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ON THE STABILITY OF AN ADDITIVE-QUARTIC

SET-VALUED FUNCTIONAL EQUATION

Yang-Hi Lee

Abstract. In this paper, I investigate a stability of the following
set-valued functional equation

f(x + 3y)⊕10f(x + y) ⊕ 7f(−x) ⊕ 5f(x− y)

= 5f(x + 2y) ⊕ f(x) ⊕ f(2x) ⊕ f(x− 2y)

in the sense of P. Gǎvruta.

1. Introduction

In 1940, Ulam [14] first posed a question about the stability of group
homomorphisms. In 1941, Hyers [4] provided a positive answer to this
question about additive mappings between Banach spaces. Since then
many mathematicians have dealt with this problem [3, 8, 9, 13].

A solution of the functional equation

f(x+ y)− f(x)− f(y) = 0

is called an additive mapping and a solution of the functional equation

f(x+ 2y)− 4f(x+ y) + 6f(x)− 4f(x− y) + f(x− 2y)− 24f(y) = 0

is called a quartic mapping. Now I consider the following functional
equation

f(x+ 3y)− 5f(x+ 2y) + 10f(x+ y)− f(x) + 7f(−x)− f(2x)

+ 5f(x− y)− f(x− 2y) = 0.(1.1)

The mapping f(x) = ax4 + bx is a solution of this functional equation,
where a, b are real constants. A mapping f is called an additive-quartic
mapping if f is represented by the sum of an additive mapping and a
quartic mapping.
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Lu and Park [7] initiated the study of the Ulam stability of set-valued
functional equations as a generalization of the stability of single-valued
functional equations. Along the way, many authors have studied the
stability problem of set-value functional equations of various types [2, 5,
6, 10, 11].

The following terminologies used in this paper will be adopted from
the article of Kenary et al. [6].

Throughout this paper, unless otherwise specified, let X be a real
vector space and Y be a Banach space with the norm ‖ · ‖Y . We denote
by Cb(Y ), Cc(Y ) and Ccb(Y ) the set of all closed bounded subsets of Y ,
the set of all closed convex subsets of Y and the set of all closed convex
bounded subsets of Y , respectively. For the nonempty sets A,B ⊂ Y
and λ ∈ R, let A+B, λA be the sets defined as follows

A+B = {a+ b|a ∈ A, b ∈ B} and λA = {λa|a ∈ A}.
Furthermore, for the subsets A,B ∈ Cc(Y ), we write A ⊕ B = A+B,
where A+B denotes the closure of A + B. Generally, we can obtain
that

λA+ λB = λ(A+B) and (λ+ µ)A ⊂ λA+ µA

for arbitrary λ, µ ∈ R+. In particular, if A is convex, then we have
(λ+µ)A = λA+µA. For A,B ∈ Cb(Y ), the Hausdorff distance between
A and B is defined by

h(A,B) := inf{ε > 0|A ⊂ B + εS1, B ⊂ A+ εS1},
where S1 denotes the closed unit ball in Y , i.e. S1 = {y ∈ Y |‖y‖Y ≤ 1}.
I easily know that

h(A,B) = h(−A,−B)

for all A,B ∈ Cc(Y ) from the definition of h. Since Y is a Banach
space, it is proved that (Ccb(Y ),⊕, h) is a complete metric semigroup [1].
Rädström [12] proved that (Ccb(Y ),⊕, h) can be isometrically embedded
in a Banach space. The following are some properties of the Hausdorff
distance.

Lemma 1.1. ( Castaing and Valadier [1]). For any A1, A2, B1, B2, C ∈
Ccb(Y ) and λ ∈ R+, the following expressions hold
(i) h(A1 ⊕A2, B1 ⊕B2) ≤ h(A1, B1) + h(A2, B2);
(ii) h(λA1, λB1) = λh(A1, B1);
(iii) h(A1 ⊕ C,B1 ⊕ C) = h(A1, B1).

In particular, from (i) and (iii) in Lemma 1.1, I have

h(A,C) = h(A⊕B,B ⊕ C) ≤ h(A,B) + h(B,C)
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for any A,B,C ∈ Ccb(Y ).
The main purpose of this paper is to establish the stability of the

following additive-quartic set-valued functional equation

f(x+ 3y)⊕10f(x+ y)⊕ 7f(−x)⊕ 5f(x− y)(1.2)

=5f(x+ 2y)⊕ f(x)⊕ f(2x)⊕ f(x− 2y)

in the sense of P. Gǎvruta [3]. Namely, starting from the given mapping
f that approximately satisfies the functional equation (1.2), a solution
F of the functional equation (1.2) is explicitly constructed by using the
formula either

F (x) = lim
n→∞

(
1 + 8n

2 · 16n
f(2nx)⊕ 1− 8n

2 · 16n
f(−2nx)

)
or

F (x) = lim
n→∞

(
16n + 2n

2
f(2−nx)⊕ 16n − 2n

2
f(−2−nx)

)
which approximates the mapping f .

2. Stability of the additive-quartic set-valued functional equa-
tion (1.2)

Now I will establish the stability of the set-valued functional equation
(1.2) in the sense of P. Gǎvruta by employing the direct method.

Theorem 2.1. Let ϕ : X2 → [0,∞) be a function such that

(2.1) Φ(x, y) =

∞∑
n=0

ϕ(2nx, 2ny)

2n
<∞

for all x, y ∈ X. Suppose that f : X → Ccb(Y ) is a mapping satisfying

h(f(x+ 3y)⊕10f(x+ y)⊕ 7f(−x)⊕ 5f(x− y),

5f(x+ 2y)⊕ f(x)⊕ f(2x)⊕ f(x− 2y)) ≤ ϕ(x, y)(2.2)

for all x, y ∈ X. Then there exists a unique mapping F : X → Ccb(Y )
such that F is a solution of the functional equation (1.2) and
(2.3)

h(f(x), F (x)) ≤
∞∑
n=0

(
8n+1 + 1

2 · 16n+1
ϕ (2nx, 0) +

8n+1 − 1

2 · 16n+1
ϕ (−2nx, 0)

)
for all x ∈ X. In particular, F is represented by

(2.4) F (x) = lim
n→∞

(
1 + 8n

2 · 16n
f(2nx)⊕ 1− 8n

2 · 16n
f(−2nx)

)
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for all x ∈ X.

Proof. Setting y = 0 in (2.2), I have

h(9f(x)⊕ 7f(−x), f(2x)) =h(16f(x)⊕ 7f(−x), f(2x)⊕ 7f(x))

≤ϕ(x, 0)(2.5)

for all x ∈ X. Replacing x by 2nx in (2.5) and dividing both sides by
2 · 16n+1, from the equality (ii) in Lemma 1.1, we get

h

(
9f (2nx)

2 · 16n+1
⊕ 7f (−2nx)

2 · 16n+1
,
f
(
2n+1x

)
2 · 16n+1

)
≤ ϕ (2nx, 0)

2 · 16n+1

for all x ∈ X and n ∈ N. By the above inequality and the inequality (i)
in Lemma 1.1, I have

h

(
1 + 8n

2 · 16n
f(2nx)⊕ 1− 8n

2 · 16n
f(−2nx),

1 + 8n+1

2 · 16n+1
f(2n+1x)⊕ 1− 8n+1

2 · 16n+1
f(−2n+1x)

)
≤h
(

9(1 + 8n+1)f(2nx)

2 · 16n+1
⊕ 7(1 + 8n+1)f(−2nx)

2 · 16n+1
,
1 + 8n+1

2 · 16n+1
f(2n+1x)

)
+ h

(
9(1− 8n+1)f(−2nx)

2 · 16n+1
⊕ 7(1− 8n+1)f(2nx)

2 · 16n+1
,
1− 8n+1

2 · 16n+1
f(−2n+1x)

)
≤8n+1 + 1

2 · 16n+1
ϕ (2nx, 0) +

8n+1 − 1

2 · 16n+1
ϕ (−2nx, 0)

for all x ∈ X and n ∈ N. From the above inequality and the property
h(A,C) ≤ h(A,B) + h(B,C), we obtain

h

(
f(x),

1 + 8n

2 · 16n
f(2nx)⊕ 1− 8n

2 · 16n
f(−2nx)

)
≤

n−1∑
k=0

h

(
1 + 8k

2 · 16k
f(2nx)⊕ 1− 8k

2 · 16k
f(−2kx),

1 + 8k+1

2 · 16k+1
f(2k+1x)⊕ 1− 8k+1

2 · 16k+1
f(−2k+1x)

)
≤

n−1∑
k=0

(
8k+1 + 1

2 · 16k+1
ϕ
(

2kx, 0
)

+
8k+1 − 1

2 · 16k+1
ϕ
(
−2kx, 0

))
(2.6)
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for all x ∈ X and n ∈ N. In particular, if ϕ(x, y) := 0 i.e., f is a solution
of the functional equation od (1.2), then I know that

f(x) =
1 + 8n

2 · 16n
f(2nx)⊕ 1− 8n

2 · 16n
f(−2nx)(2.7)

for all x ∈ X and n ∈ N. Now I claim that the sequence {1+8n

2·16n f(2nx)⊕
1−8n
2·16n f(−2nx)} is a Cauchy sequence in (Ccb(Y ), h). Indeed, for all
m,n ∈ N, by (2.6), one can shows that

h

(
1 + 8n

2 · 16n
f(2nx)⊕ 1− 8n

2 · 16n
f(−2nx),

1 + 8m+n

2 · 16m+n
f(2nx)⊕ 1− 8m+n

2 · 16m+n
f(−2nx)

)
≤

m+n−1∑
k=n

(
8k+1 + 1

2 · 16k+1
ϕ
(

2kx, 0
)

+
8k+1 − 1

2 · 16k+1
ϕ
(
−2kx, 0

))

≤
m+n−1∑
k=n

ϕ
(
2kx, 0

)
+ ϕ

(
−2kx, 0

)
2k

for all x ∈ X. From the condition (2.1), it follows that the right
side of the above inequality tends to zero as n → ∞. So the se-
quence {1+8n

2·16n f(2nx)⊕ 1−8n
2·16n f(−2nx)} is a Cauchy sequence. Therefore,

from the completeness of Ccb(Y ), I can define a set-valued mapping
F : X → (Ccb(Y ) represented by (2.4) for all x ∈ X.

Next, I will show that F satisfies the set-valued functional equation
(1.1). From the properties h(A,D) ≤ h(A,B) + h(B,C) + h(C,D) and
h(A1 ⊕ A2 ⊕ · · · ⊕ An, B1 ⊕ B2 ⊕ · · · ⊕ Bn) ≤ h(A1, B1) + h(A2, B2) +
· · ·+ h(An, Bn), I have

h
(
F (x+ 3y)⊕ 10F (x+ y)⊕ 7F (−x)⊕ 5F (x− y),

5F (x+ 2y)⊕ F (x)⊕ F (2x)⊕ F (x− 2y)
)

≤h
(

5(1 + 8n)

2 · 16n
f(2n(x+ 2y))⊕ 5(1− 8n)

2 · 16n
f(−2n(x+ 2y))⊕ 1 + 8n

2 · 16n
f(2nx)

⊕ 1− 8n

2 · 16n
f(−2nx)⊕ 1 + 8n

2 · 16n
f(2n+1x)⊕ 1− 8n

2 · 16n
f(−2n+1x)

⊕ 1 + 8n

2 · 16n
f(2n(x− 2y))⊕ 1− 8n

2 · 16n
f(−2n(x− 2y)),

5F (x+ 2y)⊕ F (x)⊕ F (2x)⊕ F (x− 2y)

)
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+h

(
F (x+ 3y)⊕ 10F (x+ y)⊕ 7F (−x)⊕ 5F (x− y),

1 + 8n

2 · 16n
f(2n(x+ 3y))⊕ 1− 8n

2 · 16n
f(−2n(x+ 3y))⊕ 10(1 + 8n)

2 · 16n
f(2n(x+ y))

⊕ 10(1− 8n)

2 · 16n
f(−2n(x+ y))⊕ 7(1 + 8n)

2 · 16n
f(−2nx)⊕ 7(1− 8n)

2 · 16n
f(2nx))

⊕ 5(1 + 8n)

2 · 16n
f(2n(x− y))⊕ 5(1− 8n)

2 · 16n
f(−2n(x− y))

)
+h

(
1 + 8n

2 · 16n
f(2n(x+ 3y))⊕ 1− 8n

2 · 16n
f(−2n(x+ 3y))⊕ 10(1 + 8n)

2 · 16n
f(2n(x+ y))

⊕ 10(1− 8n)

2 · 16n
f(−2n(x+ y))⊕ 7(1 + 8n)

2 · 16n
f(−2nx)⊕ 7(1− 8n)

2 · 16n
f(2nx))

⊕ 5(1 + 8n)

2 · 16n
f(2n(x− y))⊕ 5(1− 8n)

2 · 16n
f(−2n(x− y)),

5(1 + 8n)

2 · 16n
f(2n(x+ 2y))⊕ 5(1− 8n)

2 · 16n
f(−2n(x+ 2y))

⊕ 1 + 8n

2 · 16n
f(2nx)⊕ 1− 8n

2 · 16n
f(−2nx)⊕ 1 + 8n

2 · 16n
f(2n+1x)⊕ 1− 8n

2 · 16n
f(−2n+1x)

⊕ 1 + 8n

2 · 16n
f(2n(x− 2y))⊕ 1− 8n

2 · 16n
f(−2n(x− 2y))

)
≤5h

(
1 + 8n

2 · 16n
f(2n(x+ 2y))⊕ 1− 8n

2 · 16n
f(−2n(x+ 2y)), F (x+ 2y)

)
+ h

(
1 + 8n

2 · 16n
f(2nx)⊕ 1− 8n

2 · 16n
f(−2nx), F (x)

)
+ h

(
1 + 8n

2 · 16n
f(2n+1x)⊕ 1− 8n

2 · 16n
f(−2n+1x), F (2x)

)
+ h

(
1 + 8n

2 · 16n
f(2n(x− 2y))⊕ 1− 8n

2 · 16n
f(−2n(x− 2y)), F (x− 2y)

)
+ h

(
F (x+ 3y),

1 + 8n

2 · 16n
f(2n(x+ 3y))⊕ 1− 8n

2 · 16n
f(−2n(x+ 3y))

)
+ 10h

(
F (x+ y),

1 + 8n

2 · 16n
f(2n(x+ y))⊕ 1− 8n

2 · 16n
f(−2n(x+ y))

)
+ 7h

(
F (−x),

1 + 8n

2 · 16n
f(−2nx)⊕ 1− 8n

2 · 16n
f(2nx))

)
+ 5h

(
F (x− y),

1 + 8n

2 · 16n
f(2n(x− y))⊕ 1− 8n

2 · 16n
f(−2n(x− y))

)



Stability of an additive-quartic set-valued functional equation 133

+
1

2n
h
(
f(2n(x+ 3y))⊕ 10f(2n(x+ y))⊕ 7f(−2nx)⊕ 5f(2n(x− y)),

5f(2n(x+ 2y))⊕ f(2nx)⊕ f(2n+1x)⊕ f(2n(x− 2y))
)

+
1

2n
h
(
f(−2n(x+ 3y))⊕ 10f(−2n(x+ y))⊕ 7f(2nx)⊕ 5f(−2n(x− y)),

5f(−2n(x+ 2y))⊕ f(−2nx)⊕ f(−2n+1x)⊕ f(−2n(x− 2y))
)(2.8)

for all x, y ∈ X. Since limn→∞ h
(
F (x), 1+8n

2·16n f(2nx)⊕ 1−8n
2·16n f(−2nx)

)
=

0 and

1

2n
h
(
f(2n(x+ 3y))⊕ 10f(2n(x+ y))⊕ 7f(−2nx)⊕ 5f(2n(x− y)),

5f(2n(x+ 2y))⊕ f(2nx)⊕ f(2n+1x)⊕ f(2n(x− 2y))
)

+
1

2n
h
(
f(−2n(x+ 3y))⊕ 10f(−2n(x+ y))⊕ 7f(2nx)⊕ 5f(−2n(x− y)),

5f(−2n(x+ 2y))⊕ f(−2nx)⊕ f(−2n+1x)⊕ f(−2n(x− 2y))
)

≤ 1

2n
ϕ (2nx, 2ny) +

1

2n
ϕ (−2nx,−2ny)

→ 0 as n→∞,

all terms on the right hand side of the inequality (2.8) tend to zero as
n→∞. This implies that F is an additive-quartic set-valued mapping.
Moreover, letting n→∞ in (2.6), I get the desired inequality (2.3). To
prove the uniqueness of F , assume that a set-valued mapping F ′ is an-
other solution of the functional equation of (1.2) satisfying the inequality
(2.3). Then the equality F ′(x) = 1+8n

2·16nF
′(2nx) ⊕ 1−8n

2·16nF
′(−2nx) follows

from (2.7). Thus I have

h

(
F ′(x),

1 + 8n

2 · 16n
f(2nx)⊕ 1− 8n

2 · 16n
f(−2nx)

)
≤h
(

1 + 8n

2 · 16n
F ′(2nx)⊕ 1− 8n

2 · 16n
F ′(−2nx),

1 + 8n

2 · 16n
f(2nx)⊕ 1− 8n

2 · 16n
f(−2nx)

)
≤1 + 8n

2 · 16n
h
(
F ′(2nx), f(2nx)

)
+

8n − 1

2 · 16n
h
(
F ′(−2nx), f(−2nx)

)
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≤1 + 8n

2 · 16n

∞∑
k=0

(
8k+1 + 1

16k+1
ϕ
(

2k+nx, 0
)

+
8k+1 − 1

16k+1
ϕ
(
−2k+nx, 0

))

≤ 1

2n

∞∑
k=0

(
1

2k
ϕ
(

2k+nx, 0
)

+
1

2k
ϕ
(
−2k+nx, 0

))

≤
∞∑
k=n

(
1

2k
ϕ
(

2kx, 0
)

+
1

2k
ϕ
(
−2kx, 0

))
.

for all x ∈ X. It is easy to see from the condition (2.1) that all terms
on the right hand side of the above inequality tend to zero as n → ∞,
i.e. F ′(x) = limn→∞

1+8n

2·16n f(2nx) ⊕ 1−8n
2·16n f(−2nx) = F (x) for all x ∈ X.

This completes the proof of this theorem.

Theorem 2.2. Let ϕ : X2 → [0,∞) be a function such that

(2.9) Φ(x, y) =
∞∑
k=0

16kϕ(2−kx, 2−ky) <∞

for all x, y ∈ X. Suppose that f : X → Ccb(Y ) is the mapping satisfying
(2.2) for all x, y ∈ X. Then the mapping F : X → Ccb(Y ) defined by

F (x) = lim
n→∞

(
16n + 2n

2
f(2−nx)⊕ 16n − 2n

2
f(−2−nx)

)
for all x ∈ X, is a unique solution of the functional equation (1.2) such
that

h(f(x), F (x)) ≤
∞∑
k=0

(
16k + 2k

2
ϕ
( x

2k+1
, 0
)

+
16k − 2k

2
ϕ

(
−x

2k+1
, 0

))(2.10)

for all x ∈ X.

Proof. Replacing x by x
2n+1 in (2.5), I get

h

(
f
( x

2n

)
, 9f

( x

2n+1

)
⊕ 7f

(
−x

2n+1

))
≤ ϕ

( x

2n+1
, 0
)
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for all x ∈ X and n ∈ N. By the above inequality and the inequality (i)
in Lemma 1.1, I have

h

(
16n + 2n

2
f
( x

2n

)
⊕ 16n − 2n

2
f

(
−x
2n

)
,

16n+1 + 2n+1

2
f
( x

2n+1

)
⊕ 16n+1 − 2n+1

2
f

(
−x

2n+1

))
≤h
(

16n + 2n

2
f
( x

2n

)
,
9(16n + 2n)

2
f
( x

2n+1

)
⊕ 7(16n + 2n)

2
f

(
−x

2n+1

))
+ h

(
16n − 2n

2
f

(
−x
2n

)
,
9(16n − 2n)

2
f

(
−x

2n+1

)
⊕ 7(16n − 2n)

2
f
( x

2n+1

))

≤16n + 2n

ϕ

( x

2n+1
, 0
)

+
16n − 2n

2
ϕ

(
−x

2n+1
, 0

)(2.11)

for all x ∈ X and n ∈ N. From the above inequality and the property
h(A,C) ≤ h(A,B) + h(B,C),

h

(
f(x),

16n + 2n

2
f

(
x

2n

)
⊕ 16n − 2n

2
f

(
−x
2n

))
≤

n−1∑
k=0

h

(
16k + 2k

2
f
( x

2k

)
⊕ 16k − 2k

2
f

(
−x
2k

)
,

16k+1 + 8k+1

2
f
( x

2k+1

)
⊕ 16k+1 − 8k+1

f

(
−x

2k+1

))
≤

n−1∑
k=0

(
16k + 2k

2
ϕ
( x

2k+1
, 0
)

+
16k − 2k

2
ϕ

(
−x

2k+1
, 0

))
(2.12)

for all x ∈ X and n ∈ N. In particular, if f is a solution of the functional
equation od (1.2), then I know that

f(x) =
16n + 2n

2
f

(
x

2n

)
⊕ 16n − 2n

2
f

(
−x
2n

)
(2.13)

for all x ∈ X and n ∈ N. Now I claim that the sequence {16n+2n

2 f
(

x
2n

)
⊕

16n−2n
2 f

(−x
2n

)
} is a Cauchy sequence in (Ccb(Y ), h). Indeed, for all
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m,n ∈ N, by (2.12), I know

h

(
16m + 2m

2
f

(
x

2m

)
⊕ 16m − 2m

2
f

(
−x
2m

)
,

16m+n + 2m+n

2
f
( x

2m+n

)
⊕ 16m+n − 2m+n

f

(
−x

2m+n

))
≤

m+n−1∑
k=m

(
16k + 2k

2
ϕ
( x

2k+1
, 0
)

+
16k − 2k

2
ϕ

(
−x

2k+1
, 0

))

for all x ∈ X. It follows from the condition (2.9) that the right hand
side of the above inequality tends to zero as m → ∞. So the sequence
{16n+2n

2 f
(

x
2n

)
⊕ 16n−2n

2 f
(−x
2n

)
} is a Cauchy sequence. Since Ccb(Y ) is

complete, I can define a set valued mapping F : X → Ccb(Y ) represented
by

F (x) = lim
n→∞

(
16n + 2n

2
f(2−nx)⊕ 16n − 2n

2
f(−2−nx)

)
for all x ∈ X. Next, I will show that F satisfies the the functional
equation (1.2). Similar to Theorem 2.1, the inequality

h

(
16n + 2n

2
f

(
x+ 3y

2n

)
⊕ 16n − 2n

2
f

(
−x− 3y

2n

)
⊕ 10(16n + 2n)

2
f

(
x+ y

2n

)
⊕ 10(16n − 2n)

2
f

(
−x− y

2n

)
⊕ 7(16n + 2n)

2
f

(
−x
2n

)
⊕ 7(16n − 2n)

2
f
( x

2n

)
⊕ 5(16n + 2n)

2
f

(
x− y

2n

)
⊕ 5(16n − 2n)

2
f

(
−x+ y

2n

)
,

5(16n + 2n)

2
f

(
x+ 2y

2n

)
⊕ 5(16n − 2n)

2
f

(
−x− 2y

2n

)
⊕ 16n + 2n

2
f
( x

2n

)
⊕ 16n − 2n

2
f

(
−x
2n

)
⊕ 16n + 2n

2
f

(
2x

2n

)
⊕ 16n − 2n

2
f

(
−2x

2n

)
⊕ 16n + 2n

2
f

(
x− 2y

2n

)
⊕ 16n − 2n

2
f

(
−x+ 2y

2n

))
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≤16n + 2n

2
h

(
f

(
x+ 3y

2n

)
⊕ 10f

(
x+ y

2n

)
⊕ 7f

(
−x
2n

)
⊕ 5f

(
x− y

2n

)
,

5f

(
x+ 2y

2n

)
⊕ f

( x
2n

)
⊕ f

(
2x

2n

)
⊕ f

(
x− 2y

2n

))
+

16n − 2n

2
h

(
f

(
−x− 3y

2n

)
⊕ 10f

(
−x− y

2n

)
⊕ 7f

( x
2n

)
⊕ 5f

(
−x+ y

2n

)
, f

(
−x− 2y

2n

)
5⊕ f

(
−x
2n

)
⊕ f

(
−2x

2n

)
⊕ f

(
−x+ 2y

2n

))
≤16n + 2n

2
ϕ
( x

2n
,
y

2n

)
+

16n − 2n

2
ϕ

(
−x
2n
,
−y
2n

)

for all x, y ∈ X, leads us that F satisfies the the functional equation
(1.2). Moreover, letting n → ∞ in (2.12), I get the desired inequality
(2.10). To prove the uniqueness of F , assume that a set-valued mapping
F ′ is another solution of (1.2) satisfying the inequality (2.10). Then
the equality F ′(x) = 16n+2n

2 F ′
(

x
2n

)
⊕ 16n−2n

2 F ′
(−x
2n

)
follows from the

equality (2.13). Thus I have

h

(
F ′(x),

16n + 2n

2
f
( x

2n

)
⊕ 16n − 2n

2
f

(
−x
2n

))
=h

(
16n + 2n

2
F ′
( x

2n

)
⊕ 16n − 2n

2
F ′
(
−x
2n

)
,

16n + 2n

2
f
( x

2n

)
⊕ 16n − 2n

2
f

(
−x
2n

))
≤16n + 2n

2
h
(
F ′
( x

2n

)
, f
( x

2n

))
+

16n − 2n

2
h

(
F ′
(
−x
2n

)
, f

(
−x
2n

))
≤(16n + 2n)

∞∑
k=0

(
16k + 2k

2
ϕ
( x

2k+n+1
, 0
)

+
16k − 2k

2
ϕ

(
−x

2k+n+1
, 0

))

+ (16n − 2n)

∞∑
k=0

(
16k + 2k

2
ϕ

(
−x

2k+n+1
, 0

)
+

16k − 2k

2
ϕ
( x

2k+n+1
, 0
))

≤2 · 16n
∞∑
k=0

16k
(
ϕ
( x

2k+n+1
, 0
)

+ ϕ

(
−x

2k+n+1
, 0

))
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≤
∞∑

k=n+1

16k
(
ϕ
( x

2k
, 0
)

+ ϕ

(
−x
2k
, 0

))
→ 0 as n→∞,

which means that F ′(x) = limn→∞
16n+2n

2 f
(

x
2n

)
⊕ 16n−2n

2 f
(−x
2n

)
) for all

x ∈ X. Therefore F (x) = F ′(x) holds for all x ∈ X. This completes the
proof of the theorem.
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[12] H. Rädström, An embedding theorem for spaces of convex sets, Proc. Amer.
Math. Soc. 3 (1952), 165–169.

[13] Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc.
Amer. Math. Soc. 72 (1978), 297–300.

[14] S. M. Ulam, A Collection of Mathematical Problems, Interscience, New York,
1960.

Department of Mathematics Education
Gongju National University of Education
Gongju 32553, Korea
E-mail: lyhmzi@pro.gjue.ac.kr

https://www.springer.com/la/book/9783540081449
https://ac.els-cdn.com/S0893965914001499/1-s2.0-S0893965914001499-main.pdf?_tid=9c1e9ac0-b1b3-4a60-aad0-48d5d5ebf357&acdnat=1549783888_245e83daf0c4c1e57866a72814e5112c
https://ac.els-cdn.com/S0022247X8471211X/1-s2.0-S0022247X8471211X-main.pdf?_tid=46edacc3-f354-4363-990d-6fbf2b1560b7&acdnat=1549783937_a32715b0fb81fa39d0874ac24a143baf
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC1078310/pdf/pnas01627-0030.pdf
https://journalofinequalitiesandapplications.springeropen.com/track/pdf/10.1186/1029-242X-2013-101
https://fixedpointtheoryandapplications.springeropen.com/track/pdf/10.1186/1687-1812-2012-81
http://www.eudoxuspress.com/images/JOCAAA-2018-VOL-24-3.pdf#page=162
http://basilo.kaist.ac.kr/mathnet/thesis_file/19_B07-1203.pdf
http://www.ams.org/journals/proc/2000-128-05/S0002-9939-99-05156-4/S0002-9939-99-05156-4.pdf
https://ac.els-cdn.com/S0893965911002436/1-s2.0-S0893965911002436-main.pdf?_tid=b9643c5d-8d41-40c1-97f6-a5f5b2c55794&acdnat=1549784260_3ccb9db031106c3fd41df8c2fa14c84a
https://link.springer.com/content/pdf/10.1007%2Fs00010-012-0119-0.pdf
https://pdfs.semanticscholar.org/366c/c0219a236e2ebac5c412f1db98cdd7e80d44.pdf
https://www.jstor.org/stable/2042795?seq=1#metadata_info_tab_contents
https://www.amazon.com/Collection-Mathematical-Problems-S-Ulam/dp/B0000CKL1N

