- () s mopp] )

and they are computable. Because the dual singular functions are not smooth enough to apply
the integration by parts directly in (2.6), the following lemma is crucial.

Lemma 2.2 (Integration by parts for dual singular functions). Let w € H}(Q2) N H2(Q)
and g € HY(Q). If p € (0,1], then we have that, for j = 1,2,

—p(aw, mppul ) = (Vw o) = (w, —pi ) + Vmpl)) @)
d
an <Vq, 772p11?> =- <q, v (772pu;!)> . (2.8)

Proof. We can readily obtain (2.7) by integration by parts, if the functions are smooth enough.
But the dual singular functions are not smooth enough, so we need to use density argument of
Hilbert space. Then it is enough to show boundedness of both sides. Since w € H}(Q2)NH?()
and ngu? S LZ(Q), we can get the boundedness of the left hand side in (2.7). On the other
hand, the right hand side in (2.7) is also bounded, because of (2.1) and the definition of 72),.
So we arrive at (2.7). By the same manner, the properties ¢ € H'(Q), ngpu? € L2(Q), and
V - (n2pu}) = 0in B(p) yield (2.8). O

We apply Lemma 2.2 after subtraction the second equation from the first equation in (2.6)
for each j = 1, 2 to obtain

Bl — Zaz - By = <—MAW + Vg, napu?> - <V W, ngpp?> 29

(e sttt S ().
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If we denote the following notations
Gij = B15 — Bij»
aj(w) i= (W, > (2p0) + ¥ (12,05) ) 2.10)
bj(q) = <q, V. <n2pu;~l)>,

then (2.9) can be simply rewritten by

2
> iy = B85 —aj(w) +bi(q)
i=1

o )= (Gom e,

where D = ( CLi G2 ) So Cramer’s rule yields

or by matrix form

(2 Cop2
G2 (B —a1(w) +b1(q)) — Co (65 — aa(w) + b2(q))

a= det(D) ’ o
G (85 — aa(w) 4+ b2(q)) — G2 (BF — a1(w) + b1(q))

@2 = det(D) '

We now define finite element space to construct fully discrete FE-DSFM. Let ¥ = { K} be
a shape-regular quasi-uniform partition of {2 of meshsize h into closed elements K [7, 8, 9].
The vector and scalar finite element spaces are:

Wy, := {wy € L*(Q) : wi|x € P(K) VYK €%}, Vj,:=W,NH{(Q),
Py = {an € L*(Q) N C*(Q) : anlxc € Q(K) VK € T},

where P(K) and Q(K) are spaces of polynomials with degree bounded uniformly with respect
to K € %. We stress that the space PP, is composed of continuous functions to use integration
by parts: for all ¢, € P,

(V-vn,aqn)=—(vu, Van), Vv, €V
Then (2.4) becomes, for all v, € V;, and ¢y, € Py,

2
p(VWh, V) 4+ (Van, va) + Y aici(vi) = (£, vi),

=1 2.12)

2
(V-wn, ¢n) + Y aidi(¢n) = 0.
i=1
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And (2.11) becomes
G2 (B — ar(wn) 4+ b1(qn)) — Co,1 (85 — aa(wn) + ba(qn))

A= det(D) ’
] . (2.13)
G111 (85 — as(wn) + b2(gn)) — G2 (81 — a1(wn) + bi(qn))
2h det(D) '

In order to solve the system (2.4) and (2.11), we insert «; in (2.11) into(2.4) to obtain

p(Vw, Vv) +(Vq, v Z (@) ci(v)

— Z Fici(v), (2.14)

(V-w, é)+ 22: (Ai(w) + Bi(q)) di(¢) = — 22: Fidi(¢),
where - .
Ay (w) _Cz,zal(v;lt—( l%,lag(w)7 Ay(w) = _cLlaz(lel t—( l%,zal(w)’

On the other hand, we insert oy, in (2. 13) into (2.12) to get discrete weak form

1w (Vwh, Vvi) +(Van, vi) + Z (W) + Bi(qn)) ¢i(v)
i=1

£, vp) ZFQ Vi), (2.15)

2 2
(Vwn, ¢n) + > (Ai(wn) + Bign)) di(dn) = =Y _ Fidi(on).
i=1 i=1
The matrix form of the coupled system (2.15) becomes

(35 ) 5 () am | (3)-(7):

It is solvable by using the generalized Sherman-Morrison-Woodbury formula in [10]:

(M+U - VE+U, - VD =Mt — MY UL U] VT, Vil 1Tt (2.16)
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where () is 2 x 2 matrix given by
L+VvimM—tuy,  VIM~U,
=1 v, e viMen |
2 1 2 2
Finally, we arrive at an implicit FE-DSFM:

Algorithm 1 (Implicit FE-DSFM using Sherman-Morrison-Woodbury formula). Compute
(W, qr) and the stress intensity factors iy, and agp, € R by computing

Step 1: Find (wy, q5,) as the solution of (2.15) by solving (2.16).
Step 2: Compute a;, and agp, € R by (2.13).

3. WELL-POSEDNESS

The goal of FE-DSFM is to compute (w, ¢) and the stress intensity factors a; and ay € R
by solving the system (2.4) and (2.11). Because it is a coupled problem of 4 variables, we need
to construct decoupling system of them. To do this, we first prove well posedness of the system
(2.4) and (2.11). The equation (2.4) is a standard saddle point problem and has a unique solution
for any given a = (a1, a2) € R? and given f € L?(2) in [7, 8, 9]. We define mappings Tt
from R? to H'(Q2) x L3(Q) by the unique solution of (2.4) for any given f € L?(€2). It means
that T¢ () := (Wa, o) is the solution of (2.4) with @ € R?. Also we define a mapping F from
HY(Q) x L(Q) to R? by using (2.11) as

et [ BE—ai(w) +bi(q)
F(w,q):=D 1<5§_a;(w)+b;(q) ) (3.1

Then the composition F' o T} is a mapping from R? to R2. In order to prove the well-posedness,
it is enough to prove existence of the unique fixed point of F' o T¢ and equivalently to prove
|F' o T¢|| < 1 by contraction mapping theorem.

Theorem 1 (Well-posedness). We have
|FoTs| = 0.
Proof. Leta = (a1, a2) and B = (B1, f2) be arbitrary real vectors. Then we have
Tt (@) = (Wa,qa) and  T§ (B) = (wg,qp) - (3.2)

Then we can get from (2.4),

(¥ (Wa —wg), Vv) +(V (4a —qs), v) + Y (i = Bi) ci(v) = 0,
=1 (3.3)

2
(V- (Wa—wg), ¢)+ > (a; — i) di(¢) = 0.
=1
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And we define that (x;, k;), ¢ = 1, 2, is the solution of the Stokes equations

—pAX; + Vi = —pA(mppud) + V(ngpt), inQ,
V.x; =V (nuf), inQ, (3.4)
x; = 0, on 0f).

We note here that the right hand side terms are smooth functions which can be readily obtained
by Lemma 2.1 and so (x;, k;) € H§(2) x L3(Q). So it is enough to show the compatibility
condition to assert the existence and uniqueness of the solution of (3.4). Since we have

/V-xidac:/ X; -vds = 0,
Q o0

we need to prove fQ - (n2pud) = 0. Because V - (nz,ud) = 0in B(p) and n2,ul = 0 on 9Q
except at the origin, it is clear

/ V. (nzpu;»i)d.’z = / 7]2,011? vds =0 (35)
Q oN

and we obtain fQ V- -x;dx = fQ ngpu )dw = 0. Thus (3.4) has a unique solution (x;, k;) €
HI(Q) X LQ(Q)
In light of (3.2) and (3.1), we can get

|F o Te(a) — FoTe(B)lly = || F (Wa, ta) — F (wg, a5) |,

= o (ot e - )

In conjunction with the definitions a;(-) and b;(-) in (2.10), the Stokes equations (3.4) and
integration by parts yield

— aj(Wa — wg) +bi(ga — qp) = — <Wa —wg, —pl(neoud) + V(nzppz)>

(4a—a5. V- (mpuf) )
4

+
= —(Wa —Wg, —pAX; + Vki) + (da — a8, V - Xi)
= —1(V (Wa = wp), Vxi) + (V- (Wa = wg) , ki) = (V (da — ap)  xi)

_ Z (i — Bi) (ei(xi) — di(ks)),
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where the last equality comes from (3.3) by choosing v = x; and ¢ = k;. We apply the
definitions of ¢;(-) and d;(-) in (2.5) and integration by parts to obtain

2
—a;(Wqo Wﬂ) + bi(ga — Qﬂ Z (ci(xi) — di(k:))
i=1

i — Bi) ((—pDmpai) +V(nepi), xi) — (V- (n,15) , ki)

Il
.Fjw

.
Il
—_

(i = i) (o5, —pdxi + Vi) — (nop s V- X)) .

I
'M“

1

(2

If we test n,uj and n,p; with the first and the second equations in (3.4) respectively, then we
can obtain

<_,U/Axi + sz 5 npuf> = < /LA(?]qu ) + V(W2ppz) npuf> )

(V- xi, npp;) = <V (n2ouf) , nppz>

and the right hand side terms of above equations are identically zero by Lemma 2.1, because
of the distinct supports of 77, and 72,,. Therefore, we conclude that

[1F o Ty(a) = FoT(B)llo = 0.
So the proof is completed. g

From the Theorem 1, we have the following result.

Corollary 1. Let a = (aq, a2) be the exact solution of the system (2.4) and (2.11). Then we
have a = F o Ty(a) = F o T¢(B), for any B = (31, B2) € R2.

4. ERROR ESTIMATES

In this section, we will prove Error estimates which are errors of FE-DSFM (2.15) and (2.13)
by comparing them with (2.14) and (2.11). In order to introduce a useful lemma for regularities
of Stokes equations in [6], we define the Stokes equations:

—uAx+Vk=1f in{,
V-X:X’ in 97 (41)
x =0, on .
Lemma 4.1 (Regularities of regular solution). Let Q2 be a polygonal domain with non-convex

vertices. If f € H™1(Q) and x € L?(SY), then there exist a unique solution (x,k) € H}(Q) x
L2(2) of (4.1), with

Ixlly + 1Kl < C (Il -y + lIxllo) -
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Moreover, if f € L2(Q) and x € H' (), then the solution (x,k) € HL(Q) x L*(Q) can be
rewritten in the form of x = Xr + cymuy + asnpuj and k = kr + a1nip] + aaneps, with
(xgr, kr) € (HH(Q) NHA(Q)) x (L*(Q) N H(Q)) satisfying

1%&lly + kRl + lea] + laz| < C([[Elly + [Ix]1)
where (niuf, n1p5) and (n2us, n2p3) are singular functions.
In order to perform error estimate, we also have to have stability assumption on space:

Assumption 1 (Discrete inf-sup). For given py, € P, there exists a constant vy > 0 such that

<v Vi, ph)
Vpullp < sup ———7—
vrREV) thHI
We evaluate errors under the notations:
E:=w—wy, E = 1Iyw — wyp, IhE =w — 1w,
€= q — qn, en = Inq — qn, Ipe :=q—Inpgq,

€1 = Q1 — Q1p and €9 = (xg — Q9p,

where 7, the Clement interpolant. Because (w, q) € H?(Q) x H' (), we can use the well
known results

ITEllp + AITEN, < Ch2lwll,  and |Tuelly < Chlgll. 42)
In proof of the main theorem, we will use the solution (z,7) € H}(Q) x L*(Q) of, for all

v € H}(Q) and for all ¢ € L?(Q),

p(Vz, Vv) +(Vr, v) + ) (ci(z) = di(r)) Ai(v) = (E, v),

e

1

7

(4.3)

(V-z,9¢)— > (ci(z) —di(r)) Bi(¢) = 0.

M

=1

In order to use (4.3), we need to check the compatibility condition and it is enough to prove

M-

(V-z, 1) = (ci(z) — d;(r)) B;(1). 4.4)

=1

/V-zdx:/ z-vds = 0,
Q o0

where v is the outward unit normal vector. Since we proved b;(1) = 0 in (3.5), we can readily
get B;(1) = 0 from the definition of B; (2.14). So we arrive at (4.4). To prove well-posdness of

‘We have
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(4.3), we rewrite (4.3) using the definitions of A;(v) and B;(¢) in (2.14) and a;(v) and b;(¢)

in (2.10) as
N - ) T ) BT
weo- (L) PGl
where D := —D7! = i ( _&2 _%1171 ) We will establish the well-posedness of
equations (4.3) by rewriting (4.5) with @ :— < g; )T _ < ggg - Z;E:; )TD as

- )
(72, )+ (Vr v+ () (00 ) = @),
4.6
) (4.6)

(2.0 - @an (10 ) =0

In order to prove existence and uniqueness of solution of (4.3), we define a mapping Fg from

R? to H}(Q) x LE(Q) by Fg(@) := (za,7a) to be the solution of (4.6), for any & € R2. It is

well known that (4.6) has unique solution (zg, rg) for any @ = (a1, as) € R?, if E € L2(Q).
And we define Fg from H} () x L3(9) to R? by

Fs(z,7) : = (c1(z) — di(r), c2(z) — do(r)) D. 4.7

Then F5 o Fg; becomes a mapping from R? to R?. We will prove that F o F; has a unique fixed
point by the contraction mapping theorem [11], and it is equivalent to prove || Fg o Fg|| < 1.

Lemma 4.2 (Well-posedness and regularity of (4.3)). We have
| Fa o Fg| = 0. (4.8)
Proof. Let &1 and @2 be arbitrary real numbers in R2 and let
Fg (a1) = (2ay,7a;) and  Fg (@2) = (Zay,Tay) - (4.9)
From (4.6), we obtain

K <V (zdl - 2512) ) VV) - <(ral Ta?) V- V>

o (—pA(pu) + V(n2ep) , V)
@ ag)( (— A(nziu;)JrV(nzZp;)a v) >

(V- (2za, — 2an), ¢) = (1 — a2) < ég Z;ZE; 2; >

(4.10)
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In light of Lemma 2.1, (4.9) and (4.7) lead us
‘F& o FE(C_\fl) — Fa (¢] FE(&Q)’ = )F& (Zél,’l“dl) — F& (Za2, 7”@2)

s $) s Za, — Zay - ~(mpul), ray — Tay -
- ‘ < 2 Z Ezfﬁégig%gégz Za, —Zazi > b= ( g-%uég, Ta, —?”azi > D‘
s Za, — Za T D], V- (Za, — Za, T
-|( 5%52225: o DI G R b D
(V- (

_ _T&2 T_
V- G i rZi—raﬁ) D

We now choose v = 7n,uj and ¢ = 7),p; in (4.10) to derive

‘Fd o Fig(@1) — Fa o FE(aQ)‘

T
(61 — Gi2) ( (=nd(mpu}) + V(nap) s mpu) + (V- (mput}) , 1p1) )
_ (= (n2p03) + Y (m2p5) s o1} ) + (V- (1205) , 7,1 b
~ ~ <—MA(772pu1) + V(nzop1) , 77pu§> + <V ) (772pu1) 5

(@1 —a) ( d d s ’ Uppg >
(=1 (n2p08) + YV (0205) s npus) + (V- (m2pu3) , 1,05
and then the right hand side terms of above equation are identically zero by Lemma 2.1, because
of the distinct support of 77, and 72,,. So we conclude
‘F@ o Fi(@) — Fz o FE(ag)‘ —0.
and arrive (4.8) and finish this proof. O

Lemma 4.2 intend the existence and uniqueness of solution of (4.3) and we can deduce the
following lemma from Lemma 4.1.

Lemma 4.3 (Properties of the solution (z,r) of (4.3)). Let (z,1) be the solutions of (4.3).
Then there is a singular function representation

Z =Wy + 0z 17Mpu] + gz onpuy  and T = Gy + az1MpP] + 0z 27,05, 4.11)

where w, € H2(Q) N HY(Q), ¢ € HY(Q) N L3() and (az1, 0v52) satisfy the regularity
estimate
[wally + llazlly + lez] + lazz2] < ClE[,. (4.12)
We also have
12l + [I7llo < CilEllo- (4.13)

Proof. The equations (4.3) can be rewritten by the form of (4.6) as

_ (A A\ (?72,0111)+V(772pp1)
pAz +Vr = E — (ay, as) ( Almud) + V(naypd)

(4.14)
d
V'Z:(a17a2)‘ < V (T’quél; >
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The right hand side terms in (4.14) are in L2(Q) and H'(2) N L3(Q) for the first and the
second equations, respectively, which come from (2.1) and (3.5). So the solution (z, ) can be
represented by the form of (4.11) from Lemma 4.1 and

[Wally + [zl + lazi| + |ago| < Cll=pdbz+ Vrlly + [V - 2],
According to (4.14), Lemma 2.1 gives us

N d d
1Wally + lgzlly + loma] + oz SCHE (@1, as) - < p(n2pud) + V(n2,pf) )

— N (112p13) + V (n2p5)
_ V- (772puil) >
o (3
<C(|[Elly +[aa] + |az|)
Because || = |(ci(z) — di(r))| < C(||zlly + ||7]ly), (4.8) leads |a;| < C||E||, and (4.12).
We also readily get (4.13) and it is the proof. U

0

+C

1

If we denote
G:=z—1yz and g:=7r—1Ir,

then we have, by Lemma 4.3,

IGIl; + llglly < CRAE],, (4.15)

because of anus —In (npu8)||1 + ||77pps —In (inS)Ho < Ch™,

Remark 4.4 (The reason of sub-optimality). The inequality (4.15) is the main restric-
tion to get optimal accuracy in the next lemma and the reason of sub-optimality |o — ay| +
|w — wh|ly < ChY* in Theorem 2.

We start to prove Theorem 2 by the following Lemmas 4.5 and 4.6.
Lemma 4.5 (Estimate ||E||,). Let Assumption 1 hold. Then we have

Elly < Ch* (IEly + llello) , (4.16)

leil < CIElly and |lelly < C(IE[l, + Allgll,) - (4.17)

Proof. We start this proof with constructing error equations by subtracting (2.15) from (2.14)
to get
2
i (VE, Vvp) + (Ve, vi) + ) (Ai(E) + Bi(e)) ci(vn) = 0,
i=1
2
(V-E, ¢n) + ) (A(E) + Bi(e)) di(¢n) = 0.

i=1

(4.18)
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We first prove (4.17). From the second equation in (4.18), we have

2 2
> Bile)di(¢n)| = (B, Von) = Y Ai(E)di(¢n)|-
=1 i=1

We fix ¢, = Cjz with C; € R, then || V||, = |Cy]|22|*/? are bounded numbers, because the
space P;, is composed of continuous functions. So we can readily obtain

| Bi(e)| < C[E[]. (4.19)
Therefore ¢; = A;(E) + B;(e) which comes from subtracting (2.13) from (2.11) yields
leil < C(IEll + [Bie)]) < ClIE[,
and, in light of (4.18), Assumption 1 leads
VE,V Tpe, V- . (A(E) + Bile)) ¢;
’Yueh”o < sup M< ) Vh> + < h€, Vh) + Zz:l ( Z( ) + l(e)) CZ(Vh)

v EVY thHl

2
<C <||E||1 +hllally + [Ellg + ) IBi(e)l> :

i=1
Thus, in conjunction with (4.19), we arrive at (4.17). We now prove (4.16) with choosing
vi=Ipz=2z—Gand ¢ =Zpr =r — gin (4.18):

2
p(VE,V(z—G))+(Ve,z—G)+ > (Ai(E) + Bi(e)) ci(z — G) =0,

(4.20)
(V-E,r—g)+ > (Ai(E)+ Bi(e)) di(r — g) =0,
=1
And then we choose v = E and ¢ = e in (4.3) to get
2
1(Vz, VE) +(Vr,E) + Y (ci(z) — di(r)) Ai(E) = (E, E),
: 4.21)

=1
2
(V-z,e)— Z (ci(z) — di(r)) Bi(e) = 0.

We now replace (Ve, z) at the first equation in (4.20) with the second equation in (4.21) to
obtain
2
p(VE,V(z—G)) = (Ve, G)+ > (A(E) + Bi(e)) ci(z — G)

=1 4.22)
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By the same manner, we replace (Vr, E) at the first equation in (4.21) with the second equa-
tion in (4.20)

2
p(Vz, VE) = (V-E, g) + > (ci(z) — di(r)) Ai(E)
' (4.23)

+Z (Ai(E) + Bi(e)) di(r — g) = (E, E).
=1

In light of (4.15), subtracting (4.22) from (4.23) yields

2
IE; =1 (VE, VG) —(V-E, g) — (e, V-G) + > (4(E) + Bi(e)) (i(G) — di(9))
=1
< CRM(|IVElg + IV - Ellg + llello) [1Ello-

Therefore we arrive at (4.16) and finish the proof of the theorem. O

We now estimate error in H} () space.

Lemma 4.6 (Estimate ||E|[, + |e||,). Let Assumption 1 hold. If the mesh size h be small
enough, then we have

1Bl + llello < Ch. (4.24)

Proof. We choose v, = Ep, = )w —wp, = E—-1T;E € V, and ¢, = e, = Zpq — qn, =
e — Ipe € Py, in (4.18), then we have

1 (VE, V(E — T,E)) + (Ve, E — T,E) +

1

(Ai(E) + Bi(e)) ci(Ep) =0,
2
(V-E,e—Tne)+ Y (Ai(E)+

1=

(4.25)

(
: Bz(e)) di<€h) =0.

—

And then we replace (Ve , E) in the first equation with the second equation in (4.25) to have

1 (VE, V(E - T,E)) — (Ve, T,E) — (V- E, Te)

2
+ 3 (A(E) + Bi(e)) (ci(Er) + diler)) = 0.
=0
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In conjunction with Lemma 4.5 and |B;(e)| < C||E||, in (4.19), (4.2) yields
HIVE(S <C(IVENIVZhEl + llellollV - ZhEllg
+ 1 Zaell1V - Elly + [Ellg (1Enllo + llenll))
<Ch( (IVEl + lello) Iwlly + IV - Ellglal, )

+ C(IEy + llello) (IEnllo + llenllo)
SCh( (HVEHO + hH(JHO ||WH2 + [V - E||0HQH1) +Ch (HEH1 + th||1)2

o
<EIVE(+Cn? (Iwl3 + llall)

We note that the last inequality comes from assumption of small enough h. Finally, we arrive
at (4.24) by combining with (4.17) and complete this proof. O

Finally we arrive at the following error estimates from the above lemmas.

Theorem 2 (Error estimates). Let Assumption 1 hold and £ € L?(QQ). If h is small enough,
then we have

2
Z ’Oéi — Oéih‘ + HW — whHO S ChH_)\,
i=1
W —=whlly + lg — anllg < Ch.

5. SOME OTHER FORMULATIONS OF ALGORITHMS

Algorithm 1 is an applicable solver by using the Sherman-Morrison-Woodbury formula:

N —1

(A + Z UkaT> - A_l - A_l[Ub U27 T UN]M_l[‘/lTa ‘/]_T7 T, VE]TA_17
k=1

where M is Nm x Nm matrix given by

Lxm + VP AT, VIATIU, e VIA-1Ux
M VQTA—lUl Lnuscm + VZTA_IUQ s VzA_lUN
VEA-1U, VEATIU, oo Ipxm + VNATUN

This method is a good solver, but a difficulty arise from computation on many reentrant corner
domain, because many singular functions are involved for big number /V. Corollary 1 says that
the stress intensity factor a does not depend on solution (wg, ¢o) and so we readily obtain
following algorithm:

Algorithm 2 (Explicit FE-DSFM). Set a1, and asy, in R, simply a1, = asg, = 0. Compute
(W, qp) as the solution of (2.12). Repeat for N = 1 or 2,
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Step 1: Update oy and aigp, € R by computing (2.13),
Step 2: Find (wy, q;,) again as the solution of (2.12).

Also we can derive an iteration algorithm to solve the system (2.12) and (2.13) by defining
(w},q)) as solution of (2.12) with oy, = oy, = 0. It means that (w}, ¢))) is the solution of
the standard mixed method of (1.1) and includes corner singularities. In light of (2.2), we can
remove these singularities by the following iteration steps:

e )= )+ () o (031
h — h n P11 n p U2
= +« +« .
( qZH qg 1h nppS 2h oPS

However, the iterative solution (W;L‘“, q;f“) still include singularities, provided that o, and

iy, are not exact solutions. So we hire the Stokes projection (zﬁl, /{}L) where 7 = 1,2 of the
singular functions:

1 {(Vzj, Vv)+ (VEj, v) = (—pAnous,) + V(npd,) , v)
(V-2zj,, ¢) = (V- (npu})), ).

Then we can get a new algorithm

(5.1)

Algorithm 3 (lterative explicit FE-DSFM). Compute (wy,, g5 ) and the stress intensity factors
ayp, and aigp, € R by calculating following steps:

Step 1: Find discrete singular functions (2}, <} ) by solving (5.1).

Step 2: Find (w9, ¢f)) as the solution of (2.12) with o, = a3, = 0.

Step 3: (iteration step) Iterate forn = 0,1, 2, - - - until ]a?hﬂ — o} | <tolerance: update
aﬁr Land ozg;{ 1 ¢ R by using (2.13) with (W}, qp') and then calculate (WZH, qZH)
by addition

(Wi an ™) = (Wi ah) — a3y (7 m0) — a3 (24, 57) -

The main advantage of Algorithms 2 and 3 is easier application than Algorithm 1. Because
we do not need to solve linear equation at the iteration step 3 in Algorithm 3, computational
cost is not higher than other algorithms. Algorithms 2 and 3 also request linear solver totally 3
times.

6. NUMERICAL TEST

In this section, we document the computational performance of each algorithm within a
polygonal domain with reentrant corners.

Example 1. We consider the computational domain is I' shape ([—1, 1] x [—1,1]) ~ ([0, 1] x
[—1,0]). So, in this experiment, w = 1.57 and the solution A of (1.3) becomes \; = 0.5444837367824639
and A2 = 0.9085291898460987.
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Let the solution be given by
u = —sin®(rz) sin(27ry) + 2ud — 3u,
v = sin(2nz) sin?(ry) + 20 — 3vs,
p = (2 + cos(mx))(2 + cos(my)) — 4 + 2p] — 3p5.

We note that the solution for velocity has not vanished on I',,;. The forcing term f is deter-
mined accordingly for any p; here © = 1. In order to impose FE-DSFM, we choose the cut-off
function 1, € H3() as

1, in B(5pR),

_ 1 3 5 7 : .
=19 33 (16 —35¢% + 350 — 219° + 5¢7) , in B(3pR; pR),
0, inQ ~\ B(pR),

with ¢ = % — 3 with R = 1. Then the solution (u, p) can be rewritten by

u=w+ 2n,uj — 31,us,

P = q+ 2nppi — 30,03,
where (w, ¢) is the regular part of the solution. We note that the regularities of w = u—2n,uf+
3n,us and ¢ = p — 2n,p; + 31,p3 are equal to that of 7, and so (w,q) € H3(Q) x H3() in
this example. Computations are carried out with the Taylor-Hood (P2, P!) finite element pair

on the uniform meshes of size h. In this example, we choose ;1 = 1 and p = 0.4. All numerical
integration is used by 6 points quadrature rule.

Example1, Standard FEM, Taylor-Hood
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108 L | lIp-pyll2 ]

i :

102
1/h

FIGURE 1. Error decay for the standard FEM with Taylor-Hood elements
The Figure 1 is error decays of Example 1 by using standard finite element method with

mini element and Talyor-Hood element, respectively. We cannot get optimal accuracy in both
tests by the standard technique, because of the corner singularity.
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Example1, Algorithm1, Taylor-Hood
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FIGURE 2. Error decay for the Algorithm 1 with Taylor-Hood elements

In contrast, Algorithm 1 using Sherman-Morrison formular displays optimal convergence in
Figures 2. We note that the decay behavior of both stress intensity factors ¢; and €5 are a little
bit irregular and these phenomenon due to accuracy of numerical integration of w to compute
.

Example1, Algorithm2 (N=1), Taylor-Hood

oS b [ llell

102
1/h

FIGURE 3. Error decay for the Algorithm 2 with NV = 1 and Taylor-Hood elements

From now, we perform mesh analysis of Algorithm 2. This method has to show theoretically
optimal accuracy with N = 1, where N is the number of linear solver, but it is not true in
numerical experiments, because of losing order of given initial data. So we can not get our
desire accuracy for the case N = 1 in Figures 3. However we get similar optimal results with
those of Algorithm 1 for the case N = 2 in Figures 4.
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Example1, Algorithm2 (N=2), Taylor-Hood
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FIGURE 4. Error decay for the Algorithm 2 with N = 2 and Taylor-Hood elements
The main difference between Algorithms 1 and 3 is that the former hires iterative solver

to compute wy, using Corollary 1 and the later use Sherman-Morrison formular. We employ
tolerance 10e — 08 in Figures 5. We note that the iteration in Algorithm 3 does not need to

Example1, Algorithm3, Taylor-Hood
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FIGURE 5. Error decay for the Algorithm 3 with Taylor-Hood elements

apply linear solver and both Algorithms 1 and 3 error decay results are almost same.

Figures 6 displays convergence rate for iteration steps in Algorithm 3. Here, y—axis value
means Y2, laltt —a |. Figure 6 shows that the difference converges to 0 and decay rates are
very regular. Moreover if / is smaller, then fewer iteration is required to arrive at the tolerance

value.

Example 2. We carry out mesh analysis on a mutiple sigularity domain in Figure 7. In this
experiment, we set w = 1.5m, A} = 0.5444837367824639 and A2 = 0.9085291898460987 in
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Convergence rate of iteration, Taylor-Hood
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FIGURE 6. Convergence rate by iteration for Algorithm 3 with Taylor-Hood elements

both two two reentrant corners. We choose the smooth part solution as

FIGURE 7. Domain and mesh shape of Example 2

w, = — sin’®(mz) sin(27y),
w, = sin(27z) sin®(7y),
q = (24 cos(mx))(2 + cos(my)) — 4.
And we choose the solution (u, p)
u=w+1n,uj — 4n,uj + 3n,u3 — 2npouy,

P = q+np1p] — 4np1ps + 3np2p3 — 2np204,
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where pl and p2 are cut-off functions at each reentrant corner. In order to make empty intersec-
tion of supports for p1 and p2, we fix p = 0.35. We note div u # 0 in this example. Because of
singular functions, we could not find divergence free exact solution with 0 boundary condition
near reentrant corners.

Example2, Algorithm2 (N=2), Taylor-Hood
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; Example2, Algorithm3, Taylor-Hood
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FIGURE 8. Error decay for the Algorithm 2 with N = 2 and 3 with Taylor-
Hood elements for Example 2

In this example, the weak form of Algorithm 2 becomes as follows: For all v; € V;, and
op, € Py, find vy and pp, such that

1
VW, Vi) + (Van, va) + Y aici(vi) = (F, va),
i=1

4
(V-wn, ¢n) + Y aidi(¢n) = 0.
i=1
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Because pl and p2 have isolated supports, Step 2 becomes
Co2 (B — ar(wp) + bi(qn)) — G (BS — aa(wp) + b2(qn))
a1p = )
det(D)
IS (85 — aa(wp) + baan)) — G2 (BF — a1 (wa) + bi(qn))
B det(D) ’
Caa (BE — as(wp) + bs(an)) — Cas (85 — as(wn) + balqn))
det(D) ’
(33 (B8 — as(wn) + ba(qn)) — (34 (85 — as(wn) + bs(qn))
B det(D) '
By the same manner, we also can apply more complicated problems.

Figures 8 is the result of Example 2 of Algorithm 2 with NV = 2 and 3. We can get optimal
results.

Qop

a3h =

Q4p
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