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ON THE STABILITY OF AN ADDITIVE-QUARTIC
SET-VALUED FUNCTIONAL EQUATION

YANG-HI LEE

ABSTRACT. In this paper, I investigate a stability of the following
set-valued functional equation

[z +3y)@10f(x+y) @ 7f(—2) ®5f(x —y)
=5f(z+2y) ® f(z) © f(22) © f(z — 2y)

in the sense of P. Gavruta.

1. Introduction

In 1940, Ulam [14] first posed a question about the stability of group
homomorphisms. In 1941, Hyers [4] provided a positive answer to this
question about additive mappings between Banach spaces. Since then
many mathematicians have dealt with this problem [3, 8, 9, 13].

A solution of the functional equation

fle+y)— flz)— fly) =0

is called an additive mapping and a solution of the functional equation

flx+2y) —4f(x+y) +6f(x) —4f(z—y) + f(z —2y) —24f(y) =0

is called a quartic mapping. Now I consider the following functional
equation

f(z+3y) =5f(z+2y) +10f(z +y) — f(x) + 7f(—2) — f(22)
(1.1) +5f(x —y)— f(x —2y) =0.

The mapping f(z) = az* + bz is a solution of this functional equation,
where a, b are real constants. A mapping f is called an additive-quartic
mapping if f is represented by the sum of an additive mapping and a
quartic mapping.
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Lu and Park [7] initiated the study of the Ulam stability of set-valued
functional equations as a generalization of the stability of single-valued
functional equations. Along the way, many authors have studied the
stability problem of set-value functional equations of various types [2, 5,
6, 10, 11].

The following terminologies used in this paper will be adopted from
the article of Kenary et al. [6].

Throughout this paper, unless otherwise specified, let X be a real
vector space and Y be a Banach space with the norm || - ||y. We denote
by Cy(Y), Ce(Y) and Cgy(Y') the set of all closed bounded subsets of Y,
the set of all closed convex subsets of Y and the set of all closed convex
bounded subsets of Y, respectively. For the nonempty sets A, B C Y
and A € R, let A+ B, AA be the sets defined as follows

A+ B={a+blac Abe B} and AA = {\a|a € A}.

Furthermore, for the subsets A, B € C.(Y), we write A® B = A+ B,
where A + B denotes the closure of A + B. Generally, we can obtain
that

M+ AB=XA+B)and (A+pu)A C A+ puA
for arbitrary A\,u € RT. In particular, if A is convex, then we have
(M)A =AA+pA. For A, B € Cy(Y), the Hausdorff distance between
A and B is defined by

h(A, B) :=inf{e > 0|A C B+¢eS51,B C A+¢eS},

where S7 denotes the closed unit ball in Y, i.e. S1 = {y € Y|||y|ly < 1}.
I easily know that
h(A,B) = h(—A,—B)

for all A,B € C.(Y) from the definition of h. Since Y is a Banach
space, it is proved that (C(Y), @, h) is a complete metric semigroup [1].
Rédstrom [12] proved that (Ce,(Y'), @, h) can be isometrically embedded
in a Banach space. The following are some properties of the Hausdorff
distance.

LEMMA 1.1. ( Castaing and Valadier [1]). For any A;, A2, By, Ba,C €
Ce(Y) and X € R, the following expressions hold
(i) h(A1 @ Az, B1 © B2) < h(Ax, B1) + h(Asg, Ba);
(ii) h(AA1, AB1) = Ah(Ar, B1);
(iii) A(A1 & C, By @ C) = h(Ay, By).

In particular, from (i) and (iii) in Lemma 1.1, I have
h(A,C)=h(A® B,B®C) < h(A,B)+ h(B,C)
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for any A, B,C € Cy(Y).
The main purpose of this paper is to establish the stability of the
following additive-quartic set-valued functional equation

(1.2) flz+3y)@10f(z +y) ©7f(—x) ©5f(x —y)

=5f(z+2y) @ f(x) ® f(2z) & f(z — 2y)
in the sense of P. Gavruta [3]. Namely, starting from the given mapping
f that approximately satisfies the functional equation (1.2), a solution

F of the functional equation (1.2) is explicitly constructed by using the
formula either

A N B
F(z) = lim (2-16”f(2 ST A x))
o 16 2 16 2
) n y on . n __ on Y
F(m)—nlLIEO <2f(2 :c)@Tf(—Z x))

which approximates the mapping f.

2. Stability of the additive-quartic set-valued functional equa-
tion (1.2)

Now I will establish the stability of the set-valued functional equation
(1.2) in the sense of P. Gavruta by employing the direct method.

THEOREM 2.1. Let ¢ : X? — [0,00) be a function such that

> p(2™x, 2"y
n=0

for all x,y € X. Suppose that f : X — Cu(Y) is a mapping satisfying

h(f(z+3y)®10f(x +y) & 7f(—x) ®5f(x —y),
(2:2) Sf(x+2y) @ fz) @ f(20) © f(x —2y)) < p(,y)
for all z,y € X. Then there exists a unique mapping F : X — Cy(Y)
such that F' is a solution of the functional equation (1.2) and
(2.3)

i@ F@) <3 (Tt @0+ & L o)
B S A SR T R B T L

for all x € X. In particular, F' is represented by

148" 1-8"
(2.4) F(x) = nh—>120 (2 ‘—i_lﬁnf(an) & 7. 16nf(_2nx))
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forallx € X.
Proof. Setting y = 0 in (2.2), I have

h(9f(x) ® 7f(—x), f(2z)) =h(16f(z) & Tf(—z), f(22) ® Tf(z))
(2.5) <¢(z,0)

for all x € X. Replacing x by 2"z in (2.5) and dividing both sides by
2-16"*!, from the equality (ii) in Lemma 1.1, we get

h(9f (2"2)  7f(=2"2) | (2”“96)) _ p(2",0)

2-167+1 2-167+1 7 2.167+t1 ) — 2.167H+1

for all x € X and n € N. By the above inequality and the inequality (i)
in Lemma 1.1, I have

148" 1-8"
h 2" —2"
(3 2a) @ 3 on (=),
1+ 8n+1 +1 8n+1 .
3 1t/ 2 @ g -2
p(F0E ) T ) 1
- 2. 16n+1 2-16n+1 "2 . 16n 11
1— n+1 _on 1— n+1 oM e n+1
n h<9( 8" ) f(—2"x) o (18" f(2"z) 1-38 (= 2n+1x)>
2. 1671 2. 167+1 72167t
8n+1 +1 8n+1 -1
<5 1gni? (2"2,0) + PRI (—2"z,0)

for all x € X and n € N. From the above inequality and the property
h(A,C) < h(A, B) + h(B,C), we obtain

1+ 8" -8
n(fa) g @) 0 5 e -2

148k — gk
_Zh(2+16kf ?) @ ;.16kf(_2kx)’

14 8++! 1— gkt
g/ © g (2

n=1l /ok+1 k+1
8 +1 k 8 —1 k
(2.6) Z (2 16517 (2 x,O) T 9. 16++17Y <_2 x,(]))
k=0
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for all x € X and n € N. In particular, if p(z,y) := 0 i.e., f is a solution
of the functional equation od (1.2), then I know that

1+8n 1—8n
2n
AT AT

(2.7) fz) = f(=2"z)
for all x € X and n € N. Now I claim that the sequence {35 f(2"z) @

=82 f(—2"2)} is a Cauchy sequence in (Cyp(Y), h). Indeed, for all
m,n € N, by (2.6), one can shows that

148" 18 l4gmbn ] gmin
h<2-16nf(2 D)@ 57 (020) g g /(20 @ 5 g

m+n—1 k+1 k+1
8T 4+ 1 8Tt —1
- kz (2 I6RY <2k’“”0> MRS (_2%’0))
m+zn1 (2’%0)4—@( 23;0)

< oF

k=n

for all x € X. From the condition (2.1), it follows that the right
side of the above inequality tends to zero as n — oo. So the se-
quence {%"‘ig: (2"z) & %122 (—2"z)} is a Cauchy sequence. Therefore,
from the completeness of Cu(Y), I can define a set-valued mapping

F: X — (Cap(Y) represented by (2.4) for all x € X.

Next, I will show that F satisfies the set-valued functional equation
(1.1). From the properties h(A, D) < h(A, B) + h(B,C) + h(C, D) and
h(A1® Ay @ -+ ® Ay, BL®Ba @ -+ @ By) < h(A1, By) + h(Az, By) +

-+ h(Ay, By), I have

f(=2"z

)

h(F(z +3y) ® 10F(z 4+ y) ® TF(—x) ® 5F(z — ),
S5F(x+2y) ® F(x) ® F(2x) @ F( :c—2y)
<n( M ) 0 I e ) 0 g )
1—8" 148 1-8n
® 510/ (20 @ g /@D @ g (27 e)
&5 o0z - 2y) @ 2o F(—2"(x — 29)),

2.16" 216"

5F(£C+2y)@F(ﬂ?)@F(2$)@F($—2y)>
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+h (F(x +3y) @ 10F(x +y) ®TF(—x) ®5F (z — y),

; ﬁ?if@”(m +3y)) & ; flznf(—ﬂ(x +3y)) @ 102(1_ IFGE )f(2n(x +))

10;1‘ 165")f(_2n($+y)) o 7(21.+168n") 7(21'168n")f(2n$))
@ e Y e - )

(5 e @+ ) @ e 2+ ) o P e )

WA ey 0 2B (e ),
WD p@v o e X pon(ae 1))
s L e S

LT s L8 e 2y>>)

f(=2"r)®

f(=2"r)®

f(2"z))

1-8"
2-16™

fE ) e f(=2"")

%

5 1gn] (2@ =29) ® oo

§5h<; flzzf(Q”(x +2y)) @ ; '_12”]’(—2”(93 +2y)), F(z + 2y))

n 1— 8"
+ h(i ER ) © g f(-2"), F(@)

1-8"

148"
2n+1
—i—h(f( x)@72.16"

WTT f(=2"g), F(2x)>

(S ) © S 22 Fle o)

+ h<F(m 39, 5 F(@ (w4 39)) & o f(-2 3y))>
#108(Fla ot 9), 5 e P4 0) © 5 e (-2 )
4 7h (F(—x), ; +12: F(=2"a) @ ; ._12: f(2"x))>

#50( Flo = ) e @~ ) 0 e A2 - ) )
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+ geh(F2" +39) @ 10£(2"(w +3)) @ TH(-2"0) @ 572"z — ),
5f(2"(w +2y)) ® f(2"2) & £(2"F2) @ f(2" (2 — 20)))
o h(F(=2( 4 39)) @ 10f(-2"(x +)) © T/(2"0) © 5/ (~2"(x — v)),

(2.8)
5F(=2"(x +2y)) & f(—2"z) & f(—2""2) @ f(—2"(z — 29)))

for all z,y € X. Since limp—o0 h (F(2), % (2"zx) ® % (—2"z)) =
0 and

2inh(f@’"b(fv +3y)) @ 10f(2"(x +y)) & 7f(=2"2) & 5f(2"(x —y)),
5F(2"(x +2y)) @ f(2"2) ® f(2"a) @ f(2"(x — 2y)))

+2inh(f(—2"(93 +3y)) @ 10f(=2"(z +y)) ® 7f(2"x) & 5f(=2"(z —y)),
5F(=2"(x +2y)) ® f(—2"2) & f(=2"""2) ® f(=2"(z — 29)))

1
<—p (2", 2"y) + Q—ncp (—2"x, —2"y)

all terms on the right hand side of the inequality (2.8) tend to zero as
n — oo. This implies that F' is an additive-quartic set-valued mapping.
Moreover, letting n — oo in (2.6), I get the desired inequality (2.3). To
prove the uniqueness of F', assume that a set-valued mapping F” is an-
other solution of the functional equation of (1.2) satisfying the inequality
(2.3). Then the equality F'(z) = 322 F'(2"z) @ 55 F'(—2"z) follows
from (2.7). Thus I have

B I N B
h(F (x)’2.16"f(2 x) B 2-16"f(_2 x))

148" 1—8n
< F'(2"
_h<2-16” @0 5 7o

148" 1-8§
2160/ 2 @ g /(2 x))
g — 1

n
<1—i—8
~9.16" 216"

F'(=2"z),

h (F'(2"x), f(2"x)) + h (F'(-2"z), f(—2"))
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148" 0 8k+1 +1 ot 8k+1 -1 ot
=5 167 Z( 16+ 7 (2 %’O) T <_2 %,0)
k=0

b3 (o () + o (2700))

i:: <2W (25.0) + 21k“’( 2, 0>>

| N

for all z € X. It is easy to see from the condition (2.1) that all terms
on the right hand side of the above inequality tend to zero as n — oo,
Le. F'(z) = limy o0 5707 f(2"2) @ 4550 f(—2"2) = F(z) for all z € X.
This completes the proof of this theorem. O

THEOREM 2.2. Let ¢ : X2 — [0,00) be a function such that
o0
(2.9) O(z,y) = Z 168 p(27%2,27%y) < 00
k=0

for all x,y € X. Suppose that f : X — Cy(Y) is the mapping satisfying
(2.2) for all x,y € X. Then the mapping F : X — Cu(Y) defined by
16™ 4 27 16" — 2"
F(z) = lim <2+f(2_”x) ® 2f(—2_":c)>

for all x € X, is a unique solution of the functional equation (1.2) such
that

(2.10)
> [16F + 2F x 16~ — 2k —x
h( Z( (2k+1’0> + 2 SD(2k‘—i—1’0>)
k=0
for all x € X.

Proof. Replacing = by 5757 in (2.5), I get

(1 ()91 () 27 (g )) < 2 ()
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for all z € X and n € N. By the above inequality and the inequality (i)
in Lemma 1.1, I have

16" +27 sy 16" —2" [ —x
h<2 Ha)e =5 f<2>
167+ 4 ontl T 1entt —ontl /g
2 f<2n+1> S 2 f<2n+1>>
16™+2™ xy\ 9(16™ +2™) x 7(16™ +2m) —x
=h < >/ (27) ’ 2 / <2n+1) @ 2 I\ om

16" —2n  (—z\ 9(16" —2") [ —x 7(16" —2") /@
(5 (3) 2 () o T )
(2.11)

16™ + 2™ T 16™ — 2" —x
< o <2n+1’0> T ¥ <2n+1’0>

for all x € X and n € N. From the above inequality and the property
h(A.C) < h(A, B) + h(B,C),

16™ 4 2™ x 16™ — 2™ —x
h<f($)a 72 f<2n> @ 5 f <2n> )
16F + 2k 16k — 2k /g
h( 2 f(2k>@ 2 f<2k>
16k+1 + 8k+1 T 16k’+1 _ 8k+1 —r
2 f (2k+1> ® f <2k+1> )

— /16" + 2k x 16k — ok —x
(2.12) < (2k+1,0) + ¢ (gm0
k=0

M7

<

i

0

M

for all x € X and n € N. In particular, if f is a solution of the functional
equation od (1.2), then I know that

e 0= () e (5)

for all z € X and n € N. Now I claim that the sequence {16 +2" ¢ (2n ) &)

-2 f (5£)} is a Cauchy sequence in (Ce(Y), h). Indeed, for all
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m,n € N, by (2.12), I know
16™ 4 2™ T 16™ — 2™ —x
() e (),
16m+n + 2m+nf ( T ) o 16m+n _ 2m+n —
2 2m+n f om-+n

m+n—1 k k k Kk
16" + 2 T 16% — 2 —x
= 2: < 2 ¢(2k+1’0)+ 2 S0<217c+1’0>>
k=m

for all z € X. It follows from the condition (2.9) that the right hand
side of the above inequality tends to zero as m — co. So the sequence
{2 (L) @ 520 (5£)} is a Cauchy sequence. Since Cop(Y) is
complete, I can define a set valued mapping F' : X — C(Y') represented

by

F(x) = lim

n—oo

(e 0 S )

for all x € X. Next, I will show that F satisfies the the functional
equation (1.2). Similar to Theorem 2.1, the inequality

16" +2" (x4 3y 16™ — 2" —x — 3y
() e ()

10(16™ +2") , [z +y 10(16™ —=2") , (- —y
() P ()

, 716" + 2")f (—:;;) , 716" 2n)f (%)

2 2n 2

5(16”+2") z—y\ 516" —2") [—x+y
o5 (1) 052 ()

x + 2y 16”—2”)f —x — 2y
2n 2 AL
16” + 2"

( n n
n nf(">@16 —2n(;¢)
. 16 +2f<n>69 -2 <—;x>
S

16”+2” x—2y —2”f —x+ 2y
AL 2 2m

5(16™ —|— 2™)

f

f
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(252 o () e () e (5.
st (T3 ) or (5) e (5 ) e (“52))
+16n;2nh<f<23y>@10f< - )®7f( -
o (522) s (2521 (3)
or(5) 21 (557))

- 2 on’ gn 2 on’ on

for all xz,y € X, leads us that F' satisfies the the functional equation
(1.2). Moreover, letting n — oo in (2.12), I get the desired inequality
(2.10). To prove the uniqueness of F', assume that a set-valued mapping
F’ is another solution of (1.2) satisfying the inequality (2.10). Then
the equality F'(z) = 022 (L) @ 15222 7 (52) follows from the
equality (2.13). Thus I have

(o 1 () 052 () )
(e () ()
on 20 )’
) ()
(2.1 (2)) - 2 (v(2) 5 (2)
§(16"+2”)i<16 ;2%(2;@@“’0) + 16k2_2k¢(2kj+1’0>)

> k k k k
16" 4 2 —x 167 — 2 T
+ (16" o 2”) Z ( 2 ¥ <2k+n+1’0) + 2 ¥ <2k+n+1 ) 0))

k €T —x
§2-16”216 (s& (W,O) + (W’O>)
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o
< Z 16* (gp(;,O)—I-gO(;:,O))—)O as n — 0o,

which means that F’'(x) = lim;,_ Wf (2%) @62y (_—x)) for all

2 2n

x € X. Therefore F(x) = F'(x) holds for all z € X. This completes the
proof of the theorem. O
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