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ON THE HYERS-ULAM-RASSIAS STABILITY OF AN
ADDITIVE-QUADRATIC-CUBIC FUNCTIONAL
EQUATION

YANG-HI LEE

ABSTRACT. In this paper, we investigate Hyers-Ulam-Rassias sta-
bility of the functional equation

P+ k) - S5 ey + 02 - Df@) - B E ey
~ 1)+ S ) + S E f) =0

1. Introduction

In this paper, let V,W be real vector spaces, X be a real normed
space, Y be a real Banach space, and k£ be a fixed real number such
that k # 0,+1. For a given mapping f : V — W, we use the following
abbreviations:

fo() = f(@) —Qf(—w)7 fo() = f(x) +2f(—:v),
Af(z,y) =f(x+y) - f(x) - f(y),
Qf(z,y) =f(x+y) + flx —y) —2f(x) — 2f(y),
Cf(z,y) :=f(x+2y) = 3f(z+y)+3f(z) — flz —y) - 6f(y),

k2 +k

Dif(x,y) =f(z + ky) — f@+y)+ (K —1)f(z)

k2 —k k2 +k k2 —k
=) = fy) + T ) +

f(=y)
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for all z,y € V. Each solution of functional equation Af(x,y) = 0,
Qf(x,y) =0 and Cf(z,y) = 0 are called an additive mapping, a qua-
dratic mapping and a cubic mapping, respectively. If a mapping can be
expressed by the sum of an additive mapping, a quadratic mapping and
a cubic mapping, then we call the mapping an additive-quadratic-cubic
mapping.

A functional equation is called an additive-quadratic-cubic functional
equation provided that each solution of that equation is an additive-
quadratic-cubic mapping and every additive-quadratic-cubic mapping is
a solution of that equation. M. E. Gordji etc. [3, 5, 6, 8] investigated
the stability of the functional equation

fle+ky)+ f(@—ky) — K fz+y) =k flz—y) +2(k* = 1) f(z) =0

on the various spaces when k is a fixed integer. Each solution of the
above equation can be expressed by the sum of a constant mapping, an
additive mapping, quadratic mapping and a cubic mapping. H.-M. Kim
etc.[10] and Y.-H. Lee etc. [11] investigated the stability of the above
functional equation when k = 2, and M. E. Gordji etc. [7] investigated
the stability of the above functional equation when k = 3.

In 1940, Ulam [14] questioned about the stability of group homomor-
phisms. In 1941, Hyers [9] solved this question for Cauchy functional
equation, which is a partial answer to Ulam’s question. In 1978, Rassias
[13] made Hyers’ result generalized (Refer to Gavruta’s paper [2] for a
more generalized result). The concept of stability used by Rassias is
called ‘Hyers-Ulam-Rassias stability’.

In this paper, we will show that the functional equation D, f(x,y) = 0
is an additive-quadratic-cubic functional equation when r is a rational
number, and also investigate Hyers-Ulam-Rassias stability of that func-
tional equation Dy f(x,y) = 0 for k is a real number.

2. Main theorems

The following theorem is a particular case of Baker’s theorem [1].

THEOREM 2.1. (Theorem 1 in [1]) Suppose that V and W are vector
spaces over Q, R or C and ay, Bo, - . . , a4, B are scalars such that o; 8, —
a1B; #0 whenever 0 < j <l <m. If f;: V — W for 0 <1 <m and

> filauz + By) =0

=0
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for all z,y € V, then each f; is a “generalized” polynomial mapping of
“degree” at most m — 1.

Baker [1] also states that if f is a “generalized” polynomial mapping
of “degree” at most m—1, then f is expressed as f(z) = zo+> 1" af(x)
for x € V, where a; is a monomial mapping of degree [ and z¢ € V/,
and f has a property f(rz) =xzo+ " rla¥(z) for x € V and r € Q.
The monomial mapping of degree 1, 2 and 3 are also called an additive
mapping, a quadric mapping and a cubic mapping, respectively.

Therefore if a mapping f satisfies the functional equation Dy f(x,y) =
0 for all z,y € V, then f is an additive-quadratic-cubic mapping when
k be a real number such that k #£ 0, £1.

Now we will show that the functional equation D, f(z,y) = 0 is an
additive-quadratic-cubic functional equation when r is a rational number
such that r # 0, £1.

THEOREM 2.2. Let r be a rational number such that r # 0,£1. A
mapping f satisfies the functional equation D, f(x,y) = 0 forallz,y € V
if and only if f is an additive-quadratic-cubic mapping.

Proof. If a mapping f : V — W satisfies the functional equation
D, f(x,y) = 0 for all z,y € V, then f is an additive-quadratic-cubic
mapping by Theorem 2.1.

Conversely, assume that f is an additive-quadratic-cubic mapping,
i.e., there exist an additive mapping g, a quadratic mapping f’ and a
cubic mapping h such that f = g + f’ + h. Notice that the equalities
glra) = rg(z), g(z) = —g(~x), f'(ra) = r*f'(z), f'(x) = f'(-=),
h(rz) = r3h(x), and h(z) = —h(—z) for all z € V and r € Q. First we
know that D,g(x,y) = 0 follows from the equality

?"2 T
Dyg(z,y) = Ag(z,ry) + gAg(w +y,z—y)+ §Ag(fv +y,y —x)

for all z,y € V. Let us first prove D, f'(z,y) = 0 and Dyh(z,y) = 0
when n is a natural number. Using mathematical induction, the equal-

ities Dy, f'(z,y) = 0 and D,h(x,y) = 0 are obtained from the equalities
sz (2,y) =Qf (x +y,y) = Qf'(x,y), Dah(x,y) = Ch(z,y),
f (2,9) =Qf (z +2y,y) + 2Daf (z,y) — Qf (2, y),
f(2y) =Qf (@ + (n = 1)y,y) + 2Dn-1 f'(2,y)

- Dn—?f/(‘r?y) - Qf/(x7y))

2 _

Dyh(z,y) =Dp_1h(z + y,y) + ——Ch(z, y)
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for all z,y € V and all n € N. Let us now prove D, f'(z,y) = 0 and
D,h(x,y) = 0 for any rational number r with r # 0, £1. Notice that if
r € Q\{0,1, —1}, then there exist m,n € N such that r = > or r = —.

Since the equalities D h(z,y) = 0, D-vh(z,y) = 0, Do f’(m y) =0

and D _» f'(z,y) = 0 are derived from the equalities

D h(z,y) =Dph (a:, %) — MDmh <x, E)

2m2 m
2 _
- "p h( y>,
2m? m
D-nh(z,y) =Dxh(z, —y),

=_n
m

D%f/(x,y) =D, f (m, ﬂ) _ MDmf/ (% ﬁ)

2m? m

n? —mn —y
2m? D f’ < m >’
D*W"f/(way> :D%f/(.%', _y)

n
m

for all z,y € V and n,m € N, we get D,h(xz,y) =0 and D, f'(z,y) =0
for all z,y € V. So D, f(z,y) = Drg(z,y) + Drh(z,y) + Dy f'(z,y) = 0
for all z,y € V. O

For a given mapping f: X — Y, let J,f : X = Y be the mappings
defined by

Inf(x) =
Anfo(Z) 4 A8 g (o) 82 g () if p>3,
o) = Bt (folir) = 8fo()) + LED2LEif 9 < p <,
) 2 (1, () s () + BRIy
fe(f:w) + 8fo(2"x)6_2{?(2"+1w) + fo(2”+1?gn2fo(2"x) if p<1

for all nonnegative integers n, and let Af, Af : X — Y be the mappings
defined by

Af(z) :=D_afo(22, —x) + 3D_a fo(z, —x),

(2.1) Af(z) ;:W
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when k£ = —2 and
AF () =g (2Dkol(k — 2)2,2) — 2D fo((k + 2)2,2)
+ 2Dy, fo(22, 2x) — 2Dy, fo (=22, 22) — (k? + k) Dy f,(3z, x)

+ (K2 — k) Dy fo(—3z,2) — 2(k* — 1) Dy fo(—2a, x))

+ (k% — k;)(k +2) (16Dkfo($7 2z) — 16Dy fo((k + 1)z, x)

+2(k3 — 2k* — k — 6) Dy f, (22, x) 4+ (k3 + 11k* — 6k) Dy fo(—2, x
+ 16Dy fo(kz, z) — (K° — 23k% — 10k — 16) Dy fo(x,x)),

Af(z) ::ﬁ ((k ) [Dyfula,22) — Difu((k + )z, )

— (k* + k) /2Dy fe (22, z)] — (k + 2) [ Dy fe(z, —22)

— D fe((k — 1)z,2) — (k% — k) /2Dy fe(—2z, )]

— 4Dy fo(kx, ) + (2K° + k* — k — 2) Dy fo(—2, x)
(2.2)

+ (k3 — 4k* — 3k + 2) Dy fo (=, ;p))

when k # 0,41, —2. By some complicated calculations we can find the
equalities Af(z) = fe(2z) — 4fe(z) and Af(z) = fo(4x) — 10f,(2z) +
16 f,(x). Then, by the definition of J,f and the above equalities, we
know that
Inf (@) = Jny1f(x) =
(2.3)
4"Af(F5r) + % I (75
4nAf(2n+1) + 1w sn f(

)~ TAf(52) ifp>3,
) YN (5E)  f2<p<3,

BIT) 4 e Af(27) — T A (5% if1<p<2,
Aﬁilm) + 12.12n Af(2n ) - WAJC(TL ) ifp <1

holds for all x € X and all nonnegative integers n. Therefore, together

with the equality f(z) — Juf(z) = S0y (Jif(z) — Jiy1f(z)) for all
x € X, we obtain the following lemma.

LEMMA 2.3. If f: X — Y is a mapping such that
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for all x,y € X, then
Inf(x) = f(z)

for all x € X and all positive integers n.

From Lemma 2.3, we can prove the following stability theorem.

THEOREM 2.4. Let p # 1,2,3 be a positive real number and let k be
a fixed real number such that p # 0,41, —2. Suppose that f: X — Y
is a mapping such that

(2.4) I1Drf (@, 9) || < Ol + llyll”)

for all x,y € X. Then there exists a unique solution mapping F' of the
functional equation Dy F(z,y) = 0 such that

(2.5)
[955 + 55 (s — ) )0llalP if p >3,
- Fl < | [t S el i 2<p <
[4727’ + €(872P + 21072)]0”33”19 if 1<p<?2,
(% + 5 (2% — =2)]0lal” if 0<p<l1
for all z € X, where
K:|k4—k;||k+2| (1% +21[20 — 27 + 4.+ 2Jks + 27

82 K2+ R (37 1)+ R — KI(3 4 1) + 20k — (28 + 1)
+16(3 + 27 + |k|P + [k + 1|P) + 2|k* — 2k* — k — 6](2F + 1)
+2/k% 4+ 11K2 — 6| + 2|k® — 23k — 10k — 16\),

1 |k? + K|
2

K=
Ak — k|

(|k:—2|[2+2”+|k:+1|p+ (2p+1)}

|k* — k|
2

+|k+2|[2p+2+\k:—1\1“+ (2P+1)}

FAKP 4+ 1) + 20263 + k2 — k — 2] + 2)kB — 4k — 3k:+2|>.

Proof. Notice that f(0) = 0 is derived from [|2(k* — 1)f(0)| =
| Drf(0,0)|] < 0. We can obtan the inequalities

(2.6) IAf ()] <KOl||]”, and [[Af(z)] < K'0|z|”
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from (2.2) and (2.4). It follows from (2.3) and (2.6) that

[Jnf (x) = Jnt1 f ()]

A (48" 2")K>9”pr

2(n+1)p 3.2(n+2) if p > 37

IN

fl<p<?2,

4" K’ K2mnP 2"K :
(2(n+1)p 6-8n+1 + 6 2(n+1)p>0”pr if 2 < p< 31
< gt T+ ggnrt t gameoe

K'2mp | K2 2K )QHpr

(B2 + S ol ifo<p<1

for all z € X. Together with the equality

n+m—1
Tnf (@) = Tngmf(x) = Y (Jif (@) = Ty f(2))
i=n
for all x € X, we get that
(2.7) [Jnf(x) = Jnsm f(2)]| <
Y (G + G ) flalP ifp >3,

n+m 1

4K’ K2t :
2(1+1)p 6.8iF1 + 6 2(1"’1)1’)9”1}”1} if 2 < p < 3,

n+m 1

nbm—1 (K2 | Ko 2 K ;
n me ( 14T T g T 62(n+1)p)9||$||p ifl1<p<2,

KIZZP 4Z+1—1 2sz>0|| Hp

4z+1 6- 81+1 lf p < 1

for all z € X and n,m € NU{0}. It follows from (2.7) that the sequence
{Jnf(z)} is a Cauchy sequence for all x € X. Since Y is complete,
the sequence {J, f(z)} converges for all z € X. Hence we can define a
mapping F': X — Y by

F(z) = lim J,f(x)

n—oo

for all z € X. Moreover, letting n = 0 and passing the limit n — oo in
(2.7) we get the inequality (2.5). When 2 < p < 3, from the definition
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of F', we easily get

| D F(,y)|l
. Yy 2m 2z 2y Yy
= i [t )+ 5 (-0us (557 =501 (5.3
e kl ) T ko | 5w gu ) +8Dk] on
Dy fo (2", 2" y) — 2Dy f, (2", 2"y)
+ |
6 - 8n
) 4n 2n(2P 4 8)  27"P(2P +2)
< R p p
—7}13;0<2np+ som ot g ) OUel” + lyl)
=0

for all x,y € X. Also in other cases, p < lor 1 < p < 2o0r 3 <
p, we can easily see DpF(z,y) = 0 in a similar way. To prove the
uniqueness of F', let F’ : X — Y be another solution mapping satisfying

(2.5). We may replace the condition (2.5) with a simpler inequality
Ko||x|P K'0||z|P

|f(z) = F(x)]| < lém” (‘8_12p| + ‘2_12”) + |4_H2‘(L;,”| . By Lemma 2.3, the

equality F'(z) = J,F’'(x) holds for all n € N. For the case 1 < p < 2,

we have
[ f(z) — F'(z)|
=[|Jnf(z) = JuF'(2)]|
N n T T R n—l—lx _ R e
S’ fe(jn ) 27(1,«0(27) —8f,(2)) + fo(2 6).8n2f (2"z)

F!(2"z) 2 T Fl(2ntlg) — 2F)(2"z)
B 4n +€(Fé( )—8Fé(27))+ G- 8n
z)

(fe — FO)(2" (2T 2nts (L
e 2] 22, |
n (fo— Fp)(2" ') 2(fo — F3)(2"x) ‘
6- 8" 6- 8"
2np 2n—1 gn+2 - glntlp o gnp
<4n T3y T3ow Tygm T 3-23n>
<K9||:c|]1’( 1 N 1 ) K’9||x||P>
6 ‘[8—2v] J2—2¢] " [4—2r|
_ KO|x|]P 1 1 K'0z|P

6 (\8—21?\ 12—21)\) |4 — 2p|

for all x € X and all positive integer n. Taking the limit in the above
inequality as n — 0o, we can conclude that F'(x) = lim, o J,, f(z) for
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all z € X. Also in a different case, 0 < p<lor2 <p<3or3<p,
we can easily see that F'(x) = lim,_,o Jnf(2) in a similar way. This
means that F(z) = F'(x) for all z € X. O

THEOREM 2.5. Let p < 0 be a real number. Suppose that f: X —Y
is a mapping satisfying the inequality (2.4) for all z,y € X\{0} and
f(0) =0. If p= 0, then there exists a unique solution mapping F of the
functional equation Dy F(z,y) = 0 such that

K K
(28) I1£@) - F@)l < [+ 2]

for allz € X\{0}. If p < 0, then f is s solution of the functional equation
Dkf(xv y) = 0.

Proof. Notice that Dy f(0,0) = 0 is derived from Dy, f(0,0) = 2(k* —
1)f(0) and f(0) = 0. Notice that (2.6) holds for all x € X\{0}. It
follows from (2.3) and (2.6) that

K'2mr (47t 1)2w K
1 f(@) = T f @I < (Gr + g ) Ollall”

for all x € X\{0}. Together with the equality J,f(x) — Jpimf(x) =
S f(x) — Jig f(2) for all € X, we get

=n

n+m—1 i ; ;
K2 (47— 1)2P K
29) 1uf (@)~ i@l < > (G + =2 gy

i=n

for all x € X\{0} and n,m € N U {0}. It follows from (2.9) that
the sequence {J,f(x)} is a Cauchy sequence for all x € X\{0}. Since
Y is complete and f(0) = 0, the sequence {J,f(z)} converges for all
x € X\{0}. Hence we can define a mapping F': X — Y by

F(z):= lim J,f(z)

for all z € X. Moreover, letting n = 0 and passing the limit n — oo in
(2.9) we get the inequality
K’ K

210) @) - FOI £ [ g+ g g

Oll|[”
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for all x € X\{0}. In particular, the inequality (2.8) holds for all = €
X\{0}. From the definition of F', we easily get

| DeF(z, )

= lim H Dy fe 2"z, 2"y) " 8Dy fo (2"x,2™y) — Dy fo (27T z, 27T y)

n—oo 4n 6 : 2n

Difo (2"*'2,2"*1y) — 2D4fo (2",2"y)
' G- 8" H
np np(op np (op

< Jim (o + T+ T el +
—0

for all z,y € X\{0}. Also DpF(z,y) = 0 for all z,y € X is derived
from f(0) = 0 and DiF(z,y) = 0 for all z,y € X\{0}. To prove the
uniqueness of F', let F’ : X — Y be another solution mapping satisfying
(2.10) for all x € X\{0}. By Lemma 2.3, the equality F'(x) = J,F'(x)
holds for all n € N. For the case p = 0, we have

+

=||Jnf (@) — JnF'(2)|
‘ fe(2'z)  F{(2'x) | 8fo(2"x) — fo(2"H'a) 8Fj(2"z) — Fy(2"'x)
fo@Ha) — 2f,(2"x)  Fy(2"TMw) — 2F)(2"x)
6- 8" a 6- 8"
4n 6-2n 6- 8"

| Tnf (2) = F' ()|
4n 4n 6-2n 6-2n
omp P8 4-27)  9w(2497)\ (K K
§< (8+2°)  2"(2+ )><+ >9

3 7

for all z € X\{0} and all positive integer n. Taking the limit in the above
inequality as n — oo, we can conclude that F'(z) = lim,,—o0 Jy, f(x) for
all z € X. This means that F'(z) = F'(z) for all z € X.

To show the equality F' = f if p < 0, assume that FF : X — Y is a
solution mapping of Dy F'(z,y) = 0 satisfying the condition (2.10) for all
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x € X\{0}. From the equality

Dy f((n+ 1)z, nx)
=Dif((n+ 1)x,nz) — DpF((n + 1)z, nx)
k2 +k

=(f—=F)((n+ 1)z + knzx) — (f=F)((n+ 1)z + nx)

k?—k

+ (K = 1)(f = F)((n+1)2) - (f = F)(x)
K+ k k2 — k

— (= F)(kna) + (= F)ne) + 7

(f = F)(—nzx)

for all z € X\{0} and n € N, we have the inequality

E—Hy s - Pyl

k2 +k

(f = B)((2n +1)z)

k2 +k

:Wf—Fx%n+n+U@—

+ (2= 1)(f - F)((n+1)z) +
k2 —k

(f = F)(nx)

—(f = F)(knx) + (f = F)(—nz) — Dpf((n+ 1)z, nx)

<K K (k4 + 1P + [knf? + Kn?
“[\4—-2r  (2—-2r)(8—2P)

k2 4k
I el

Qn+UP+M2—HW+JV)+MW%n+Dﬂwmw
for all z € X\{0} and n € N. Since n? + (n+ 1)? and |kn+n + 1P +

knfP + k0P + PSR 9 4 1P 4 1B < 1](n 4+ 1)P) + (0P + (n+ 1)P) tend
to 0 as n — oo, we get f(x) = F(x) for all x € X from f(0) = F(0). O

Using the equalities (2.1), we can show the following theorems in the
same way that we have proved Theorem 2.4 and Theorem 2.5, so the
proof is omitted and described only.

THEOREM 2.6. Let p # 1,2,3 be a positive real number. Suppose
that f : X — Y is a mapping such that

(2.11) I1D—2f(z, y)I| < O([[z]1” + [ly*)
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for all x,y € X. Then there exists a unique solution mapping F' of the
functional equation D_sF(x,y) = 0 such that

1 247
- F < 0| x|?
1) - FOI < (g + g )]

for all x € X.

THEOREM 2.7. Let p < 0 be a real number. Suppose that f: X —Y
is a mapping satisfying the inequality (2.11) for all z,y € X\{0} and
f(0) =0. If p = 0, then there exists a unique solution mapping F' of the
functional equation D_oF(x,y) = 0 such that

1f(@) - F)] < 220

for all x € X\{0}. If p < 0, then f is a solution of the functional
equation D_o f(z,y) = 0.
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