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7h @Ak Aol %9 & 2, 3 4,59 @& A7IN7IH T e vkl wE
B geNe 9, QR nFe Fatugada g = Hel e vlwsks dEs wEno A
Aol WIWHS A, o BA =sheA wuspgey,  FEFE &l 015a). AF 5o, 648 olHd ¥
WA B AVIE Avny, d2s Qre gye w46 AR vlasl shE el
#yae 2shd 28)o), wFAE 38hd 187 M QR AR wA ofvish #4149
SOFATHE 5] #2). 7 el x5 wrore xR de AkshE M e wEIRHS =t
3 Avpw WA gz 28hd 28bsjo] gl RER olW ARIRe] ZolHde WS mpMAA wA)
TE BT 53 F FATTEAN 1A wyshe o wEMAS WS BAeR Akdve Hold.
HAo A WEEHS TRl SR, 2017). pAE  TAHLE vlm wapAel A= 35hd 187]el HAle]
o7 FAFTEA Fol e T 2 = gz I olHE MR AAE rRse, olE HEH
TEE ALY AR dehd a9 Besle] 7o SR BT L APAS ol 5 s AAAd
o) 4% vushs BEL B wdPe guxoz MW WATTE T8 ASSAG dF Sl V=
AAE 4 S ARSAKIE 5] st =) A Y s AR e, v
dre @3 AR FATrES ujg vy BT SE JlRdEs AE Wy ARotRs
o Agdte wAYHe Aragoy), wamHe xS Wl AR gtk 1S Ao ol
Q= WMyt A% wale= Aot 9otk FAA 0 B T M fEs TASIEHIE 5] st Fx). @
(2 5] mety ol T
[Table 5] Introduction for commutative property of multiplication
&% qg v %
=94 A7) 2-2. HATT 2-2. FATF 3-1-3(10). A1l sy
- FAe ek FAAS )
e AN sl oz
FATTE VE Sud ¥ | Q@ walel elmer w4 E
Aw W | FATTEES Bres 34 |- olF FATTE dwshs | AL wsE Aol uy
ol A weH el chfgt Hgel A 6, 7, 8 99 wol HHe WAHCRE
A F 5E uolR gl
2o AeE g
N7AA Y FATFE, i 2 T md, A, BATTE M wE, FATTE
= sketen [
747 o 58 y T
CEERE0E LA LA LT
CEELE0E GEREbEE WEE BNTe B30
A 7} ChobGbw (A 111 1T] AL
o CEEEERE [TTTTTIT] 49T g
wdo] o T T TTTTT T :
. ) 2X6=12 Numbamnmmu:@,,x2:12
(S 2017, p. 51) (7550 9, 20158, p. 4D | (Bell et al., 2016a, p. 283)
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A v A Al WA ol HAH & =
Al ‘FAloA ME wdEE= & (turn—around rule %
for multiplication) ©]2= H]P A Ql && ALgett 3
v A, u3HAS A= o f83 S5 gsiA -

o

o 1 — =
= IEHOﬂ (29 113 2] Atete Aol SA4elt. A el
I R S R a5
2 dode wEHAS 29T F wds Akst
= W T AA, oW WA wEHAS dishe
2 EASGTHE 6] #x). WA FdFelAe 38 2
7] w3 GelA T A ool waE AR
(37 1] DEYE KT Al ABE & A= 2 A BUAS FESAARGLET, 018b). TAH R
SxHBell et al., 2016a, p. 281) 14x205 Axbehe AHS F e vld agoz A4
[Fig. 1] The gesture that can be used to teach S, o) Bl 14x10x29}F 14x2x100] A2 2
commutative property (Bell et al, 2016a, p. e NAE o2 AT 4 UEE FAHE 6]
281) s Iz, 2l 9x233 2L (3 2 (T A

) &2
)9 A e ARG F 9x233) 23X9E' H]

[Table 6] Application for commutative property of multiplication

3= SR H =
- 3-1-1. %4, 3-1-9. ¥4 -
i 2-201 4 W& ol .
47 2 B
3-2 w4l 3-2. 54 3-2-6(7) & 9 ¥4
3} A l
B8 ATE s ahel A
e = Aksts AAA wF | - (3 A F)x(F A H)E - PR P
M =] 51 Q %) or [} = 2 = (T X}‘j/] T (§} X]"j/] T)E
N2 o] &84 SEA Wl (A )< (F ANHE Cope A 3 &
5 . 5T
(@ Aol #xCE A 9l | A gom del Aag | VTS HET S E W
AL BHE v § 23x9¢9 T e 2E S T
9x23% wwskA &
AAA 2d g mdl 42 4] 2]
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(B JFAsE ], 2015¢, p. 76) | (Bell et al, 2016b, p. 579)
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[Table 7] Generalization for commutative property of multiplication

L 42 e
B 2-2 FATF /31 #A -
A7) 2 wlet 90 FAZLL 4‘?2.“' Jisel %k%” & 3-1-3(10). 49 =
A o AHH 9 HHA o
. - - - WEHAS AHHOF A | - ‘turn-around rule’o]ZHE AL
Ankstel O FE u FEIE w R 01401—‘ e Smao WAL olulal
Q o] Al AL 2= ol Auk 7NN Aol &-g3HA stz el WAL s,
o A oE AE TN Gu os wae Agae | oe wed & e e
o) ’ T = = A =
SUw o] ul-5} 3} A28
w#AE 2 9 g5

A nk3le] STE Y] Filk we e aHrY] wE R we

xd z, 2},

[1x0=0x]




g, 48, =Y 253 FudA A HAdS wAle At AES Amste Wt Bk a7 189
HATTE ALstE AAAA F 5o Fol 22 A WA ol 28hd 28] FAFTE BT
$& AEHH o gAsHA st on o|FeE wAT  TFE F (3 A H)xE A F)E TS ARt
TEAA Tx8% 879 Fol BTh= AAL wgow &y AT W F sums AU A4 A
FANA A55ek 48 vl Falw F Sl § ASAATHE 8] s qx). FARR Algo] 26
& B4 oke ARS okEalel FuR AN ez 2R ads @A 26 238 F W o3
(BRI 9, 2015a). ©]F 38hd 187]dl+= 13x33% Bete 2EAS AAER (XSS 2017, p. 56),
2ol (F A2 $)x(@ A2 P)E AdeE BHe A oW 268 238 F 9l HAE Bdo] 2e F5
E3l7] Aol 13x32 3x137 Zormz 39 os 3x9 T W o= e A 2x6=2x3)x2E xdE F 9l
oNF7HA Aztete] ©g Tahe oleltlol® AN 7] W] AW Aol AL AHEE o2 wkrh
IS 9, 2015h), 48hd 28l7lol= ‘Alakel oF e A= 38 28H71e] (3 Akl F)x(3 A
Folghe wglelM FAe wHRAS o, sk 2&  H)F Adshe B AL ARshe HPelA F
W4 (variable) & AH8-3te] dutslst Mol EAo|th(E  His7](doubling)  HEE  A7NEATHBell et al,

Hsse 9], 2015e). 2016b). dE &9 945 7 o 925 F Hisk= A
3o go] el Fg P ol ojn] %w Qe F 4
2. Z¥HHY Ax ¥ o] #& 7 sk Aolth( 8] st =), olw F
W E T8 g4A E95e 7 ‘ﬂ—’F% ‘helper facts'z}
7). Ax Aol =9 3 AR, FAL AN o A3How o % Ql
B B o mAAAA B9 AWEAL £ 8 ol BEAAE ARa A4S 5o 868
Ygate WS v Ay, = vad FEHe Ay fsixE 8x3 EE 4x65 helper facts® &
2 (@ A2 @ AR D9 Gl APEAE 8o F o + A A8 Awshe Aol 1
EQlekeE whde] A& (PADx(F), (Ruhx(R)9] A i o]FE YERT] dste] AAAE Hol RdE AL
Al AFRAS mQUTE AolE FANADIE  FIAAY FATTEES AHESe] ofwl % So| Fol
8] #=x). A4 WEe o3& 2k Mz 5o BAUEA Bl shithBell et al,
(£ 8] ZEeae £
[Table 8] Introduction for associative property of multiplication
El= aqE | =
=9 A7) 2-2. AT 3-1-9. &A1 3-2-5. w9k A dg
L (A A ) x (9 ol ) x (™) o . & =] dlo 3171’
T VAR Bk sl Il e it et RO N
= WY T suEA U AA = Wt
AAL2EE ylo] md
AlZtA mE g mdl e RA(EH), #4 TR ’
2k W 3L —
:1:: 2w 30| Q’. 2 x3=b sl e |
A2+ e B ::':'r.., 0 00 2@ 9= i Y
wdo o * :* ‘ ll-“"ll Reg = tEiguare fee LY
i Koei = 3 e fiant
X
(@EE. W17, 1. 56) S 91, 2015b, . %) (Bell et al,, 2016b, p. 475)
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[Table 9] Application for associative property of multiplication
S 5E E
3-1. _Tr_}d] 3-1-1. _-_/d] 3-1-9. _-_)\ﬂ —
<M>x<r§])§ A A o B A
3-2. #A 3-2. #A 3-2-8(2). gdd QA5
28 A7 2
)2} (RAD)x(2A)e] A (RADX(RADe A (RADX(R), (Ru)x(R))
A &= A = AL B A=
4-1 FAF Al 4-1. & F -
(Al A )< (R4 AL
W A= ~
A g | FEETCE SR A, %g 2 29), 54
3-2 _g_/ﬂ]
20x3){20x3 (203,203 203/ [20x3] 20x3] 20x3] 20X 3/ (20X 3] 3 2 8(3) ]—Ed CI’JZ':
20x32 Gnkelia? g 13 e 180 v L0
+ 20X302 2039] 1 oIz} x50 -
A2+ sxsmEAn 10BrsS,
© 20X 306 AR ofe] 7 g Stotuala, E20 101 r
E‘élﬂ Oﬂ I50&120% | 2207 L}
DX=DXEXID AXN=DXIKUOXI0 -l -
=60 =6x X310 # l0MBIEBE,
o Al 600 . BEAL 08IV ET, 5 s -
(R o ( (Bell et al., 2016b, p. 741)
(ﬂ%l‘i_‘ 2018]3, D 16) (EJ\#):Uu 1 2015C, p. 70)
2016b, p. 482). oA AgHAS mYditte AolE skt
S Quol A 33 1817]0] - Ae ol
A F (A, (FAxDY A A0S A 1k QA JAe) B
S BN APEAS MPNHeR Egsan A dekld FHe 2gUALS BESE Wt
(B 9, 2015b). dlE Bl 2x3=6°]2k= AMS  Hlal-#4% Zae oed) 2oH(E 9] #=2). 4 A
oz 104, 1000Relel B I9E BESl U TFHOR 109 WFE Fehe FAN 4F
20x3, 200x3 Ztzt = 429 Fol 10M), 100W) F7ke WMAS &Gtk 2oy @53 visol HE =Y
e TAE Amshe 20IE 8] she F22. 3} 54 Fgate] 10 EE X100 FHE G
AElshd, = G mEelA e FEHeR A% Al ske A g, didedAe Al o wdEs
WHS AL BP9 u) FHHolw ABAA PHoE  Axs] US FAZelm HIHel YHoz AP
AN, F2 g 2ds £ 2D 5% AESY AS 3 ueld ek ol 94 Jrw
ko g WEeAE (3 Ae ex(E Ay AFHAS E5)ske W] %‘%Ed A3 Avd.
el el APWAES A& EY 0 Wl @ PAHoR FTelAE 38 1819 (FAD(S
oAM= x10, ‘<1007 2 Ao wgE Fske W 33hd 287]o (PADx(EA), 434 18719 (4] 2
FXEAE AR stel & wPol} 17, 54
2) Fuz AT (AP} 22 F A F o) & Z83 7 BEE ARRSIATHIE 9] #Fx). olF
o EA aEEs Es] A4 WA WHes gshd 2l (AD(SADE AR W 2030l
5 z KN Z] &= 3] = -
(x H)X(x), (x ‘_|)><(7()E \_1 ] \_E]'(%H'JUL ], "f_‘ _‘:,—__ _",19] 3‘:'7_ Z]'iﬂ% 107H9] %‘%gi E?ﬂ?} X‘], (I:ﬂ
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A &FATHBell et al., 2016b). oS ,5x38 d ®
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A= Aot 9] 3he #=x). o|& B FHES
A A wAYe ¢ 2oz Yed mos 353
o8 FUg e & Ko HadA, 7 RFo
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Elai R e e i e
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S FHeksi ?LWOE dre 38hd 1879
(F 2 @ A F), (A 2= F)x(EE A= F)
£ g5 7 A 7o wAe ALsty 2dAE A
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EEERREUT NS
b Al S ARG, 2 A ol
YU BAE de] Astel, @& 43l A

d
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2015b, p. 106)
[Fig. 21 An example using associative property
(FRHE= et al,, 2015b, p. 106)
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[Table 10] Generalization for associative propert

c
o
[

of multiplication

3= a8 | 5
3-1. #Al/ 3-2. A4 3-1-9. ¥4 / 3-2-16. T4
Al7] 2wt 3-2-8(2). Fo Q14
4-1 FA A 4-2-1. 7A%ke] ok
A4 o A4 8T A 27
ol uk3} 9] . - - P4 EE 2o FAS 4 (Fahx(g), (Fuh)x(F)
a7 o A AR Aee gelse Axe (Z)x(2)E k7 109, 100
by re Al gel FollA AgE e ik ghal 2ok rEe 2
Ao 2 e _ ~
o AAE HAH R AEF A g
F3E S7F 1081/1008 L
A& el 1091/10081 &
s Hch
olurae) - A —r-:] FolA HE F FE
7 3 - AA FAY vA F o5 -
=2 = WA FE ge 2
(OxO)xa=x(0OxA)
3. gAY A& Wt o 2A FulEAS @ s 2A doe FEA
ATHBES e <), 20150, p. 28). <= E°l, [E 1113
7h dat A B9 7o)l 9x9%= 6x99F 3x9¢] F¥ prhe ﬁr% i ¥
Al Yol A FuHAES AS EYshE WEs b 3} A A== Aol
A A gber dE e BR (3 A w=r 3shd 18] (3 A4g] (& 2 PE
FIx(E 2E] F)E AEsHE WA EugAs & Axtels delg AR o Euigzas =98kt
A& 11] #=). vyt Eui e =98t + (Bell et al, 2016a). & =% Al7|5F o5 8 Ed2
AR 54 g AE Wt = tha A7t =), S EYste WEe g, dE vjao] B fAS
oo thgt AAIS -§- b3 2 T A& & F Utk FAHeR mFAE T 59
A $h=2 28k 28}7]of] FAFTE A L=, e T 34%—?% s gAY wleE dEE A
oluf FujgAS EUE w4y dEE A=A EabH (g A F)x(g A )Y At dYE AR
CHREE 2017). AZ B9, 6x29F 6x3& Wi 2d=2 3k AF B0, [F 1119 e 23} 2o] 3 F
AAZ & F FAAS Busty $47F 1AAE T 8 Y dFadding a group) & AET wd=
T o] ofGA Wae=A 1%}3}71] st Aot % g 2d2 3358 el F 3714 ¢ 5 9 F71
10] std =), SPUelAE ole WS BE sto] 3x63S AT F QtheE dEE AEseE Aol
FATFTE OFE AAdA dB3Hoz HEdrie ot oluol= A3 Ao AP ‘helper facts'E
o] EAolth, a8y FATFTE BT vl Fo= ggsto], 7 £ ¥& 73817 5t ojw g ‘helper
Grrstelge 53 A E B3 7 Y w8 wd
g o 5 & = Ok3] Bas A)EF
oz AA —,—‘O]a‘r%cm]'?'] wajste] Aatdd 3) S|l A 6x3S 6714 322 ol3|ahs uhHe] v
T (})\% WS B St S, 2017). ol M= 6x38 3704 626 rows of I)Z =t} o] &
QR 2y} w2 28hd 28kr)e] BT R AE T o BE Erlshw NS o wad
= S mer B 2 0. ) T e EEE T] Hste] s wdAd w2789 ¥
= X]Eo}\_ ol A BEujH2 S =93 ‘}MD}. :l‘ﬂ,L WAS saolA olalsl WA R sk 37]5]‘%]\;
AT 989 gdEd] #AS gdstA Atske o uralth
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[Table 11] Introduction for distributive property of multiplication

Ll g8 "=
. . 3-1-3(11). & HFS g3ty
=g A7) 2-2. FATT 22 AT 3-1-3(12). & %82 w7
FATFTY] Y& A S EATTY 488 AR S (3 A Px(EE A )
A& wet FAFLTFE o) gdte] OF | - FHFFE o] &3t ook of WA F4o W3}
sk At HEE g7 gt A s 97 ot A =F
A 44 2 Wi mddl =2 Wi mdl =2 W 2dl, 42
7 A IL 34
bl b3 Was, 0k ?,".-"ff}#f':
VEECE Halpar Fagt= 53 3= I8
. 000666 | 000000 i
B ¥ = b + 0 T and grows of
PEER “eREEw GeE0ew A= bR+ 0L | § : " EEE I-s-:'-;'fi-mr’*
s Taig
B woff| 55
(ALSH- 2017, p. 36) He E (Bell et al. 2016a, p. 289)
(WEIF#5 50 €], 2015a, p. 36)
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otk W= mapA e} o]t A& WAL ARG gt
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AAQD A= el= mREE Apol7h ek A1

HA g O A x(E A ), (A A

MRS AHoR ANAHIE 12] s 22)
FAHOR Nerel 4 AUFE 59 Fohe Y
& & mYe Agal, s

Az A sk AoltHalSE, 2018
2018b). el M= ol WS 33hd 1, 28] &
Qb d#EHow Agshzd, deHer 38hd 2817

12 skt 2. dopt 4shd 186l (A A
SCE A e AN e Amss A
B2upER S AASHEE, olueli o) AAllN TE
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[Table 12] Application for distributive property of multiplication

= SE e
3-1 &4 3-1-1. %4, 3-1-9. &4 -

G A F)x(E A )

GF AR @ AR )| o AR wee e
o A PelE AT F |- (5 A P« A 5, -
Az A7 (A AHe) P A 5
o Az A2
R o 325 waoh w4 Wt
32 §4 3-2. %4 5-2-6(7) 2 9l Bl
S ul
e (8 A2 Fx(@ A 5
19 S A @ A ), |- R A xR A S, | ot A A%s @
@AEADE AL | A PxE A ) | P
AE ARG F AU | o A AAS ARd F [ (R, (B4R
A7 Az QAT Aeel derd A g
E

Azt AAF

A=A Ad3

41 FA FEEI 41 AR o]
e PG I S ETC I = B N A e e M o s

Ej ;ﬁj‘ ;;;g;};i;;: G e x A ) | A k@ A )
HOHEE ARE g oy 92 Axe 5| 9 A% 992 Axe F

A=A A43

R A I R ! W wd, HA7g ol
e 2 AL2HE glo] md Foxug 2d w
3-1-9. FA4
_ 3L A -
371w 3-2-5. ®Foh wAl A
9
. - 7x5=35
) s > |4 35+28=63
— 1 7x4=28
e N e e e S07Xx9=7x5+7x4
A— L ) mimid :35+28
Pr——— =63

(&5 2018a, p. 76)

W33
(I A5 91, 2015b, p. 99)

(Bell et al., 2016b, p. 517)
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mde] q

2 4

w

(A5, 2018Db, p. 18)

3-2-16. ¥4l

12X23 ——
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12x 3= 36

(#EIF755e 9), 2015¢, p. 72)

4-1. gAEFe] w4

#
30 m* 7
300 10%30

10 /7 4o 104
" =117 210 7430
| @ Bz 7

(Bell et al., 2016¢, p. 379)
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[Fig. 3] An example using distributive property
(Ministry of Education, 2018¢c, p. 64)
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[Fig. 4] An example teaching the (two digits) x

oII
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(one digit) (BHEE= et al, 2015b, pp. 18-19)
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A Comparative Analysis of Instructional Methods
on the Properties of Multiplication in Elementary Mathematics Textbooks of
Korea, Japan, and the US

Sunwoo, Jin
Youngduk Elementary School, Republic of Korea
E-mail : camyl7@naver.com

Even though the properties of operations in multiplication serve a fundamental basis of conceptual
understanding the multiplication with whole numbers for elementary students, there has been lack of
research in this field. Given this, the purpose of this study was to analyze instructional methods related
to the properties of operations in multiplication (i.e., commutative property of multiplication, associative
property of multiplication, distributive property of multiplication over addition) in a series of
mathematics textbooks of Korea, Japan, and the US. The overall analysis was conducted in the
following two aspects: (a) when and how to deal with the properties of multiplication in three
instructional context (i.e., introduction, application, generalization), and (b) what models use to represent
the properties of multiplication. The results of this showed that overall similarities in introducing the
properties of multiplication .in (one digit) x (one digit) as well as emphasizing the divers representation.
However, subtle but meaningful differences were analyzed in applying and generalizing the properties of
multiplication. Based on these results, this paper closes with some implications on how to teach the

properties of operations in multiplication properties in elementary mathematics.
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