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Abstract

A continuum-based design sensitivity analysis(DSA) method is developed for electrostatic problems. To consider high order
objective functions, we use 9-node finite element basis functions for analysis and DSA methods. As the design variables are
parameterized with B-spline functions, smooth boundary variations are naturally obtained. To solve mesh entanglement problems
during the optimization process, a mesh regularization scheme is employed. By minimizing the Dirichlet energy functional, mesh
uniformity can be automatically achieved. In numerical examples for maximizing dielectrophoresis forces, the numerical results are
compared with well-known electrode geometries and the obtained characteristics are discussed.
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1. Introduction

The electric field generated by the electrode can be
applied in various engineering fields. One of the
examples is the dielectrophoresis(DEP) phenomenon,
which makes it easy to handle small particles that
have traditionally been difficult to handle with
mechanical forces, by forming a suitable electric field
according to the purpose(Pohl et al., 1978). This
means that the particles could move under a
non-uniform electric field in a specified direction.
Studies dealing with small particles using the DEP
have widely been carried out as follows: particle
separation, DNA analysis, and so on. To further
extend these studies, it is important to obtain an

appropriate electric field for the purpose. In general,

the influence of electric field is also influenced by the
material properties of the particles or medium to be
treated, the shape of electrode is also significantly
influenced as well(Park et al., 2005). Therefore, this
paper aims to study the electrode with the optimal
shape to produce the appropriate electric field according
to the purpose.

To achieve this goal, Yoon(Yoon et al., 2010) used
a topology optimization technique to obtain the
non-uniform electric field of high intensity. However,
topology optimization has disadvantages in that the
boundary of the obtained optimal shape is discrete,
the distinction of the structure boundary is not clear,
and the optimal shape with low productivity is obtained.
There is also a paper on the optimal shape of

electrodes using a genetic algorithm that requires a
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high performance computation device and long compu-
tation time, which shows a limitation of the method.
Therefore, we employ a shape design optimization
method.

In this study, we study a gradient-based shape
design optimization method using finite element method.
The easiest choice of design variable in the shape
design optimization is the nodal coordinates of the
finite element model. In this case, however, it is
difficult to obtain an unrealistic model with irregular
boundary due to too many design variables and to
maintain an adequate finite element mesh in the
optimization process. Therefore, to resolve this issue,
the design variables are parameterized by b-spline
functions. Also, in the shape design optimization,
boundary variations are performed at each optimi-
zation iteration. The nodal coordinates in the domain
must be updated to prevent mesh distortion problem.
The re-meshing has the disadvantage that the
optimization convergence may be deteriorated due to
the sudden change of the mesh structure and the loss
of original nodal connectivity. To overcome the afore-
mentioned issues, we employ a mesh regularization
scheme(Choi et al., 2015). The method minimizes a
Dirichlet energy functional to obtain an effective
mapping between the parametric and the physical
domains. The variance of the Jacobian is minimized
to obtain the mesh uniformity.

This paper proposes a continuum-based design
sensitivity analysis method developed for elect-
rostatic problem. By applying the techniques that are
used to obtain smooth boundaries and lower numerical
instability, we verify our proposed method through
optimal electrode design and optimization history in
numerical examples. Finally, we draw some conclusions
derived from this research and present possible topics

that can be studied in the future.

2. Shape deisgn optimization

We describe the governing equations and finite
element formulations for the electrostatic problems to

obtain the optimal shape of electrode for the desired
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performance. A continuum-based shape design sensi-
tivity expressions are derived for the general perfor—
mance functional using both the direct differentiation
method and the adjoint method.

2.1 Variational formulation of electrostatic

problem

Consider the electrostatic problem shown in Fig. 1.
E
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Fig. 1 Electrostatic problem

The general governing equation of electrostatic

problem is
—eviV=yq (1)

In addition to the governing equation (1), the

dirichlet boundary conditions are imposed as
V="V, on I’ (2)
The trial solution space Y is defined as
Y={VEH(2): V="V, on I} (3
and the space Y for the virtual electric potential as
Y={VeH(2): V=00n I} (4)
Using the virtual electric potential V that satisfies
the homogeneous boundary conditions, the weak form

of Eq. (1) is written as

/ eV Ve V VAR (5)

(9]
= / GV / (VE« n)dr" for all VEV
7] Y



A bilinear electric energy form is defined as

a( V,T/)E /QEVV' v VR (6)

and a linear load form as

dﬁz/ﬁM%/;ﬁ%JMﬂ (7)
(9] I

Since the objective function can include second
derivative of the response, we use quadratic shape
functions for approximating the geometry and the

response.
2.2. Material derivative

Consider the variation of domain from an original

domain 2 to a perturbed domain {2, as shown in Fig. 2.

Fig. 2 Variation of domain

Suppose that only one parameter 7 defines a trans—

formation 7. The mapping 7": z—uz,,x €12 is given by

ZE 7(z.7) (8)
and
N = (02,7 9

A design velocity field E* that is equivalent to a

mapping rate can be defined as

—— . dr, 4tz e1(z)
S(IT,T)— i dr o (10)

The point-wise material derivative of response 1V
=
at zE€ is expressed as

V= a4 VT(;-‘FTE(Z’))L:O =V4+VVe g' (11)

dr

where V' and VV are the partial derivative and
gradient of V, respectively.
Consider the general performance functional in

domain and boundary integral forms

:/ﬂam (12)
n
and

v = [ ole)ar (13)

The first order variations with respect to the shape

design parameter 7 are derived as

’—d/f
_/d

:/Q{f'(q;)+vf(;) - S(2)+fla)v
- [ 4w - (e

Jd2) (14)

2 )l g2

- (8(x)) }ag

and

, d —,
w=af ol (15)

-/ di{gT(Z)u |7 I Y,y
= [ g+ (vola) « wtrg())s(2) - whar

where K=V 2 is used. For a detailed derivation of

shape sensitivity expressions, the interested readers

may refer to the reference(Haug et al., 1986)

2.3 Shape sensitivity analysis-direct differe-
ntiation method

Taking the first order variation of the bilinear
electric energy form and linear load form which

respect to shape design parameter 7, we have followings

(v, V)] =d(V, W+ V. V) +al v, V) (16)
and
(V)] =edV) +e7) 17
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where (V1) and ¢(V) denote the explicit variation
terms with the dependence of their arguments on the
shape design parameter suppressed. For brevity of the
problem, the external loads are assumed independent
of shape variations. Using the linearity of energy and
load forms and the fact that V=1~V 1« E Eags.

(16) and (17) are rewritten as

d V)= V)-afV,V), vIVEY (18)
where
a(i/,T/)z/ Ve VIR (19)
2
1V =d(V)=ev V- 9 (20)

aVV)=d(V,V)=alv Ve E',T/)—a(VaVT/- S (@D

The load terms are assumed to be independent of
shape variations. By solving equation, the response
sensitivity ¥ can be obtained. However, in general,
not all the response sensitivities are required to
obtain the sensitivity of the performance measure.
Thus, the direct differentiation method is somewhat
inefficient in terms of computation costs. To improve
such problem, the following adjoint variable method
can be used to efficiently compute the design

sensitivity of a specified performance function.

2.4 Shape sensitivity analysis-adjoint variable
method

Consider a general objective function that may be

written in integral form as

v= [ dvvrvvivmae (22)

where VEHX ) and function ¢ is continuously
differentiable with respect to its arguments. By using
the material derivative formulas from Eq. (14), the
variation of the functional in Eq. (22) can be

obtained as

¢':/ [g*VV,—i_gVV ‘ VV’+97V(VV) « e v(v)(23)
o

+v o (g9))de
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Using the relation in Eq. (11), the partial deriva-

tives in Eq. (23) can be rewritten in terms of ¥ as:

w,:/rz[g'vm_g‘vv ' VV"g‘,v(vV) cevivi) (20

—g NV S—goy e vivres)
G+ VV(VIV e 9)de+ v - (g8)de
Note that V,V V and V(Vi/j depend on velocity
field .
An adjoint equation is introduced by replacing
Ve Y in Eq. (24) by the virtual electric voltage AEY
and by equating the sum of terms involving A with

the energy bilinear form, vyielding the adjoint

equation for the adjoint variable A as

aAN)= (25)

/ [g'VXJrgrvv . VXJrg’V(VV) o o V(VX)](ZQ,
2

vaey

To take advantage of the adjoint equation, evaluate

Eq. (25) at XE VE ¥V to obtain the following,

al\, V)= (26)

/0[9,VV+9,vv $ Vg ¢ s VIVI)de

Similarly, the design sensitivity equation (18) may
be evaluated at VEA, since both belong to Y, to
obtain

al VA= 6N —ay VA (27)

Recalling that energy bilinear form a(-e,e)is
symmetric in its arguments, we can conclude that the
left sides of Egs. (26) and (27) are equal. Thus, the

right sides of both equations yield the following useful

relation

/ [0 g oy Vidgoen » » vIvillde (28)

=i

ab(V)\



By substituting Eq. (28) into Eq. (24), the exp-

ression of w' in terms of V;\, and E is obtained as

W = 0N —dy V,A)—fQLg. NV S (29)

tggr s VIVV e gy + + vIViVI. S)

+V . (gg')]dﬂ

Note that the evaluation of the design sensitivity
formula in Eq. (29) requires solving the variational
Eq. (5) for V. Similarly, the variational adjoint Eq.
(25) must be solved for adjoint variable A. Using
finite element analysis, solving for A is efficient if
the boundary-value problem for V7 has already been
solved, since all that is required is adapting the
solution to the same set of finite element equations
with a different right side(adjoint load).

3. Shape design optimization techniques in finite
element analysis

We introduce techniques used to obtain smooth
boundaries and lower numerical instability in finite
element shape optimization. First, we describe the
shape-design parameterization where design variables
are parameterized using B-spline functions. Second,
we describe how the mesh regularization scheme in

this method is applied in finite element framework.
3.1 Design variable parameterization

In finite element analysis, the nodal coordinates on
boundary are usually taken as shape variables.
However, this independent nodal movement approach
makes very large set of design variables since all
nodes on the design boundary must be adopted as
design variables. This means that the design variable
number on the fine mesh increases exponentially.
Also the conventional method has a tendency to
generate unrealistic wiggly designs due to large design
space. This unrealistic design not only lowers the
manufacturability of the resulting optimal shape, but

also does not meet geometrical requirements on the

regularity of the boundaries.

To resolve such problems in taking nodal coordinates
on the boundary as shape variables, we use the para-
meterization technique that is not to take all nodal
coordinates on boundaries as design variables, but to
take only some representative nodal coordinates as
design variables. Although various functions can be
used as parametric functions, this paper adopts the
B-spline function as a parametric function(Braibant
and Fluery et al., 1984). The B-spline function is
easy to express complex geometry with a small set of
design variables and is flexible enough to satisfy the
regularity constraint at the boundary. Additional
control points can be introduced without increasing
the degree of the curve. Therefore, the parameteri-
zation of design variables using B-spline functions
avoids unrealistic design. Also, the H-refinement
property of the b-spline curves makes it possible to
easily calculate the interpolation values between design

variables.

3.2 Mesh regularization scheme

In shape design optimization, since the structural
boundary varies at every iteration, maintaining high
mesh quality is an important issue. Thus, it is still
an inherent challenge to update inner node coordi-
nates after boundary variations. Generally re-meshing
scheme is used to obtain high mesh quality if the
boundary variation is significantly large and compli-
cated. However, re-meshing scheme should not be
frequently used, since the large variation of mesh
structure may lead to sudden variations of the objective
function or violation of the constraints which prevents
smooth convergence to an optimal shape. Furthermore,
when the re-meshing scheme is used, the connec-
tivity between elements and nodes changes. Therefore,
when performing shape optimization, various methods
of maintaining high mesh quality without re-meshing
scheme have been studied. In this paper, we use a
mesh regularization scheme that minimizes the
following Dirichlet energy functional with convexity

properties.
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1
F,= 5/X( |V |2+ || Vi, || 2)dX (30)

1
- 5/ (u$>11 +u?@'2 +u§~xl +u§~,rz>dX
X

Since the Eq. (37) is convex, the minimization of
equation is equivalent to satisfying Laplace’s equation.
If it satisfies Laplace’s equations, mapping F:X
(1,25)— X(uy,u,) can be achieved and also bijective

mapping can be obtained by the RKC theorem.
4. Numerical examples

In this chapter, we demonstrate the effectiveness
of the methodologies presented in this paper using
various numerical examples. Section 4.1 uses the
sensitivity formulation derived from chapter 2. The
obtained expressions are verified by comparing with
the finite difference ones. In section 4.2, shape design
optimization is performed on 2D electrodes using the
shape sensitivities derived from chapter 2 and the

techniques described in chapter 3.
4.1 Shape design sensitivity verification

The derived shape sensitivity is compared with the
finite difference one to verify the derived analytical
expressions. Since the shape sensitivity provides the
search direction, it has a significant role in gradient
based optimization. The basic shape of electrode is
thin parallel plates. Therefore, in this paper, we try
to model and interpret the most basic 2D parallel
plate structure as the following figure.

I, and I, are each considered anode and cathode.
In anode boundary I';, the prescribed electric potential
value is 10, and in cathode boundary I, the prescribed

electric potential value is 0. The parallel electrode
geometry model is discretized with 2025 elements
and 8281 nodes.

velocity field for the shape DSA, the shape variation

To obtain the necessary design

in Fig. 3(a) is considered. The black arrows represent
velocity field which is comprised of all wvertical

directions to the surface on Dirichlet boundary. As
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(b)FEM model

(a) Problem definition

Fig. 3 Parallel electrode geometry

using the design variable parameterization method,
we don't need to take all nodes on Dirichlet boundary
as design variables to express the design velocity
field. We take only 32 nodes to represent design
velocity field. The design velocity field is easily
obtained from the perturbed node positions.

S(z)=3IN, oz, (31)

where 697, s the difference of node positions between
the original and the perturbed models. So, the design
velocity field is also interpolated by the same general
9-node quadratic shape function which is used
geometry field expression. The amount of design
perturbation is 0.01% and a linear velocity field is
assumed. In Table 1, the shape sensitivity of electric
voltage from equation is compared with the finite
difference results. The objective function is the electric
voltage on some selected points shown in Fig. 3(b).
As shown in Table 1, a good agreement of shape

sensitivity is observed.

Table 1 Comparison of design sensitivity with finite
difference method

Node FDM AVM Agreement(%)
A -2.798E-1 -2.798E-1 -2.7T98E-1

B -1.720E-2 -1.720E-2 -1.720E-2

C 4.593E-3 4.593E-3 4.593E-3

D 2.801E-2 2.801E-2 2.801E-2

E 5.998E-3 5.998E-3 5.998E-3
Now that we have obtained very accurate and

efficient sensitivity as shown Table 1, we are ready to

perform shape design optimization for the electrostatic

problem.



4.2 Shape design optimization for 2D electrodes

Some numerical examples for the shape optimi-
zation are demonstrated to show the applicability
and effectiveness of the proposed method. In all
examples, the permittivity of medium is assumed a
unit value. If the only one kind of medium exists, e
can be considered a constant value which can be
eliminated in governing equation. And also, all kind
of load terms in equation are assumed equal to zero.
We only consider electrode shape optimization where
electric charge density ¢ and electric flux E Z on
surface don't exist. Consider an electrostatic problem
where we have only an anode of 10V and a cathode of
OV.

For first example, the objective is to find an
optimal design for a maximum DEP force. The DEP
force is one of the useful techniques for dealing with
the movement of fine particles. Thus, we make the
following objective function since the DEP force has a

gradient of the square of electric field as its variable.

(32)

P =

1

3 [ (@ @m - (v} vy ) - (v nae,
2,

where {2, is an element located in the center of the

whole domain. Thus, the shape optimization problem

for maximum DEP force at center point is stated as

Mazximize 1,

when /Qdﬁz fﬁ 9. (33)

onstraint

The shape sensitivity of the volume can be written

as

Fig. 4 Four electrodes

d _ —
e f anmT:(] = / QV . Sd (34)

Consider the following 4-electrode square model.

The black arrows represent design velocity field
and only 22 nodes on Dirichlet boundary are taken as
design variables for design parameterization method.
The initial model is discretized with 3,721 elements
and 900 nodes. The B-spline function order for design
variable parameterization is 8 and the constraint
volume is 50%. Fig. 5 shows optimal shape and other

results with initial model.

Fig. 5 Shape optimization result for 4 electrodes

As shown in Fig. 5, it can be seen that the force of
the DEP force tends to increase due to the concave
shape of the central part. This is similar to the
smooth quadratic curve obtained by assuming a
polynomial function for the same example by Y.
Huang(Huang et al., 1991). The research analytically
obtained the shape of the electrode that maximizes
the DEP force in the paper. In fact, this shape has
been experimentally verified to maximize the DEP
force. Therefore, it can be seen that the simulation
results in this study agree with the known experi-
mental results.

To proceed with the optimal design in a more
complex geometry, consider the case where the initial
geometry is curved. In general, it is known that the

shape smoothly inward curved is close to the optimal
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shape for maximizing DEP Force. Therefore, we
investigate the influence of the shape of the electrode
on the size of the DEP force by performing the
optimization in the commonly known curved geometry.
The initial geometry with proper curvature, which
does not distort the mesh distribution, is made to be
Fig. 6(a) and optimization is performed shown in Fig.
6(b). The design velocity field is the same as in the
previous example and the order of B-spline function
for design variable parameterization is 9 and the

constraint volume is 50%.

>

L B 6 5 9 g 6 3
x x

Fig. 6 Shape optimization for initially curved example

As can be seen in Fig. 6, an electrode shape that is
more inward than a smooth curve which is obtained
in previous example. From this result, it can be seen
that as the curve has more concave curvature inward,
the magnitude of the DEP force increases. Therefore,
if a higher magnitude of force is required to use the
DEP force, it would be better to form the electric
field by designing the center of the electrode more

concave.

6. Conclusions

Using the finite element method and the efficient
adjoint DSA method, a shape sensitivity analysis is
derived for electrostatic problems in a steady state.
In the FEM-based approach, it is possible to vary the
boundary of a structure by directly placing the position
of the nodal points for the design variables. In the
FEM-based shape optimization, the shape of the
boundary is wiggled due to many design variables, so

the mesh quality is degraded at every optimization

230 EEMMTREIESE =2F H32H H45(2019.8)
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iteration. To solve this problem, design variables were
parameterized by B-spline function and minimized
Dirichlet energy function for every optimization iteration
to maintain high mesh quality. Since the sensitivity
of an analytically derived electrostatic problem is
applied to an optimization algorithm, we can obtain a
smooth convergence history. Through shape optimi-
zation research, we have obtained an optimal electrode
shape that produces an electric field distribution. The
achievement of this research will help to produce

electrodes for the purpose of future research.

Acknowledgments

This work was supported by the Technology
Development Program(S2591643) funded by the
Ministry of SMEs and Startups(MSS, Korea).

References

Braibant, V., Fluery, C. (1984) Shape Optimal
Design using B-Splines, Comput. Methods Appl.
Mech. & Eng., 44(3), pp.247~267.

Choi, M.-J., Cho, S. (2015) A Mesh Regularization
Scheme to Update Internal Control Points for
Isogeometric Shape Design Optimization, Comput.
Methods Appl. Mech. & Eng., 285(1), pp.694~713.

Haug, E.J., Choi, K.K., Komkov, V. (1986) Design
Sensitivity —Analysis of Structural Systems,
Academic Press Inc., New York.

Lee, S.-W., Cho, S. (2013) Isogeometric Shape Design
Sensitivity Analysis of Mindlin Plates, J.Comput.
Struct. Eng. Inst. Korea, 26(4), pp.255~262.

Park, J., Kim, B., Choi, S.K., Hong, S., Lee, S.H.,
Lee, K.I. (2005) An Efficient Cell Separation
System using 3D-Asymmetric Microelectrodes, Lab
on a Chip, 5(11) pp.1264~1270.

Pohl, H.A. (1978) Dielectrophoresis: The Behavior of
Neutral Matter in Non-uniform Electric Fields,
Cambridge University Press, Cambridge, UK.

Yoon, G.H., Park, J. (2010) Topological Design of
Electrode Shapes for Dielectrophoresis based Devices,
J. Electrost., 68(6) pp.475~486.



b

A
<)

2 A&

3t FA ol A 9
3t 7IM S AHE

%
sl

Faet A

IS

2 b

x|

571 9

S

DSA

ol
=~

23t

A
A
o

tedel oA

fl

0
o
2

571 9

[e)
23] DEP 3

.ol 7

e
o

=

BX

—~
o

oji

ey

el

e
F

1Ho

el
s
oF
bl
®T

N

fesd

471

LA %

CRER

M32H M4z(2019.8) 231

PN
=

i



