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k SPACED SUM OF GENERALIZED PELL SEQUENCES

Eunmi CHOI* AND JIIN JO**

ABSTRACT. The purpose of work is to study the sums of k distanced
numbers in Pell sequence {P;} as well as in the generalized A-Pell
sequence { Py ;}.

1. Introduction

When we say a A-Pell sequence, we mean a generalized Pell sequence
{Py; | i > 0} satisfying Py ;12 = APy;+1 + Py; with two initials for
any A > 0. If A = 1 then P,; equals either the Fibonacci sequence F;
with initials Fy = 0, F7; = 1 or the Lucas sequence L; with Ly = 2,
L; = 1. Similarly if A = 2 then P, ; equals either the Pell sequence F;
with Py =0, P, = 1 or the Pell-Lucas sequence @); with Qg = Q1 = 2.

A study of sum of numbers of certain sequence has been an important
subject in mathematics for a long time. In fact, it was proved that

n n n
ZE:Fn+2_1>ZLi:Ln+2_3aZP'L':%(Pn+1+Pn_1) ([4]7
=1 =1 =1

n
[5]), and even > T; = 3(Tpt2 + T, — 1) with tribonacci sequence {T;}
i=1
([3], [6]). Moreover the sum of n + 1 consecutive Pell numbers were
n n .
discovered in [2] that >° Pyt = 3 Qppn+Prin—3Qk and > (—1)"Pyyy =
i=0 =0
(=1)"1Qp1n — 3Qk + Py On the other hand, [8] proved the sum of the
first 4n + 1 Pell numbers is a perfect square (Pa, + Pa,11)?, and [1]
characterized the sum of the first n Pell numbers in terms of squares of
Pell numbers.
In this work, as a variation of sums of consecutive Pell numbers, we

t
concern about the sum > Pp;y, of k distanced ¢ + 1 numbers of {P;}
i=0
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starting from P.. The sum is called the k£ spaced sum and denoted by

Sgk,r) (1,r)

. In particular if & = 1 then s; "’ is the sum of ¢ 4+ 1 consecutive

t
numbers from P, to P4, and also if r = 1 then sgl’l) = > P ([4)).

i=
For the purpose, we display all Pell numbers P; (i > 0) in order inside a
rectangle-like table with k& columns. Then each column is composed of &k
distanced numbers, so if 1 < r < k then sgk’T) is the sum of t+1 numbers
in 7th column of the table. We shall find some recurrence formulas of

sg ") and then as a generalization, we extend the investigation to A-Pell

sequence {Py;} and the sum SE\ M Z P kigr-

2. k spaced sum of Pell numbers

By a Pell table (P-table, for short) with k& columns, we mean a rec-
tangle table with £ columns consisting of all P; in order (left below). So

k,r)

if 1 <r <k, the sum sg Z Pyivr of k spaced t 4+ 1 numbers is

the sum of ¢t + 1 entries in rth Column hence under the connection of

()

P-table with £ columns, sometimes we call s; a rth partial sum of

t + 1 Pell numbers. The table composed of all sgk’r) will be called a k

spaced sum table (right below).

P-table with & columns t |k spaced sum table
Pl P P’I’ P Pk} O s(()k’l) P s(()k’r) P Sék’k)
Peyv - Popr oo Py 1 sgk,l) s(lkn") Sg’mk)
Piksr o Pagr o Puynr ¢ | s e gl R

On the other hand, if r > k then with r =ak+u (a >0, 1 <u < k)
we have

(k r) t a+t a+t a—1
= Z Pk:(a—l—i)—l—u = Ppjpu = > Prjtu — > Prjiu
j=a 7=0 7=0
(k u) (ksu)

= Sa—l-t Sa—1>
so we are enough to consider the k spaced sum SEM) with 1 < r < k.
In the same sense, the Fibonacci or Lucas tables with k columns are
considered. In the work {P,} is assumed to have all integer subscripts
n € Z. We begin with some identities of Pell numbers for next use.
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LEMMA 2.1. Ppy1—Py1 =2P,, Phyo+ P, 92 =6P,, Pyys—PFP,_3 =
14P,, Pois + Pos = 34Py, Purs — Pos — 82P, and Poyg + Pug —
198F,.

Proof. Since P41 — P—1 = (2P, + P—1) — Pp—1 = 2P,, we have

Pn+2+Pn—2 = (2Pn+1+Pn)+(Pn_2Pn—1) = 2Pn+2(Pn+1_Pn—1) =
6F,.

The rest can be proved analogously. O

THEOREM 2.2. The sum s\ with k = 2, 3 satisfies s>

sgi’g) and sgg’ M- =15P34_1)4, + 28(3 r) sgg g)

= 7P2(t—1)+7"+

Proof. The identity P44 + P, = 6P, 42 in Lemma 2.1 shows
SEQ’T) (2 r) + Potyr = (SEQ’Q + Pot—1)4r) + Pottr

(35 3) + Pot—2)4r) + Pot—1)4r + Patsr

2,
= 5§-’3) + (Pap—2)4r + Pottr) + Po—1)4r = TPo—1)4r + Sﬁ_g)-

Similarly by means of P,,+¢ — P, = 14P, 13, we have
(Br) — (3 r) + Pspyr = (sfi’;") + P3t—1)4r) + Patsr

Sy
= Sg 2) + P31y + (14P3 1)1 + P3t—2)4r)
Sg 2) + 15P3—1)4r + P3(4—2)4r

= SE_’Q) + 15P31)4r + (Sggg) - Sgg))

=15P34_1)4r + 25&2) 5153 g) M
From the following P-tables with 2 and 3 columns,

P-table s§2’1) s§2’2) P-table 37(53’1) s§3’2) S§373)

1 2 1 2 1 2 5 1 2 5

5 12 6 14 12 29 70 13 31 75

29 70 35 84 169 408 985 182 439 1060

169 408 204 492 | 2378 5741 13860 2560 6180 14920
it is easy to observe ng’l) =204 = 7(29)+1 = TP + 3[()271) and

s =492 = 7(70) + 2 = 7P; + s{*?, and also
s& = 2560 = 15(169) + 25 = 15(169) + 2(13) — 1
= 15P; + 25 — 3D,
s = 6180 = 15(408) + 60 = 15(408) + 2(31) — 2

=158 + 250 — 507,
and so on.
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THEOREM 2.3. s\"") with k = 4,5,6 satisfies s\ = 35Py;_1)4, +
5§4 g), 5/5 ) = 83P5(t—1)4r + 25§i’2) 555 ;) and 85/6’T) = 199F5_1)4r +
s -

Proof. Since P18 + P, = 34F,,+4 in Lemma 2.1, we have
3(4 - 3154 1) + Py = sgi’;) + Pyp—1)4r + Pattr

= (s + Pyt—2ysr) + Pa—1)4r + Pattr
= 5&? + Pyt—1)4r + (Pag—2)4r + Pattr)

4, 4,
= s + Py—1y1r + 34Py—1)4r = 35Py4—1)4r + sity.

On the other hand, the identity P,110 — P, = 82F,, 15 shows

(5 ") sf’ ? + Bstir = 855_’;) + Pst—1)4r + Pstr

= Sgiz) + Pst—1)4r + (82P5(1—1)4r + Ps—2)4r)

= 83P5(t_1)+7~ + Sl(gi;) + P5(t 2)+r
= 83Ps 1)yt s505 + (505 —5108) = 83Psg 1), +2508) —s(2%).

Similarly from P12 + P, = 198 P, ¢ for all n, we have
(6r) _ (6,7)

sp 0 =813 + Po—2)1r + Bo(t—1)4r + Pottr
67
= Sg g) + (Ps(t—2)4r + Pot+r) + Pop—1)4r
6,
— 500 1 198Ps1) 40 + Poge_1)r = 199Ps_1) 40 + 5075, 0
From the P-tables with 4 or 5 columns
P-table with 4 col. P-table with 5 col.
1 2 5 12 1 2 5 12 29
29 70 169 408 70 169 408 985 2378
985 2378 5741 13860 5741 13860 33461 80782 195025
33461 80782 e 470832 1136689 2744210
the spaced sum tables are
5%4’7')(1 <r<4) 5155’7')(1 <r<35)
1 2 5 12 1 2 5 12 29
30 72 174 420 71 171 413 997 2407

1015 2450 5915 14280 5812 14031 33874 81779 197432

34476 83232 --- 476644 1150720 2778084
so we see s{"!) = 34476 = 35(985) + 1 = 351 + iV, s{*?) = 83232 =
35(2378) + 2 = 35Pg + 5( 2) etc, and also
s = 83(5741)+141 = 83(5741) +2(71)—1 = 83P11+25§5’1)—sg5’1)
(5 2) = 83(13860) + 340 = 83(13860) + 2(171) —
= 83Dy, + 2517 — 50
and so on. Similarly s( Y = 6858740 = 199(33461) + 1 = 99Py3 + s\

)

)
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(6,1) . 6,1)
and s; 7’ = 199(6625109) + 170 = 199P9+s; ~’ from the 6 spaced sum
table.

In order to generalize Theorem 2.2 and 2.3 to any sgk’r) (k > 1),
consider the Pell-Lucas sequence {Q;} satisfying Q;12 = 2Q;+1 + Q;
with QO = Q1 = 2. Then {Qi}izo = {2, 2, 6, 14, 34, 82, 198, 478, ce }
satisfy the next lemma ([2]).

LEMMA 2.4. Q, = Py_1 + P41 and Py o = QrPoir + (—1)F1P,
for any n, k.

Comparing to the well known identities L, = F,—1 + F,+1 and
Foior = LipFoyg + (—1)k*1Fn, we may say the Pell-Lucas is to Pell
sequence what Lucas is to Fibonacci sequence. And the coefficients
7,15,35,83,199 in Theorem 2.2 and 2.3 are explained by {Q;}, and can
be generalized as follows.

(kv’r) 5
. 1) Prtt—1)ar ™ 2|k
THEOREM 2.5. sgk’ ) = (@ +1) K(=1)4r 5 (1“:’,7«) (k) 1 |
(Qk + 1) Py1yr + 2879 — 5,75 if 21k

Proof. When 2 < k <6, Theorem 2.2 and 2.3 show that the first co-
efficient equals Qx +1. Now if 2 | k then Py;_2) 1y + Prttr = QuPrt—1)+4r
in Lemma 2.4 proves

k,r k,r
sg ) = 8§_3) + Pr—2)+r T Prg—1)+r + Phtyr

k,r
= st + (Pr(t—=2)+r + Prtrr) + Pro—1)4r
k,r k,r
= 573 + Qi Pr—1)4r + Pr(t—1)4r = s 4 (Qu + 1) Prgt—1)4r-

When 21k, using Prt1r = Qi Pr(t—1)4r + Pr(t—2)4r, We also have

Sgkﬂ’) = 8§57;)+Pk(t—1)+r+Pkt+7‘ - (Qk+1)Pk(t—1)+T+S§]i7;)+Pk(t_2)+r
k,r k,r k,
= (Qk + 1) Pyp—1)4r + 5£_2) + (SE_; - Sg—g))
k,r k,r
= (Qk + 1) Pyy—1)4r + 2315—2) - Sg—s)- u

The Pell number can be retrieved from sik’r) (1 <r<k) that

1 (k),T) _ (k,’l‘) f 2 k
Pk?t-i—’r = {(Qk+1) (8t+1 St_2 ) i ’

k,r k,r k,r .
o (s = 25 D) a2 g

t+1

3. Recurrence formula of sgk’r) by sgli: )

In this section we shall express sg ") as a linear combinations of 357’: ),

(

We begin with an easy lemma about stQ’T) for next use.
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LEMMA 3.1. (1) 815272) §2 2) — 2(P2t+1 + Pgt) and Py_o = 5Py —
2P 1.
(2,1) 2.1
(2) ( ) = 2(Pat + Poi—1) and Poy_3 = 5Py_1 — 2Py.

Proof. We shall only prove (1) that
2,2 2,2 2,2 2,2
5P = 5P = (s 4 Poyya) — (s87) — Pyt—1)12)
= P2t+2 + Py = (2Psi11 + Pot) + Poy = 2(Pagy1 + Pay),
and Py_o = Poy — 2Py = Poy — 2(Poy1 — 2Po;) = 5Py — 2Po . [

THEOREM 3.2. 3(2 . 6sﬁ’1) sff ;) and 3(2 2 = 65(2 2 SEQ_’? +2.

Proof. By observing the 2 spaced sum table in Theorem 2.2, we have

s$V = 6(35) — 6 = 6557 — s and s = 6(204) - 35 =
652D — gD,

59

Assume the induction hypothesis 3152’1) = 6553’? — sg 2) for t > 0.

Then(2 1) (2,1) (2,1) (2, ) (2,1)
6s, " — 5,71 =65, — (65,79 —5,73")
= 652(52’1) — 65%3’%) + (s ,E ;) Poq— 2)+1)

2,1 2,1 1 2,1 2,1
= ng = 55§72) = Pa—9)41 = Sg )+ 5(5§ = 5&2)) — Po—3.
Thus due to Lemma 3.1, it follows that
65, @1 _ §2 i) = (2’1) +5-2(Pot + Poy—1) — (5Pp—1 — 2Px)
1(t 2 + 12P2t + 5Py 1 = SE b + 6(2P2t + Pgt_1) — Poi_q
2,1
= 5§ ) 6Py — Py—1)41- (3-1)
On the other hand, by Theorem 2.2, we also have
2 2,1 2,1
3§+1) = TPy41 + Sg_g) =TPy1+ (S,S_l) = Pyy_1y41)

=TPoyt1 — Pyg_1)41+ (8£2’1) — Py11)

= 59’1) +6Pt41 — Pog—1y41- (3-2)
Hence (3-1) and (3-2) proves s§2 D = 6s g 1) 55 2) for all ¢ > 0.

Now for the second identity, we notice s§2 2 = 6(84) —14+2 =
65577 — s 1 2 and 5P = 6(492) — 84 + 2 = 6577 — 5P 4 2. 1f
we assume s§2’2) = 6s gz %) sgz_’g) + 2 as induction hypothesis, then it
follows that

657 — 52 49 =65 — (6572 — 5D £ 2) 12
= 65> 2) 68%) 5175 = 677 = 6525 + (5175 — Pau_z)42)
= 66 5o By, = o 4 56— D)y

= Sg 2) + 10<P2t+1 +P2t) — (5P2t — 2P2t+1) = Sg 2) + 12P2t+1 + 5Py
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8§2’2) +6(2Pott1 + Pot) — Por = s 22 4 6Pt 2 — Poy. (3-3)
by Lemma 3.1. On the other hand, Theorem 2.2 shows that

2 b
8§+1) =TPy12+ Sg 2) =TPy12+ (SE 1) — Py_1)42)
= TPayo + (SE 2 _ Pory2) — Poy = Sg 2 4 6Py — Po. (3-4)
Hence (3-3) and (3-4) yield s,§2’2) = 633’2) - sg 2) +2forallt>0. O
We now generalize Theorem 3.2 to give recurrence rules in any rth
column of table of sgk’r) (1<r<k).

THEOREM 3.3. The sgk’r) is a linear combination of SE ’;), sgk g) and

sgk g) with coefficients ay = Q. +1, by = —(Qr + (—1)¥) and ¢ = (—=1)*.
Moreover ap, = 2ai_1 + ap_o — 2 and by, = —ay if 2 | k, otherwise
b, = —ap + 2.
Proof. When k is even, Theorem 2.5 shows
k,r) k,r) k,r k,r k,r
s = (Qr + 1) Pago1y e + 5075 = (Qp + 1) (s — st50)) 4 510,
o) sg ) — aksgﬁq) + bks( ) + cks(kg) with ap = —bp = Qr + 1 and
¢ = 1. On the other hand 1f k is odd then
k,r k,r k,r
Sg )= (Qk + 1) Pr(t—1)4r + 2315 2) Sg 3)
= Qe+ D2 - si59) + 265 — 7

= (Qr+1)si—1 — (Qr — 1)sp—2 — s§k§)

Furthermore, we also have
20k 1+ ap-2—-2=2(Qr-1+1) + (Qr—2+1) —2=Qx + 1= a.

O
In fact, st = 75\~ 7520 15020 537 = 15530 _135(37) 580,
st = 35500 —353(4 7 + st s = 83500 81507 — ,§5 2,

(6’") 1995(6’"> 1998(67")+s§ 7 and, s\ = 47957 47750 _5{70)

since a7 = 2(199) + 83 — 2 =479. Theorem 3.3 also yield an expression
of P, by k spaced three Pell numbers.

THEOREM 3.4. P, = apPy_p + b Py_o + (—1)kpn,3k with ay, by in
Theorem 3.3.

Proof. Write n = kt+r (1 <r <k, t > 0). Then Theorem 3.4 proves

that i i
Pn—Pkt-H"—SE T)_ 57{)

= (as"] + 0™y + (= 1) s)) — (anst™s) +ors™y + (~1)FsiE)
k,r k,r k,r k,r k,r
:ak(sg 1) Szg 2))+b (s g ) Sg 3)) + (-1 (315 3) sg 4))
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= arPy—1)+r + b Pri—2)4r + (=1 Pr_3)4r,
this equals ayPp,_p, + by Pr_ar + (—1)* P, _3. d

For instance, for the 26th Pell number, if we take k£ = 8 then

Py = agPig + bgPig + P, = 1155(2744210) — 1155(2378) + 2 =
3166815962,
since ag = Qg + 1 = 1155 and bg = —(Qs + 1) = —1155. Similarly by
taking another k = 5 then Psg still can be obtained from

Pys = a5 Py + bs Pig — P11 = 83(38613965) — 81(470832) — 5741,
with a5 = Q5+ 1 =83 and bs = —Q5 + 1 = —81. Now for the interrela-
tions of sﬁ’”) for all 1 <r <k, we have the followings.

While Theorem 3.3 is about a recurrence in any rth column in table

(k,r)

of 5,77, the next theorem shows a recurrence in any tth row.

THEOREM 3.5. si™/ 7Y 4 25 (k’j) = §’J“> for 1 < j < k. And

¢
sgk’kfl) + 28§k’ ) = z(ip -1, a]so s(k ") 425 §+1) = Ei%)

Proof. In particular if £ = 2 then it is easy to see that
8§2,1) 23&2 2) _ =(Pl4+ P34+ Pyyy1)—2(Pa+ P+ +p2(t71)+2)

=P+ [(P3 —2P) + (Ps — 2Py) + - - - + (Payq1 — 2Py)]
— P+ (Pi+ P4+ Py1) =145,
Similarly,
s _ 95D — (Py —2P)) + (Py— 2P3) + -+ + (Parso — 2Pot41)

=PR+P+-- +P2t—8§2f).

Now for any 1 < j < k, we have
: 4 t t .
k» -1 k: k, 1
Sg a + QSE "= > (Privj—1+2Privg) = 20 Priv(j+1) = Sg .
i=0

i=0
Moreover
t t+1
kk— ke k k
sFFD LogR) SN (P 1 4+2Piin) = Pijr1—P = sEHD —1.
i=0 =0
Furthermore by using Py =1 and P, = 2, we have
(hk) | o (k1) _ 2
s+ 2800 = Z Plivuyr +2(Pr+ 32 Prita)
i=1
t t
= Z()P(m)kJr? Z()P(i+1)k+1+2pl = Z()(P(z'+1)k+2p(i+1)k+1)+2P1
i= i= i=

t t+1 (k,2)
= E%)P(i+1)k+2+2pl Z k+2—P2—|—2P1 _St+1 . ]
1=
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In fact sg 1) 204 = 2s + 8(22 1) + 1 and 5377 =492 = 23(

§2 ). In particular if £ = 1 then sg ) is the sum from P; to P;. We de—

note s, = s%l ) = Y. P;. Then {s,} ={1,3,8,20,49, 119, 288,696, - - - }.
i=1

(2,2) (2,2) 2 1)
2

S

THEOREM 3.6. For any n > 0, we have s, = %(Pn_,_z + P, —2).

Proof. Clearly 4so =12 = Py + Py — 2, 4s3 =32 = P; + P3 — 2 and
4s4 = 80 = Py + P4 — 2. Hence if we assume 4s, = P49 + P, — 2 for
some n, then
dspi1 = 4(5n + PnJrl) =4s, +4FP,41 = (Pn+2 + P, - 2) + 4P, 1

=Ppo+2P 1+ (2P1+Pp) —2=Pppo + 2P 1+ Pyyo — 2
= (2Pyy2 + Pog1) + Pop1 —2=2P, 43+ Pyy1 — 2. O]

For example, 4s190 = 4(P; + --- + Pyp) = 4 - 4059 = 16236 = P2 +
P — 2.

4. A-Pell sequence and its k£ spaced sum

Let A be a positive integer. A A-Pell sequence {P) ;} satisfies Py ; =
APy i—1 + Py ;2 with initials Py = 0, Py = 1, while the A-Pell Lucas
sequence {Q)\z} holds Qx; = AQxi—1 + Qxi—2 With Qxo =2, Qx1 = A

k T) Z P ki+r be the sum of k spaced (t+ 1) A-Pell numbers

starting from PA - (1 <r<k). If\=2then {P;} ={P;} and {Q2,:} =
{Q;}, so 82’;) were already discussed. On the other hand if A =1 then

Let s(

{Pia} = {F} and {Qu} = {Li}. Waite 57 = s = 3 Fi, the
=0
sum of k spaced t + 1 Fibonacci numbers starting from F, (1 <r < k).

LEMMA 4.1. The sum s(;f) satisfies 3% U _ = Fy(;y1) and Z Sp (2 1)
sg, 2) Moreover ng) — sgtl) = sgtz)l and s%t ) + sgtl) Sgtl-zl 1.

Proof. The Fibonacci table with 2 columns and its 2 spaced sum table

shows sgol) = Fy, 3%211) = F sg;) = Fy and sg;) = Fg. Hence we

have Sg U= = Fy(i41), 80 Z Sp (2 1) Z Foipo = 5%23)'
=0

¢ t—1
(2,2) (2,1) _ (2,1) (2,1 _ (2,1) _ (22
Moreover Spy —Spp = Spi —Spp = Spi = Spi 1 and

=0 =0
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t t
2,1 2,1 2,1 2,2
3%,#21 _S%,t )= Fatvs = %Fz(iﬂ)"'l - «ZOS%J 1= S;it '+1. O
1= 1=

t ¢
It corresponds to the known identities y | Fo; = Foyp1—1land > Fooq =

. i=1 i=1
2t

THEOREM 4.2. Any rth column of table of sgf) satisfies the follow-
ings.

(1) siey) = 3siprly = sioily = sy — sy + sy,

(2) sgf) = 58%21 - 35?%’22 - sgﬁg and sgf) = 85%;21 - 83%22 +
5%’23.

(3) sgf;f) = aksg;f_)l + bks%:_)Q + (—1)’“5%27;)3 and F,, = apF,_ +
biFy o + (—1)FE, 35, where aj, = Ly + 1 and b, = —(Lj, + (—1)%).

Proof. Clearly sgf’t?l = sgff) + Fl(t41)4r- Observe 21 = 3(8) — 3 and
33 = 3(12) — 4 from the 2 spaced sum table of Fibonacci numbers. If we

(2,r) _ o .(27) (2,r)
assume sp; = 3SF7t_1 — Spilo for some t then

2, 2, 2, 2,
s%,tﬁl - s%,tr) T g1y = (33%,;21 - 3%,22) + (3Fou4r — F2(t—1)+r)

2,r 2,r 2,r 2,r
= 3(8%,15—)1 + Foryr) — (Sgﬁ,t—)2 + FQ(tfl)Jrr) = 35;& )~ S%,t—)lﬂ

since F,, = 3F,,_9 — F,,_4. And we also have

27 27 27 27 27 27 27 27
455?’,21_4552122"1'5%,23 = (5577;21-1—38%7;21)—(5%775722%—38%7;22)%-3%7123

_ J(27) (2,r) (2,r) _ _(27)

= SF,tr—l + sF,tT - sF,tr—l = sF,tT .

Similarly from the 3 spaced sum table, we notice 72 = 5(17)—3(4)—1,
116 = 5(27) — 3(6) — 1 and 188 = 5(44) — 3(10) — 2. Assume that

ng) = 58?21 — 35%}1)2 — sg’,ﬁ?} for some t. Then

o5F, —3F, 3 — Fn ¢ =5F, —2F, 3 — (Fn—3+Fn—6)
=b5F, —2F, 3 —2F, 4 =5F, —2F,_9 = F,, + (4F,, — 2F,,_9)
:Fn+2Fn+1 :Fn+37

due to F,, + F,_3 = 2F,,_1. Hence the induction hypothesis shows
(377”) — (377") F
Ski+1 = SEp T E3(t41)4r
3, 3, 3,

= (53%,21 - 33%,22 - 5%,23) + (5F3t4r — 3F3(—1)4r — F34—2)4r)

3, 3, 3,
= 5(8(F7t721 + F3t+7‘) - 3(5%‘7;22 + F3(t—1)+7“) - (3%723 + F3(t_2)+7~)
= 53%3’;7") — 38?21 — SQQQ.
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(3,1) (3,2) (3,3) (4,1) (4,2) (4,3) (4,4)

t|Spy’ Spy  Spr Srt Srt Skt Sk

0 1 1 2 1 1 2 3
1 4 6 10 6 9 15 24
2 17 27 44 40 64 104 168
3 72 116 188 273 441 714 1155

Also the 4 spaced sum table shows that 273 = 8(40) —8(6) + 1, 441 =
8(64) —8(9)+1, 714 = 8(104) — 8(15) + 2 and 1155 = 8(168) — 8(24) + 3,
4r) o (4r) (4,r) (4,r) .
SO We may assume Sp, = 88p, | —88p, 5 —Sp, 4 for some t. By using
the identities F}, — F,;,4 = 3F,;,1 —F, and 2F, = Fph_o = Fp41, we have
8Fn _8Fn—4+Fn—8 :8Fn_7Fn—4_ (Fn—4_Fn—8)
=8F, —TFy_4— (3F,_5 — F,_4) =8F, —6F,_4 — 3F,,_5
=8F, —3F,_4 — 3(Fn,4 + ang,) =8F, —3F,_4 — 3F,,_3
=8F, — 3F,_2 =2F, + 3(2F,, — F,,_2) = 2F,, + 3F, 41
= 2Fn+2 + Fn+1 = Fn+4‘
Therefore the induction hypothesis gives rise to
8%2’21 = (885;17;:‘_)1 — 88%%’?2 + 8%2’93) + (8F4t+r — 8F4(t_1)+7, + F4(t—2)+7")
= 8(s\ )+ Fuere) = 8(s57 )y 4 Faony ) + (505 + Fara)4r)

= 8sipy) — 8+ s,

Now for any k, (3) follows analogously from Theorem 3.3. O

For 1 <n <5, the table of Py, and @), with 2 < X\ <4 are
[ A=2 A=3 A=4
Py, | 1,2,5,12,29,--- 1,3,10,33,109,--- 1,4,17,72,305, - - -
Qxn | 2,6,14,34,82,--- 3,11,36,119,393,--- 4,18,76,322,1364, - -
and with any A,
Pin |1 A A2 4+1 0 A3 420 AMA3A2 41 N +403 430 ..
Qan | A A24+2 X430 M +4024+2 N +503 45\

LEMMA 4.3. Qxpn = Prpn—1+Prnt1 and Py ik = QapPan+(=1)F 1Py,
where {Qxn} is the A\-Pell Lucas sequence.

Proof. From the above tables, Qx; = Py ;—1 + P41 is true for 1 <
1 < 5. If we assume the identity for 1 < i < n as an induction hypothesis
then

Q)\,n+1 = ACQ)\,n + Q)\,nfl = )\(P)\,n—l + P)\,n+1) + (P)\,n72 + P,\m)

= ()\P)\,n—l + P)\,n—Q) =+ (AP)\,n-I—l + P)\,n) = P)\,n + PA,n+2'

If X = 1,2 then P, equals F; or P;, so we have the well known iden-
tities Fyip = LpFn + (=1)*1F,_1 and Pyyp = QrPy + (=1)* 1P, 4.
Now for A > 0, if k = 1 then Q)\’1PA7n+P)\7n_1 = >\P)\,n+P)\,n—1 = P)\’n+1.
For 1 <i <k, we assume Py n4; = Qx ;P\, + (=1)""' Py ,,_;. Then

Py ntk+1 = APtk + Pantk—1
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=A@k Prn + (1)1 Py ) + (@ p—1Prn + (1) Py 61))
= (AQxak + @rp—1)Prn + (=1)*(Pyn_s—1) — APrn—k)
= Qrjpt1Poan + (—1)FPy 1. O

THEOREM 4.4. Leta,\k Qxx + 1 and b(Ak *Q/\k+( ) -1
Then

(1) apngy = A+ 1, a2y = A2 +3, and a(y k) = Aagy 1) +a(xk—2) — -

(2) b()\,k) = =\ k) if 2 | k, otherwise b(A,k) = —a()\vk) + 2.

(3) Moreover Py 1k = a(x ) Pan + b0k Pan—k + (—1)kPA,n_2k.

Proof. 1t is easy to see that
) =@kt 1=AQxk-1+Qrp—2+1
=MQrk-1+1) + (Qrr—2+1) = A= Aap p—1) + apk—2) — A
Write n =kt +r (1 <r <k, t>0). If \ =1,2 then Theorem 3.3

shows
(k,m) (,m)
Pan = Prkt4r = S); — S\11

k,r k,r k,r
= (aq, )S(At )1 + b(A,k)SE\,t—)z + (_1)k‘95\t )3)
) k,r k,r
— (aq, k’)sg\t )2 + b(A7k)5g\,t23 + (_1)k3g\t )4)

= a1 =500 Hhou (537 =)+ (1 (s D=5
= ap o) Prk—1)4r + 000k Prii—2)1r + (1) Py k—3)4r
= ag ) Prn—k + bouk) Pan—2k + (= 1) Py n_sp.
Consider any A > 0. If k=1 then a(\ 1) =Qx1+1=A+1s0
a()\,l)P/\,n"i_b()\,l)P)\,nfl_P)\,n72 = (/\+1)P)\’n+(—/\+1)P)\’n,1—P)\7n,2
= A]:)/\,n + P)\,nfl + (P)\,n - AP/\,nfl - P)\,n72) = AP/\,n + P)\,nfl
= P)\,nJrl-
Now we assume Py nyk = a(x k) Pan + 000 k) Pan—k + (=1)*Py —o for
some k as an induction hypothesis. Then owing to Lemma 4.3, we have
a e+ 1)Pan £ b0uk+1) Prn—er1) T (D Py o)
= (@ g1+ D) Prnt (= Qg1 H(=1)F) Py o o1y H(=1)F T Py oy
= (@1 + DPrn — (@1 Py 1) + (1) Py a(iet1))
+ (=1)F Py (o1
= (@xg+1+ )Py — Pan + (_1>kP)\,n—(k+1)
= Qxkr1Pan + (1) Py _(e1) = Prn(hs1)- O

For example, when A = 3, the 3-P-tables with 3 or 4 columns
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3 columns 4 columns
1 3 10 1 3 10 33
33 109 360 109 360 1189 3927

1189 3927 12970 12970 42837 141481 497280
42837 141481 497280 | 1543321 5097243 16835050 55602393
show 42837 = 36(1189) + 33 = 37(1189) — 35(33) — 1 which implies
P37n = 36P3,n_3 + P3’n_6 = 37P37n_3 - 35P3,n—6 - P37n_9. At the same
time, 1543321 = 120(12970) — 120(109) + 1 and Ps, = 120Ps,_4 —

120P3 5,8 + P3n—12.

Similarly when A = 4, the 4-P-tables with 3 or 4 columns are

1 4 17 1 4 17 72
72 305 1292 305 1292 5473 23184
5473 23184 98209 98209 416020 1762289 7465176

416020 1762289 7465176 | 31622993 133957148 567451585
Clearly 416020 = 77(5473) — 75(72) — 1 and 31622993 = 323(98209) —
323(305) + 1 with 77 = Q43 + 1, 323 = Q4,4 + 1. A generalization is as
follows.

THEOREM 4.5. s(ff) = a(A7k)sE\’f;7“_)1 +b(A’k)s(A]f,§r_)2 + (—1)’“5(;?;2)3 for any
k, t.

Proof. When A = 1, it is due to Lemma 4.1, and certainly a(; ) =
Lk + 1 satisfies a( x) = a(1 p—1) + a(1,k—2) — 1. Alsoif A =2 it is due to
Theorem 3.2.

When A = 3, the 3,4 spaced sum tables of 3-Pell numbers are

I N U T

I 3 10 I 3 10 33

34 112 370 110 363 1199 3960

1223 4039 13340 13080 43200 142680 471240

44060 145520 . | 1556401 5140443 . .
It shows 44060 = 37(1223) — 35(34) — 1 and 145520 = 37(4039) —

35(112)—3. By assuming induction hypothesis, we have sg’f) = 375%@1 —

35557, — sy and s§i) = 1205557 — 1208557, + 5§40, with 37 =
@33+ 1 and 120 = Q34 + 1.
Now if A = 4, the 3,4 spaced sum table of 4-Pell numbers are

VR VR vl B v si) s sy
1 4 17 1 4 17 72

73 309 1309 306 1296 5490 23256
5546 23493 99518 98515 417316 1767779 7488432

421566 1785782 .| 31721508 134374464
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We notice 421566 = 77(5546) — 75(73) — 1 where 77 = Q43 + 1, and
31721508 = 323(98515) — 323(306) +1 where 323 = (Q44+1. Thus by in-

duction we can prove sfft = (Qur+ 1)34(“ )1 +(—Quai+ (—1)’“*1)54(1]27“)2 +
(~1)ksils.
Now let A > 0, and assume sf\lft’r) = a(Ajk)s()ﬁ?l + b(A,k)sg\liZ:)Q +
(-1) sg\ktr)?) holds for some k. Write kt +r = n. Then
Sor)

k,
At+1_ ( T)+PML

k,r k,r
= (aq, k)sg\t )1 +bo, k)sg\t )2 + (= 1)k85\,t7)3)

+ (ap i) Pr—k + b0 k) Pan—ak + (—1)F Py —31)

= a(x,m(s(ﬁ?l + Pyn—k) + b(,\,k)(Sg\lft’?g + Py n—2k)

( )(,\t3+P/\n Bk)

=ag, k)s(f 7+ b, k)SE\t D+ (- 1)'“8(kf)2 O
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