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TOTAL DOMINATION NUMBER OF CENTRAL GRAPHS

FARSHAD KAZEMNEJAD AND SOMAYEH MORADI

ABSTRACT. Let G be a graph with no isolated vertex. A total dominating
set, abbreviated TDS of G is a subset S of vertices of G such that every
vertex of G is adjacent to a vertex in S. The total domination number
of G is the minimum cardinality of a TDS of G. In this paper, we study
the total domination number of central graphs. Indeed, we obtain some
tight bounds for the total domination number of a central graph C(G) in
terms of some invariants of the graph G. Also we characterize the total
domination number of the central graph of some families of graphs such as
path graphs, cycle graphs, wheel graphs, complete graphs and complete
multipartite graphs, explicitly. Moreover, some Nordhaus-Gaddum-like
relations are presented for the total domination number of central graphs.

Introduction

The concept of total domination in graphs was first introduced by Cockayne,
Dawes and Hedetniemi [2] and has been studied extensively by many researchers
in the last years. The literature on this subject has been surveyed and detailed
in the recent book [3]. In this paper, we study the total domination number of
central graphs. In the sequel we remind some concepts and terminology which
are used in this paper. Let G be a graph with the vertex set V(G) of order
n and the edge set E(G) of size m. The open neighborhood and the closed
neighborhood of a vertex v € V(G) are Ng(v) = {u € V(G) : ww € E(G)}
and Ng[v] = Ng(v) U {v}, respectively. The degree of a vertex v is defined as
dega(v) = |Ng(v)|. The minimum and mazimum degree of a vertex in G are
denoted by § = §(G) and A = A(G), respectively. We write K,,, C,, and P,
for a complete graph, a cycle graph and a path graph of order n, respectively,
while G[S], W, and Ky, n,,...n, denote the subgraph of G induced on the
vertex set S, a wheel graph of order n + 1, and a complete p-partite graph,

respectively. The complement of a graph G, denoted by G, is a graph with the

vertex set V(G) such that for every two vertices v and w, vw € E(G) if and
only if vw ¢ E(G). A wvertex cover of the graph G is a set D C V(G) such
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that every edge of G is incident to at least one element of D. The vertex cover
number of G, denoted by 7(G), is the minimum cardinality of a vertex cover of
G. Moreover, an edge cover of G is a set S C F(G) such that every vertex of
G is incident to at least one edge in S. The edge cover number of G, denoted
by p(G), is the minimum cardinality of an edge cover of G. An independent
set of G is a subset of vertices of GG, no two of which are adjacent. Also a
mazimum independent set is an independent set of the largest cardinality in
G. This cardinality is called the independence number of G, and is denoted by
a(@G). The cliqgue number of G is the maximum cardinality of the vertex set of
a clique in G. For a tree graph G, any vertex of degree one is called a leaf and
the neighbour of a leaf is called a support vertex of G.

Vernold et al., in [5] by doing an operation on a given graph G obtained the
central graph of G as follows.

Definition 0.1 ([5]). The central graph C(G) of a graph G of order n and size
m is a graph of order n +m and size (Z) + m which is obtained by subdividing
each edge of G exactly once and joining all the non-adjacent vertices of G in

C(G).

We fix a notation for the vertex set and the edge set of the central graph
C(G) to work with throughout the paper. Let V(G) = {v1,v2,...,v,}. We
set V(C(GQ)) = V(G) UC, where C = {¢;; : vijv; € E(G)} and E(C(G)) =
{vicij, V;Cij 1 ViV; € E(G)} U {’Ui’l}j 1 ViU; ¢ E(G)}

Definition 0.2. A total dominating set, briefly TDS, of a graph G is a set
S C V(G) such that Ng(v) NS # 0, for any vertex v € V(G). The total
domination number of G is the minimum cardinality of a TDS of G and is
denoted by v¢(G). Moreover, a total dominating set of G of cardinality v(G)
is called a ~;-set of G.

For the standard graph theory terminology not given here we refer to [6].
Throughout this paper, G is a non-empty, finite, undirected and simple graph
with the vertex set V(G) and the edge set E(G).

The paper proceeds as follows. In Section 2, first we present some upper
and lower bounds for 1 (C(QG)) in terms of 7(G), p(G) and the clique number
of G (Theorems 1.1 and 1.2). Then it is shown that the only graph with n
vertices for which the upper bound n + [n/2] —1 is gained for v,(C(G)), is the
complete graph K,,. Moreover, among other results we give some nice bounds
for 4:(C(QG)), when G is a tree. In Section 3, we determine v:(C(G)) explicitly,
when G is P,, C),, W,,, K,, or a complete multipartite graph. Finally, in Section
4 we present some Nordhaus-Gaddum-like relations for the total domination
number of central graphs.

1. General bounds

In this section, we establish some bounds on the total domination number
of a central graph. At the first step we consider connected graphs.
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Theorem 1.1. For any connected graph G of order n > 2,
7(G) <n(C(G)) < 7(G) + p(G).
Also these bounds are tight.

Proof. Let G be a connected graph of order n > 2 with the vertex set V' =
{v1,v2,...,0,}. Then V(C(G)) = VUC, where C = {¢;; : v;v; € E(G)}. Let D
be a minimal vertex cover of G such that 7(G) = |D| and S be a minimal edge
cover of G such that p(G) = |S|. Then we show that W = DU{¢;; : vv; € S}
is a TDS of C(G). For any v; € V(G), there exists a vertex v; € Ng(v;)
such that v;v; € S. Thus ¢;; € W N Ng(g)(vi) # 0, and we are done. Now
for any arbitrary vertex ¢;; € V(C(G)), we show that Ne(g)(cij) N W # 0.
Since D is a vertex cover of G, we have either v; € D C W orv; € D C W.
So either v; € NC(G)(Cij) NW orwv; € NC(G)(Cij) N W. Hence W is a TDS
of C(G) and v(C(G)) < |W| = |D| + |S] = 7(G) + p(G). To show that
T(G) < 1(C(Q)), it is enough to note that for any vy;-set of C'(G) say A, we
have ) # Ne(q)(cij) N A C {v;,v;} for any vv; € E(G). In other words, for
any edge v;v; € E(G), we have either v; € A or v; € A. Hence ANV(G) is a
vertex cover of G. We have 7(G) < |A| = (C(G)).

The lower bound is tight. Because if G = P, for n > 6, then v(C(G)) =
7(G) by Proposition 2.1. Also by Theorem 1.3 the upper bound is tight. O

Theorem 1.2. For any connected graph G of order n > 3 with clique number
w, 3< 1 (C(@) <n+ f%] — 1. Also these bounds are tight.

Proof. Let G be a connected graph of order n > 3 with the vertex set V' =
{v1,v2,...,0,}. Then V(C(GQ)) = VUC, where C = {c¢;; : v,v; € E(G)}. If n =
3, then G is isomorphic to P; or K3, and so C(G) is isomorphic to cycles Cy or
Cs, and (C(G)) = 3 or 4, respectively. So we assume n > 4. Let S = ScU Sy
be a TDS of C(G), where S¢ = SNC and Sy = SNV. By contradiction assume
that |S| = 2. Since S is a total dominating set, Sy # 0. If S¢ = 0, then |Sy| =
|S| = 2. Let S = {v;,v;}. Since G is connected of order at least 3, without loss
of generality, we may assume P : v;v.v; be a path of order 3 as a subgraph of
G. This implies that C(G) contains the path Ps : v;ciivicijv; as a subgraph.
Obviously N(v¢)NS = 0, is a contradiction. Now, let S = {v;, ¢;;}. Then there
exist ¢, € C, such that i # il,j/ and N(Ci/j/) NS = 0, is a contradiction.
Hence v(C(G)) > 3. Let G[{v1,v2,...,v,}] be a complete graph of order
w<ninG. Since S ={v;: 1 <i<n—1}U{cai—ye): 1<i< [w/2]}is a
TDS of C(G) with cardinality n+ [w/2] — 1, we have 1, (C(G)) < n+[w/2] —1.
The lower bound is tight. Because if G = K1, (n > 2), then 1 (C(G)) = 3 by
Proposition 2.6. Also the upper bound is tight by Theorem 1.3. (]

Theorem 1.3. Let G be a connected graph of order n > 2. Then
(C(Q)) =n+ [n/2] — 1 if and only if G = K.
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Proof. Let G = K,,. Then obviously 7(G) = n — 1 and p(G) = [n/2]. So
7%(C(GQ)) < n+ [n/2] — 1 by Theorem 1.1. Now let S be a y-set of C(G).
Then S; = SNV(G) is a vertex cover of G, since ) # Ne(q)(cij) NS € {vi, v}
for every v;v; € E(G). Also Sy = SN {c;; : viv; € E(G)} is in a bijection
with an edge cover of G. Indeed, set Sy = {v;v; : ¢;j € So} = {vv; : ¢;j € S}.
For any v; € V(G), 0 # Newoy(vi) NS € {cij : v; € Ng(vi)} because G
is a complete graph. So there exists v; € Ng(v;) such that ¢;; € S. Thus
viv; € Sé. This implies that S; is an edge cover of G. We have S = 57 U .S,
and S1 NSy = 0. Thus v(C(G)) = |S| = |S1] + [S2| > 7(G) + p(G) =
n+ [n/2] — 1. Hence the equality holds. Now let 1 (C(G)) = n + [n/2] — 1.
By Theorem 1.2 %(C(GQ)) < n + [w/2] — 1 where w is clique number of G.
Thus n+ [w/2] =1 > n+ [n/2] — 1. Hence [w/2] = [n/2]. Son—1<w <n.
We show that w = n. Note that if n is odd, then [(n — 1)/2] # [n/2].
Hence w = n. So we assume that n is even. Let w = n — 1. Without loss
of generality let G[{v1,...,vp—1}] & K,,—1 and v,_1v, ¢ E(G). Then the set
{v1, .. vn2 U {cn JU{c@iy @ity : 1 <@ < [(n—2)/2] = [n/2] -1} is a TDS of
C(G) of cardinality n+[n/2]—2, which contradicts to v (C(G)) = n+[n/2]—1.
Sow=mnand G = K,. O

Since for any connected graph G of order n > 3 with A(G) < n — 2, the set

S =V(G) ={v1,...,v,} is a TDS of C(G), the upper bound n + [w/2] — 1 in
Theorem 1.2 can be improved to n, as it is stated in Theorem 1.4.

Theorem 1.4. For any connected graph G of order n > 3 with A(G) <n—2,
3 <(C(G)) <n.
The next theorem shows that the upper bound in Theorem 1.4 is sharp.

Theorem 1.5. For any n > 4, there exists a connected graph G of order n
with v.(C(G)) = n.
Proof. Set
G = K, \ {vai—1v2; : 1 < i < |n/2]} for even n,

and

G =K, \ ({vivn} U{vgi_1ve; : 1 <i < |n/2]}) for odd n.
Let S be a TDS of C(G). We claim that [SNV(G)| > n — 2. Otherwise, there
exist at least two vertices v;,v; € V(G) such that v;v; € E(G) and v;,v; ¢ S.
We conclude that N(c;;) NS = (), which is a contradiction. So without loss of
generality, we can assume that V' \ {vs,vs} C S, because vsvy ¢ E(G). Now
since ) # Neay(vs) NS C {e3; = vzv; € E(G)} and 0 # Negy(va) NS C
{v3,c45 1 vav; € E(G)}, so |S| > n. Thus % (C(G)) > n. Now, by Theorem
1.4, the equality holds. O

In the next two theorems we consider tree graphs.

Theorem 1.6. Let T be a tree of order n > 3 such that A(T) > n —3. Then
7(C(T)) = 3.
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Proof. Let T be a tree of order n > 3 with the vertex set V = {vg, v1,...,05p-1}
and set A = A(T). Then V(C(T)) = VUC, where C = {¢;; : v;jv; € E(T)}. By
Theorem 1.2 it is enough to show that v:(C(T)) < 3 or equivalently C(T) has
a TDS with 3 elements. Let A =n —1 and deg(vg) =n—1. Then T = K; ,,_4
and S = {vg,v1,co1} is a TDS of C(T). Let A =n — 2 and deg(vg) = n — 2.
This implies that there exists a vertex v; € Np(vg) such that v; is a support
vertex of T. Then S = {vg,v;,co;} is a TDS of C(T). Let A = n — 3 and
deg(vg) = n — 3. Then T has either two or three support vertices. In the
following we show that in any case, C'(T) has a TDS of cardinality 3.

Case 1. Assume that T has two support vertices say v; and v;. If ¢, # 0,
then S = {vg, w, z} is a TDS of C(T) where w € Nt(v;) and z € Nt(v;). Now,
let 0 € {i,7} and vy be a support vertex of T. Let vy be a leaf of T such that
d(vo,v) > 1. If d(vg,vr) = 2 and v, v¢, vy is a path in T, then S = {vg, v¢, cot }
is a TDS of C(T). Also if d(vo,vr) = 3 and wvg, vs, vg, vy is a path in T, then
S = {vo, v, i} is a TDS of C(T).

Case 2. Assume that T has three support vertices and vg, v; and v; be three
support vertices of T. Then S = {wvg,v,w} is a TDS of C(T) where v and w
are two leaves of T such that v € Ny(v;) and w € Np(v;). O

As an immediate consequence of Theorem 1.6 and Propositions 2.1 and 2.6,
we have the following result.

Corollary 1.7. Let T be a tree of order 3 <n < 6. Then ~v(C(T)) = 3.

The next theorem improves the upper bounds given in Theorems 1.2 and
1.4 for a tree graph T of order n > 7 with A(T) <n — 4.

Theorem 1.8. Let T be a tree of order n > 7 such that A(T) <n —4. Then
v (C(T)) < [2n/3]. Moreover, the upper bound is tight.

Proof. Let T be a tree with the vertex set V = {vg,...,v,-1}. Then V(C(T)) =
V' UC where C = {¢;; : viv; € E(T)}. Choose a leaf vy of T and label each
vertex of T with its distance from vy modulo 3. This partitions V to the three
independent sets Ag, Ay and Ag where 4; = {u € V : dr(u,v) = ¢ (mod 3)}
for 0 <4 < 2. Then by the piegonhole principle at least one of them, say Aj;,
contains at least one third of the vertices of T, and so |A; U Ag| < [2n/3],
where {j,k} = {0,1,2} \ {i}. Moreover, for every vsv; € E(T), either v, €
Aj UA, or vyp € Aj U Ay, because dr(vo,vs) # dr(vo,v) (mod 3), and so
NC('JI‘) (Cst) N (Aj U Ak) #+ (. We have vy € Ag. If ‘A0| =1, then T & Ky
which contradicts to A(T) < n —4. So |Ag| > 2. If |A1| = |A2| = 1, then
A(T) > n — 4 which is a contradiction. So |A1| > 2 or |A3| > 2. The following
cases may happen, where in each case we present a set S which is a TDS of
C(T) with |S] < |2n/3].

Case 1. Let |A;| = 1 and |As| > 2. Assume that A7 = {v1}. Then
any element of Ay is a leaf of T and any element of A5 is adjacent to vy. If
|Ag| < |Asz|, then S = Ag U Ay is a TDS of C(T), since |Ag| > 2 as was shown
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above. One can easily see that |S| < [2n/3]. If |43 < |Ao|, then we set
S = {vo,v;} U Ag, where v; € Ag and v; # vg. One can see that S is a TDS of
C(T). Since |Ag| + |A2] = n — 1 and |As| < |Ao|, we have |[As| < |n/2]| — 1.
Thus |S| = 42| +2 < |[n/2| +1 < [2n/3], since n > 7.
Case 2. Let |[A3| =1 and |A1] > 2. If |Ag| < | A1, then we set S = AgU Ay
and otherwise we set S = A3 UA. Then S is a TDS of C(T) with |S| < |2n/3].
Case 3. Let |A;] > 2 for every 0 < ¢ < 2. Let p,q € {0,1,2} such that
A, U Ayl < |2n/3]. Then we set S = A, U A,. For every v; € A; where
t = p, q, there exists at least a vertex v; € A; such that v; € Neer)(vi) NS, If
S = AoUAl, then for every v; € AQ, Vo € Nc('ﬂ‘)(’l}z)ﬂs Ifs = A1UA2, then for
every v; € Ag, there exists at least a vertex v; € Ay such that v; € Ne(r)(vi)NS.
Let S = AgU Ay and v; € Ay. Since |Ag| > 2, there exists at least a vertex
vj € Ag such that v; € Nory(vi) N S.
By Proposition 2.9 the upper bound is tight for T =57 22 and T = 5} 3 3.
O

The next theorem gives some lower and upper bounds for the total domi-
nation number of the central graph of a disconnected graph, which none of its
connected components is K.

Theorem 1.9. Let G be a graph of order n > 2 with no isolated vertex. If
G=G1U-- UGy, that is G, ...,Gy are all connected components of G with
w > 2, then v(C(G)) has the following tight bounds:

T(G1) + -+ 7(Gw) <n(C(G)) <n—w

Proof. Let |V(G;)| = n; > 2 for 1 <i < w. Obviously C(G) is a graph which
is obtained by replacing every maximal independent set of cardinality n; in
Kni no...my, by C(Gy). Tf V(G;) = {vi,vi,..., 0% } and C; = {Cz/y’ : ,v}, €
E(G;)} for 1 <i < w, then

V(IC(@)=V(G1)UV(Ga) U UV (Gy)UCLU---UCy.
Since S = ;2 (V(G;) \ {v},,}) is a TDS of C(G), so

7n,L

W(CG) 18] =S s —1) = n—w.
i=1

Now let S be a y;-set of C(G). Then for any 1 <i < w, the set S; = SNV(G;)
is a vertex cover of G, since () # Ne(a)(chi;) NS C {vz,, vl } for every vj, v}, €
E(G;). Thus either v}, € S; or v}, € ;. So %(C’(G)) >7(Gh) + -+ 7(Gy).

The upper bound is sharp for G = K,,, UK,,U---UK,, . Because it can be
easily seen 7(K,,,) = n;—1 for every 1 <i < w. So(C(G)) > > (n;—1) =
n—w. Also, the lower bound is sharp for G = K , - 1UKj py—1U- - UK 5, —1-
Because T(Kl,nl,l) =1for every 1 <14 < w and then v (C(G)) > 7(K1,n,-1)+

-+ 7(Kipn,-1)) = w. Now since S = {v},v},..., 0¥} is a TDS of C(G) with
cardlnahty w where v € V(Kj,,-1) and degK1 _,(v}) = n; — 1, we have
W(O(@) = w. 0



TOTAL DOMINATION NUMBER OF CENTRAL GRAPHS 1065

The next theorem gives some bounds for the total domination number of
the central graph of join of a graph with an empty graph K,. We recall that
the join G o H of two graphs G and H is the graph obtained by the disjoint
union of G and H and joining each vertex of G to all vertices of H.

Theorem 1.10. For any connected graph G of order n > 2 and any integer
p=1

1(C(G)) +1 < (C(G o Kp)) < 1 (C(G)) + max{2, p}.
Also the bounds are tight.

Proof. Let G be a connected graph with the vertex set V3 = {vy,...,v,} and
V(K,) = Va = {vni1,.-,Untp}. Then V(C(Go K,)) = V(G o K,)UCy UCa,
where C1 = {ci; : viv; € E(G)} and Co = {c(p44); : 1 <i < p, 1 < j < n}.
Let p = 1. Then for any ~-set S of C(G), S =Su {Vnt1,c1tnen)} 18 2
TDS of C(G o Kp). Thus v (C(G o K,)) < %(C(GQ)) + 2. Now, let p > 2.
Similarly for any ~,-set S of C(G), 8 = SUV, is a TDS of C(G o K,) and
1 (C(GoK,)) <1 (C(G)) +p, as desired. Now we prove the lower bound. Let
S be a y-set of C(G o K,). Two cases may happen.

Case 1. Assume that for every v; € Vi, Negy(vi) NS # 0. Then this
implies that S\ (V2 U Cs) is a TDS of C(G), since for any ¢;; € Ci, 0 #
Neaorey)(€i) NS = Nea)(cij) NS € {vi,v;}. Note that for every 1 < i <p,

(1) 0# Negorey) (Un+i) NS S (V2 \ {vni}) U{ensi; : 1 < j <n}.

Let w € NC(GoIE)(”ﬂH) N S for some i. Then by (1), w € (Vo UCs) NS
which implies that |S\ (Vo UCs)| < |S|. Hence 1:(C(G)) < S\ (Vo UC)| <
S| = 1=7(C(GoKy)) — 1.

Case 2. Assume that there exists a vertex vy € Vi such that Ne(g)(vi) N
S = (). Without loss of generality assume that {v;, € Vi : Nog)(vp) NS =
0y = {v1,...,vm} for some 1 < m < n. Then for any 1 < k < m, we
have () # Neaory) (k) NS S {k(ntyy) = 1 < j < p}. Thus there exists
Ch(n+jr) € NC(GoITP)(”k) NS for some 1 < jp < p. Also for any 1 < k < m,
fix an element cgy,, € C1 (note that since G is connected such element exists).
Now, set

S =[S\ {crmijp) 1 1 <k <m})U{crm, : 1 <k <m}n(VLUCy).

One can see that S is a TDS of C(G) with |S’| < |S|. If there exists an element
Un+i € Vo NS, then we have |S'| < |S| —1 and then 1 (C(G)) +1 < |5 +1 <
S| = % (C(G o Kp)). Now let Vo S = 0. Since § # Nogorery (Cinr1)) NS €
{vi,Ups1} for every 1 < i < n and v,y1 ¢ S, this forces V; C S. Thus for
any 1 <k <m, Neey(vi) NVi € Ney(ve) NS = 0 which implies that vy, is
nonadjacent to v; in C(G) for every 1 < i < n. Therefore noting the fact that
vy is adjacent to no vertex of V4 and that V3 C S, we have S” = 5"\ {v1} is a
TDS of C(G) with |S”| < |S| — 1 and we are done.
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The lower bound is tight. Because if G = K,,, n is odd and p = 1, then
GoK, =2 Kpypand n+ [n/2] —1+1 =%(C(G) +1 =% (C(GoKy)) =
n+1+[(n+1)/2] — 1 by Theorem 1.3. Also the upper bound is tight for
p = 1. Because if G = K,, where n is even, then G o K; = K, and
(n+n/2]1=1)+2=%(C(G)+2=3(C(GoK1))=n+1+[(n+1)/2] -1
by Theorem 1.3. ([l

The following lemma may be useful in turn.

Lemma 1.11. For any connected graph G of order n > 3 and size m, a(C(Q))
=m.

Proof. Let G be a connected graph of order n > 3 and size m with the vertex set
V ={vi,v2,...,0,}, and so V(C(G)) = V UC where C = {¢;; : v;v; € E(G)}.
For n = 3 the result is clear. So we may assume that n > 4. Let S be
an arbitrary independent set of C'(G) and S = S¢ U Sy be a partition, where
Sec = SNC and Sy = SNV. Without loss of generality let Sy = {v1,va, ..., vx}.
Then Se¢ = C\ (Uy<i< No(a)(vi)), and so

S| =ISv|+[Sel=k+m—Icn( | New@))l-
1<i<k

We show that
cn(|J New (i)l = k.
1<i<k
For k = 1,2, the inequality is clear. So, let k > 3. Since Sy is independent in
C(G), the induced subgraph G|[Sy] is isomorphic to the complete graph Ky,
and so
k
; > >
en( U New @)= (3) 2k
1<i<k

So |S] < m. One can see that C = {¢;; : v;v; € E(G)} is an independent set of
C(G) of cardinality m. Thus a(C(G)) = m. O

2. Central graph of known graphs and their total domination
number

In this section, we obtain the total domination number of the central graph
of some special families of graphs. The total domination number of the central
graph of cycles and paths are given in the first two propositions.

Proposition 2.1. For any path P, of order n > 2,
2 ifn=2,

% (C(P,)) =14 3 if n=3,4,5,
In/2| otherwise.
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Proof. Let P, : v1vz--- vy, be a path of order n > 2 in which v;v; € E(P,) if
and only if 2 < j =i+ 1 <n. Then V(C(P,)) = VUC where V = V(P,) and
C={citi+1 : 1 <i <n—1}. Let S be a TDS of C(P,). Since C(P) = P,
we have v (C(P)) =2 . Let n € {3,4,5,6}. Then v,(C(P,)) = 3 by Corollary
1.7. Now let n > 7. By Theorem 1.1 »(C(P,)) > 7(P,) = |n/2]|. Now since
S =A{vy :1<i<|n/2]}isaTDS of C(P,), we have 1, (C(P,)) = [n/2]. O

The set {va,v4,v6} is a min-TDS of C(P;) as illustrated in Figure 1.

FIGURE 1. A min-TDS of C(Pr)

Proposition 2.2. For any cycle C,, of order n > 3,

4 ifn = 3,4,
7(C(Ch)) :{ [n/2] otherwise.

Proof. Let Cy, : v1va--- vy, be a cycle of order n > 3 in which v;v; € E(C,,) if
and only if j =i41 (mod n). Then V(C(C,)) = VUC where C = {c;(i11) : 1 <
i <n—1}U{cin}. Let Sbea TDS of C(C,). Let n = 3. Since N¢ (¢, (cij)NS #
0 for every ¢;; € C, so [SN V| > 2. Also since N¢(c,,)(vi) NS # 0 for every
v, € V,s0|SNC| > 2. Hence |[S| = [SNV|+]5NC|] > 4. Now since
S = {v1,va, 12,3} is a TDS of C(C3), we have 3 (C(C3)) = 4. Let n = 4.
Since Ne(c,)(cirj) NS # O for every cyj € C, so [SNV| > 2, and there
exist two indices ¢ and j such that |[i — j| = 2 and v;,v; € S. Without loss
of generality, we can assume that vi,v3 € S. Since Ne(c,)(ve) NS # 0 for
k = 2,4 and also N¢(c,)(v2) N Nee,y(va) = 0, so [S| > 4. Now since S =V
is a TDS of C(Cy), we have %(C(C,)) = 4. Let n > 5. By Theorem 1.1
Y(C(Cr)) > 7(Cy) = [n/2]. Now since S = {vg;—1 : 1 <i < [n/2]} is a TDS
of C(Cy,), we have v(C(C,)) = [n/2]. O

Figure 2 illustrates the central graph of the cycle C7; with a min-TDS
{’UQ, V4, Vg, 7}7}.

We use the following theorem which was proved in [1] to compare the total
domination number of a path and a cycle with the total domination number
its central graphs.
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FIGURE 2. A min-TDS of C(C%)

Theorem 2.3. Forn > 3, v:(P,) = %(Cyn) = |n/2| +[n/4] — |n/4]. In other

word,
n

= ifn=0 (mod 4),
WP = w(C) =] 2 | (mod )
[n/2] +1 otherwise.
As an immediate consequence of Propositions 2.1, 2.2 and Theorem 2.3, we

have the following corollary.

Corollary 2.4. For any integer n > 6,

i SR

and for any integer n > 5,

WO = { 4G =1 =2 med 8

As a result of Theorem 1.8, Lemma 1.11 and Propositions 2.1, 2.2, we have
1(C(Ps3)) > a(C(Ps)), 1(C(Cs)) > a(C(Cs)), 1(C(Fy)) = a(C(Py)) and for
any tree T of order n > 5, v(C(T)) < |2n/3] <n —1=a(C(T)).

As a research problem, it is natural to state the next problem.

Problem 2.5. Find some families graphs G of order n and size m where
m >n > 5 with % (C(G)) = a(C(G)).

Now, we consider the central graph of complete multipartite graphs. In the
first step, we calculate the total domination number of the central graph of a
complete bipartite graph.

Proposition 2.6. Let n > m > 1 be integers such that mn # 1. Then
Y (C(Kmpn)) =m+2.

Proof. Set G = K, », such that n > m > 1 and mn # 1. Let V UU be the
partition of the vertex set of G to the independent sets V = {v; : 1 < i < m}
and U = {u; : 1 < j <n}. Then VUU UC is a partition of the vertex set of
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C(G) in which C = {¢;; : 1 <i<m, 1 <j <n}and E(C(GQ)) = {vv; : 1 <
i <j<miU{wu;:1<i<j<npU{vej,ujcy;:1<i<m,1<j<n} Let
S be an arbitrary TDS of C(G). We have either V. C S or U C S. Otherwise
if v; ¢ S and u; ¢ S for some i and j, then Ng(g)(ci;) NS = (), which is a
contradiction. Without loss of generality we may assume that V' C S. Since
0 £ Ne(ey(ur)NS CUU{en : 1 < i <m}, we have ¢;; € S for some 1 <i <m
or uy € S for some 2 < k < n. So |S| > m+ 1. By contradiction assume that
|S| = m + 1. Then we have S = V U {¢;1} for some ¢ or S = V U {uy} for
some k. If S =V U {ci1}, then Neo(g)(uj) NS =0 for every 2 < j < n, which
is a contradiction. If S =V U {u}, then Ne(q)(ur) NS = 0, a contradiction.
Thus |S| > m + 2. Since S was arbitrary, we have v(C(G)) > m + 2. Now
since S = V U {u1,c11} is a TDS of C(G) of cardinality m + 2, we have
7 (C(GQ)) = m + 2. O

The set {v1, v2,v3,u1, c11} is a min-TDS of C'(K3 4) as depicted in Figure 3.

FIGURE 3. A min-TDS of C(K34)

Proposition 2.7. Let Ky, n,,...n, be a complete p-partite graph of order n > 4
such that p > 3 and ny <ng <--- <ny,. Then

p—1
n; +[q/2]+1 ifn, =2 or qis odd,
p-1
S ni+[q/2]+2 otherwise,
i=1

where ¢ = |{ i :n; = 1}.

Proof. Let G = Ky, n,,....n, be a complete p-partite graph of order n > 4
such that ny < ny < --- < myp, p >3 and V3 U--- UV, is the partition of
V =V(G) ={v; : 1 <i < n} to the maximal independent sets Vi,...,V, with
the cardinalities nq,...,n,, respectively. Set vV = {v; : {v;} is a partite of V'}
and without loss of generality assume that V' = {v1,...,vq}. Then the induced

subgraph of G on the set V'isa complete graph of order ¢q. Let S be an arbitrary
TDS of C(G). We claim that V; C S for at least p — 1 values of 1 < i < p.



1070 F. KAZEMNEJAD AND S. MORADI

Otherwise there exist two sets V}, and V,,, such that Vj, 7,@_ S and V,, Q S. Then
for a vertex v; € V3 \ S and a vertex v; € V;, \ S we have Neg(gy(cij) NS =0,
a contradiction. Since n; < ng < -+ < ny, without loss of generality we may
assume that V3 U---UV,_1 € 5. Then we have |[SNV|>ni+no+---+np_1.
We consider the following cases.

Case 1. Let |V,| = 2. Without loss of generality assume that V,, =
{vn_1,v,} and set A = {vy,...,v4,vp—1,0,}. For any v; € A, we have () #
Ne(a)(vi) NS € CUV),. Moreover, any vertex of C'(G) belongs to Ne(qy(v;) for
at most two values of i € {1,...,¢,n—1,n}. Thus there exists a set s ccuv,
such that S, C Sand|S|> ((q+ 2)/2]. Hence V;U---UV, 1 US C S and
|S| > Zp L+ 15| > Zp 1 ni + [q/2] +1. Now since for ¢ > 1, the set
S=Vu---uUV,1 U {C(q,l)(n,l), an} U {C(Qi,l)(gi) 1 <i<[(¢g—2)/2]} is
a TDS of C(G) and for g =1, theset S =V, U--- UV, 1 U{ci(n-1);C1n} is a
TDS of C(G), we have 7(C(G)) = S0~ n; + [¢/2] + 1.

Case 2. Let |V,,| > 3. First we assume that there exists a vertex v; € SNV,
Set B = {v1,v2,...,v4,v;}. Then ) # N¢(gy(vi) NS € CUV, for every v; € B
and any vertex of C'(G) belongs to the neighbourhood at most two vertices in
B. Thus there exists a set S° € CUV,, such that S° C S and |S'| > [(¢+1)/2].
Hence V1U-~-UVp_1US/ C S and

p—1
512 Y mi+ 18] +1

=1

p—1
S>omi+[q/2]+1 if ¢ is odd,
>an [(g+1)/2] + =1
Smi+[q/2]+2 if g is even.
i=1

Now, let SNV, = 0. We set B = {v1,va,...,0,}UV,. For any v; € B, we have
0 # Neoy(vi) NS C C and any vertex of C belongs to Ne(gy(v;) for at most

two vertices v; € B. Therefore there exists a set S' C C such that S C S and
1S > [(q+|V,])/2] > [(g +3)/2]. Hence ViU ---UV,_ 1 US C S and

p—1

>oni+[q/2] +1 if ¢isodd,
|S|>Zm+\5|>2m [(g+3)/2] = ¢ =}

S ni+[q/2]+2 if ¢ is even.

i=1

Now since S = Vi U---UV,_1 U{cgn, vn} U {0(2,»_1)(21-) 1 <i<[(g-1)/2]}
is a TDS of C(G), we have

p—1
Z n; + [q/2] +1 if ¢ is odd,
(C(G) =14 ;=1
>oni+[q/2] +2 if g is even.
i=1
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In Figure 4, {v; : 1 <i <5} U{cas} is a min-TDS of C'(K223).

FIGURE 4. A min-TDS of C(K32.3)

In the sequel, we calculate the total domination number of the central graph
of a corona G o P;. We recall that the m-corona G o P, of a graph G is the
graph obtained from G by adding a path of order m to each vertex of G.

Proposition 2.8. For any connected graph G of order n > 3,

w(C(G o P)) = { n+1 if G is a complete graph,

n otherwise.

Proof. Let G be a connected graph with the vertex set V(G) = {v; : 1 <i <n}.
Then V(Go P) ={v;: 1 <i<2n}, E(Go P) = E(G)U{vjvpy; : 1 <i<n}
and V(C(G o P1)) = V(G o P;)UC where C = {¢;; : viv; € E(Go P)}.
By Theorem 1.1, %(C(G o P1)) > 7(G o P;) = n. Assume that G is not a
complete graph and without loss of generality let degq(v,) < n — 1. Then
S = {v; : 1 <i<mn—1}U{vs}is a TDS of C(G o P,) of cardinality
n. Thus % (C(G o P;)) = n. Now let G be a complete graph and S be an
arbitrary TDS of C'(Go P;). We have |[SNV(G)| > n—1, since otherwise there
would exist a vertex c;; € C such that Ne¢(gop,)(cij) NS = 0, a contradiction.

So without loss of generality we assume that {vy,...,v,_1} € S. Since 0 #
Ne(Gory)(Cn(zn)) NS € {Un, v2n }, we have either v, € S or va, € S. Therefore
Viy.eoyUp_1,0nt C S or {vg,...,0n_1,02,} € S. One can see that none of

the sets {v1,...,vn—1,0,} and {v1,...,Vn_1,02,} is a TDS of C(Go P;). Thus
IS| > n+1. Now since S = {v; : 1<i<n—1}U {van, cn(any} is a TDS of
C(G o Py) of cardinality n + 1, we have 7:(C(G o Py)) =n + 1. O

A min-TDS of C(Pyo Py) is shown in Figure 5 which is the set {v1,va, v, vg}.

In the next step, we calculate the total domination number of a double star
graph Sin.n. We recall that a double star graph Si ., is obtained from the
complete bipartite graph K , by replacing every edge by a path of length 2.

Proposition 2.9. For any integer n > 2, 4 (C(S1,nn)) =n+ 1.
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FIGURE 5. A min-TDS of C(Py 0 P;)

Proof. Let G = Si,., be a double star graph with the vertex set V(G) =
{vi : 0 < i < 2n} and the edge set E(G) = {vovi, vivnys : 1 < i < n}.
Then V(C(G)) = V(G) UC and E(C(GQ)) = {vicij,vjcij @ ¢ij € C,vv; €
E(G)} U {vv; : viv; ¢ E(G)} where C = {coi, Citnysy = 1 < i@ < n}. Let S
be a TDS of C(G). For any 1 < i < n, 0 # Nea)(Cinti)) NS € {vi, Vnyi}
So either v; € S or v,q; € S for every 1 < i < n. Hence |SN{v; : 1 <i <
2n}t| > n. If {vy,...,v,} C S, then consider a vertex w € Ng(gy(vo)NS. Since
w ¢ {v1,...,v,}, we have |S| > n+1. If {v1,...,v,} € S and v; ¢ S for some
1 < j < n,then ) # No)(co;) NS C {vo,v;}. Sovg € S and S| > n + 1.
Therefore 4,(C(G)) > n + 1. Now since S = {vo} U{v,;:1<i<n}isa
TDS of C(G), we have v(C(G)) =n+ 1. O

In Figure 6, {vo, v4,v5,v6} is a min-TDS of C(S7 3,3).

FIGURE 6. A min-TDS of C(S13.3)

In the next proposition the total domination number of the central graph of
a wheel graph is obtained.
Proposition 2.10. For any wheel W,, of order n+1 > 4,

{5 if n = 3,4,
1(C(Wn)) = { [n/2] +2 otherwise.
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Proof. Since W3 is isomorphic to the complete graph Ky, and v (C(Ky4)) =5
by Theorem 1.3, we may assume that n > 4. Consider W,, with the vertex set
V ={v; : 0 <i < n}, and the edge set E = {vov;, v;v;41 : 1 <i < n}. Then
V(C(W,)) =V UC where C = {cpi, ¢j(i+1) : 1 < i < n}. Since W), = C, 0 K
where V(K1) = {vo} and V(C,) =V \ {vo}, Theorem 1.10 implies that

(2) ’Yt(c(c’n)) +1 < 'Yt(O(W ) < ’Yt(c(cn)) +2.

n
)

Let n = 4. Then v(C(Wy)) > v(C(Cy)) + 1 = 5 by Proposition 2.2. Now
since S = {vo, v1, v3, €12, Coa} is & TDS of C(Wy), we have v:(C(W,)) = 5. Now
let n > 5. By Proposition 2.2 and (2), v (C(W,,)) < %(C(Cyp))+2 = [n/2] +2.
Therefore it is sufficient to show that v (C(W,,)) > [n/2] +2. Let S be a TDS
of C(Wy). If vy ¢ S, then 0 # New,)(coj) NS € {vo,v;} for every 1 <i <n.
Thus v; € S for every 1 < j < n and |[S| > n > [n/2] + 2. Now, let vy € S.
Then § # New,)(vo) NS C {coj : 1 < j < n}. Thus ¢p; € S for some
1 <j < n. Also since } # New,)(ci(ir1)) NS € {wi, vig1} for every 1 <i <n,
we have |S N {vy,...,v,}| > [n/2]. Hence |S| > n > [n/2] + 2. O

In Figure 7, {vg, va, v4, vg, co5} is @ min-TDS of C(Ws).

FIGURE 7. A min-TDS of C(Wjs)

Comparing Theorem 2.3 and Proposition 2.1 we conclude that if n = 0
(mod 4), then v(P,) = %(C(P,)) and if n = 1 (mod 4), then v (P,) >
Vt(C(Pn)) AISO, ObViOllSly Vt(C(Km,n)) =m+2>2= ’Yt(Km,n) by PI‘OpO—
sition 2.6. So Theorem 2.3 and Propositions 2.1 and 2.6 confirm the truth of
the next remark.

Remark 2.11. If G is a connected graph of order n, then one may not conclude
that

1(G) = 1(C(G)) or 1(G) < w(C(G)).
We end this section with the following natural problem.

Problem 2.12. Characterize the trees T satisfying v(C(T)) = [2n/3].
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3. Nordhaus-Gaddum-like relations

Finding a Nordhaus-Gaddum-like relation for any parameter in graph theory
is one of the traditional works which is started after the following theorem by
Nordhaus and Gaddum in 1956 [4].

Theorem 3.1 ([4]). For any graph G of order n, 2./n < x(G)+x(G) < n+1.

Here, we present some Nordhaus-Gaddum-like relations for the total domi-
nation number of central graphs.
Theorem 3.2. Let G # Ki -1 be a connected graph of order n > 4. Then
7(C(G)) =2
Proof. Let G # K -1 be a connected graph of order n > 4 with the vertex
set V.= {v1,...,v,}. Then V(C(G)) = V(C(G)) = V UC where C = {c¢;; :
vv; € E(GQ)} and E(C(G)) = E(G)U{cijvr 1 ¢c;j €C, vy €V, and k #4,j} U
{cijci/j/ : ¢ij ¢y € C}. Since G # K 5,1, so there exist at least two edges

ij
vv;, vy vy € E(G) such that {i,j} N {i',j'} = 0. Now since S = {eijiepytis
a min-TDS of C(G), we have 7.(C(G)) = 2. O

Proposition 3.3. Let n > 3 be an integer. Then v (C (K1 ,—1)) = 3.

Proof. Let G = Kj,-1 be a star graph of order n > 3 with the vertex set
V = {vg,v1,...,0n_1} where deg(vy) = n — 1. Then V(C(G)) = V(C(G)) =
V' UC where C = {cp; : 1 <i <n—1} and E(C(Q)) = E(G) U{co;vk : coi €
C, vp eV, and k # 0,1} U{coicoj : ¢ # j}. We show that no set of cardinality
2 is a TDS of C(G). If S = {cgi,co;j} for some 4, j, then Negy(vo) NS = 0.
If S = {vg,v;} for some 4, then Nw(cm) NS =0. If S = {v;,cp;} for some

1 # j, where 1 < ¢ < n, then Nm(vj) NS = (. Hence in each case S is not

a TDS of C(G). Thus %:(C(G)) > 3. Now since S = {vg, v1,¢p2} is a TDS of
C(G), we have 1(C(G)) = 3. O

As an immediate consequence of Theorem 1.6 for A = n—1 and Proposition
3.3, we have the following result.
Corollary 3.4. There exists a connected graph G of order n > 3 with v:(C(QG))
=1 (C(G)).

As a result of Theorems 1.2, 1.4, 1.6, 1.8, 3.2 and Proposition 2.1, we have
the next corollaries as three Nordhaus-Gaddum-like relations.

Corollary 3.5. For any connected graph G # K1 ,,—1 of order n > 4,
— n
5 <W(C@) +W(@@) < nt 5] +1

Corollary 3.6. For any connected graph G # Ki n—1 of order n > 4 with
A(G)<n-2, -
5 < n(C(G) +n(C(G)) <n+2.
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Corollary 3.7. For any tree T # Ki —1 of order n > 3,
5 <1 (C(T)) + % (C(T)) < [2n/3] + 2.
In particular, if T is a path, then
5 <n(C(T)) + % (C(T)) < [n/2] +2.
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