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A NOTE ON THE FIRST ORDER COMMUTATOR C,

WENJUAN LI AND SUYING Liu

ABSTRACT. This paper gives a counterexample to show that the first or-
der commutator Ca is not bounded from H(R) x H'(R) into L'/2(R).
Then we introduce the atomic definition of abstract weighted Hardy
spaces H! (R) and study its properties. At last, we prove that Co

ato,w
maps H}, . (R)x H}, . (R) into Li,/Q (R).

ato,w ato,w

1. Introduction

Calderén commutators first appeared in the study of the Cauchy integral
along Lipschitz curves and led to the first proof of the L2-boundedness of
the latter. Let A be a Lipschitz function on R (i.e., A’ = a € L*) and let
I = (¢, A(t)) be a plane curve. With this parameterization we can regard any
function f defined on I' as a function of ¢ and conversely. Given f € S(R), the
Cauchy integral
Crste) = L [ IO+ iat)

T Jo tHIA(L) — 2
defines an analytic function in the open set Q. = {z=a+iy € C:y > A(z)}.
It can be shown that the limit of Crf(z), as z approaches I' from above and
nontangentially, is given by

dt

P F)(1 +ia(t))
st [ ]

This lead to consider the operator

. f(y)
Ti@ =l | s TiA@ —AG) Y
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whose kernel )
z—y+i(Alx) — A(y))
If ||la]|oo < 1, then we can expand this kernel as

K(z,y) =

K(z,y) =Y i"Kmn(2,y),
m=0

where
(A(z) — A(y)™
o=yt
Therefore, it is natural to consider the boundedness of the following Calderén
commutators:
(A(z) — Ay)™
1.1)  Comsila, — [ A@) = A)T
(1) G )= [ ST
In this article, we mainly study the first order commutator as follows:
1.2 Ca,fx::/ifydy.
(1.2) 2(a, f)(z) B )
It is known that Cs is bounded from LP(R) x L%(R) to L"(R), when 1 <
p, q < oo and % + % = %, r # 0o. Moreover, if either p or ¢ equals to 1, then
Ca(a, f2) maps LP(R) x LY(R) to L™°(R), in particular, it maps L}(R) x L*(R)
to L'/2°°(R) . For these results, we refer the articles [3], [4] and [5].
Define

(1.3) e(z) = {

Kn(z,y) =

f(y)dy, where A" = a.

1, x>0,
-1, x<0.

The first order commutator can be written as

1) Calaf)o) = [ [ K ve)atn)fa(um)dndue
R JR

where the kernel K is

(1.5) K(z,y1,y2) =

e(r —y1) —e(y2 — y1)
(x —y2)?
It is natural for us to consider whether the first order commutator Cs is

bounded from HP'(R) x HP2(R) into LP(R), when 0 < p1,ps < 1, and p% +

p% = %. In this paper, we first give a counterexample to illustrate that Cs

is not bounded from H(R) x H*(R) into L'?(R). Therefore, we want to
seek proper Hardy space to make sure the truth of the boundedness of C,.
Then we introduce the atomic definition of abstract weighted Hardy spaces
and obtain the boundedness of Cy from the abstract weighted Hardy spaces

Hlyoo(R) x Hly, o(R) into Li/*(R).

ato,w
The layout of the paper is as follows. In Section 2, we will give an example

to show that it is not true for the boundedness of Co from H'(R) x H'(R)
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into L'/2(R). In Section 3, we firstly introduce some notations and atomic
definition of abstract weighted Hardy spaces and study related basic properties.
Then we also get its dual spaces BMO,,. In Section 4, in order to obtain the
boundedness of Cs on abstract weighted Hardy spaces, we establish a weighted
version of Proposition 4.7 in [1]. Based on the methods of [1] and [6], we prove
the boundedness of C from the abstract weighted Hardy spaces Hp,, ., (R) x

H, . (R) into Li/*(R).

ato,w

Throughout, the letter “C” will denote (possibly different) constants that
are independent of the essential variables.
2. A counterexample

Theorem 2.1. The first order commutator Cy is not bounded from H'(R) x
H'(R) into LY?(R).

Proof. Considering the following two functions
1, ze€lo, %)7

fl (.’L‘) = 1
—].7 S [5, 1],

and
1

-7 , x €10,
f2(e) '_{ 1, zell

it is not difficult to check that fi, fo € HY(R).
Furthermore, by the definition of the kernel K, one can write (1.4) as

Ca(f1, f2)(z)
//K(x,y1,y2)f1(y1)f2(y2)dy1dy2

1
// < 2X{ac<y1<y2} + (yQ)QX{y2<y1<a:}> J1(y1) f2(y2)dy1dys.

In what follows, we first consider the case of < —4, then consider the case
of x > 4 for the first order commutator Cs.

Case 1. z < —4.

By the definition of f; and fg, we write

Co(f1, f2)(x // a:— 2X({z<y1<yz}f1(y1)f2(y2)dy1dy2

1),
2],

=/ / ﬁx{m<y1<y2}fl(yl)fQ(yQ)dyldy2

/ / £1(91) fo)dyn o

=I1+1IL
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For the term II, using the vanishing property of f;, together with the Mean
Value Theorem, one obtains

(21) 11| = e e
2 1
ly2 — 1]
(22 <c [ [ Eegin)land
1

where £ € (1, y2).
For the term I, we write

ZE—

Y2 _
/ / dyl dys + / / dy1 dys

1
——diy1d
/l (x—y2)2 Yyi1ay2

2

> -1 1t - o 1
- dpt s [ et [ (e )
A G2 ), G ™), oD

1

/E 1 d g d - d
= 5 Y2 y2+/ Y2 y2+/ 5 aY2
o (z—12)° 1 (x — y2)? 1 (z = y2)?

1 7 1
— [ ot + [ + )
/0 (x—y2)2y2 Y2 . (x—(y2+%)) (Z/2 ) Y2

1,1
—1
I://7)2X{J;<y1<y2}f1(y1)f2(y2)dyld92

_|_
HW\

-

L |

+ [ ——d

(/; (@ —y2)? "

3 Y Y 1 (! 1

), , _

- + d +7/ L g

A Qx—mﬁ (w—@m+U%P>y2 2 )y @2
I:Il+12.

By the Mean Value Theorem, we have
1
2 Y2 1 1
I </ ——=|dys < Ci—3, (€ (y2,92 + 5
and
1 1

L=l — |~
Az —1(@-3) |

xr — —OQ.

Case 2. z > 4.
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In this case, proceeding with an argument similar to Case 1, we give the
following details.

Co(f1, f2) (@ / / mX{y2<y1<w}fl(y1)f2(y2)dyldy2

=/ / ﬁX{y2<y1<m}fl(yl)fQ(QQ)dyld?D

/ / (x — f1(y1) f2(y2)dy1dya

=1II41IV.

Similarly to II, we have
2 1 1 1
V| = -
V| |/ / ( xfyg ER 1)2)f1(yl)dyldy2|

! |y2
C/ / |f1 y1)|dy1dys

|z |3’

where i € (1,y2).
Next, we estimate the term III.

1
—1
/ / Gt / / =L dyrdy,
(z—y (x —y2)
-1
+/ / s dyidy2
L J3 (2 — y2)

1 1
1
IH://ﬁX(y2<y1<z)f1(y1)f2(y2)dy1dy2

I
S—
™
8
[ ] ]
—
=
U
<
=
+
to\»—-\
—
<
QU
<
—

= ln(;

It is obvious that when x — oo, In (1 + 4(:52’1790)) ~ 4(9321%). According to the
estimates of I and III, it is obvious that

/ Colfr, )] V2da = oo
|z|>4

which implies [, [Ca(f1, f2)|*/%dz = oo
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The proof of the theorem is completed. O

3. Abstract weighted Hardy space
3.1. Definition of abstract weighted Hardy spaces

In this section, based on the definition and theory of abstract Hardy spaces
in [2], we introduce abstract weighted Hardy spaces.

We first recall the definition of weights. A weight w is a non-negative locally
integrable function on R™. We say that w € A,, 1 < p < oo, if there exists a
constant C' such that for every ball B C R™,

(51 [ w@dn) (i [ wley o0 <

For p = 1, we say that w € A; if there is a constant C' such that for every ball
B CR",

1
E/ w(y)dy < Cw(z) for a.e. x € B.
B

From [11], we know that whenever w € Ay, 1 < p < oo, then w(z)dz is a
doubling measure, which means that for Vx € R™, r > 0 and t > 1, there exists
a constant C' > 0 such that

w(B(x,tr))
w(B(z,7))

where B(xz,r) is the open ball with radius r > 0 centered at x € R™. Further-
more, w € A, if and only if

(35) (|éz /Q f(m)dx)ps = /Q PP (@o(a)ds

holds for all nonnegative f and all balls B.

Denote by Q the collection of balls @ = {B(z,r),x € R",r > 0}. Let
B € (1,00] be a fixed exponent and B := (Bg)geo be a collection of L2 -
bounded linear operator. We suppose that these operators By are uniformly
bounded on LZ: for Vf € L2 and V ball Q, there exists a constant C' such

that [|Bo(f)lls < Cllfll.s-
For arbitrary ball @, we write S;(Q):

lz = c(@)l

(3.4) < Ct",

Si(Q) := {x,2i§1+ <2i+1},wzo,
with the radius r and center ¢(Q) of the ball Q. Note that Sy(Q) corresponds
to the ball Q and S;(Q) C 21 Q for i > 1.

Now we characterize abstract weighted Hardy spaces in terms of atoms in
the following way.
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Definition 3.1. Suppose that € is a fixed parameter and w € A,, 1 < p < oco.

A function m € Lj,, is called e-atom with respect to w associated to a ball

@ (or w-e-atom associated to a ball Q) if there exists a real function fg with
suppfo C @ such that

m = Bq(fq),
with
Vi >0, ||fQ||ij(si(Q) < 2761“’(22@)71/[3 .
It is easy to show that

(3.6) Ifalls S w(@) ™7
Then we give the definition of abstract weighted Hardy spaces.

Definition 3.2. A measurable function A belongs to the abstract weighted
Hardy space H.,, ,(R") if there exists a decomposition

ato,w
h = Z Aibi p-ae.,
i€N
where for all 7, m; is a w-e-atom and \; are real numbers satisfying
Z |)\z| < 0.
i€N
We equip H!

atow With the norm:

h = inf Adl-
Al L ZI il
i€N g
We will see that the “finite abstract weighted Hardy space” are more prac-
ticable.

Definition 3.3. A measurable function f € H};’ato’w(R”) if f admits a finite
atomic decomposition. We equip this space with the norm

N
., = inf >IN,
F=% aimy i=1
=1

where we take the infimum over all the finite atomic decomposition.

Remark 3.4. Similar argument as in [2] implies that
(a) Ve > 0, Hll*_',ato,w — H}
(b) Hll:‘,ato,w C LB N Hl

ato,w

to,w*
is dense in H;to’w.
(c) Abstract weighted Hardy spaces H, ;to’w are Banach spaces.

(d) Assume that B satisfies some decay estimates: for a large enough expo-
nent M, there exists a constant C' such that for Vi > 0, Vk > 0 and f € L?

with supp(f) C 2'Q,
1Bo(Fllrz sp@iq) < C27M F|1 fllrz 2iq-
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Then we have the following imbedding;:

Ye>0, HL,, ., — LL.

to,w

(e) In order to well understand our abstract weighted Hardy spaces, we
compare it with classical weighted Hardy spaces. By the definition of atomic of
weighted Hardy space H} of J. Garcia-Cuerva in [8], if we choose the operator
Bg as follows

Bo(f)(#) = f(x)xa(x) - ﬁ /Q ) dyxo ).

It is easy to check that Bg is a w-(1, g, 0)-atom with the following properties:
(i) suppBq(f) C Q;

(i) [ Bo(f)(x)dz — 0;

(iii) [|Bo(£)llzy, < Cllf|leg, < Cw(@)H7

Therefore, our weighted atom are the same as the ones in [8], that is to say
H;to,w(Rn) = Hi}(Rn)
3.2. The duality of abstract Hardy space

In this section, we want to study the dual spaces of the weighted Hardy
spaces. We firstly give the following weighted definition.

Definition 3.5. Suppose that f € L (R™) and w € 4,,1 < p < co. For an

loc

element f is said to belong to BMO,, if

1 * 2, —1 1z
| fllBro,, =: sup (w(Q)/QBQ(f)| w dx) < 00,

QcRn

where the sup is taken over all balls @ in R™ and denote the adjoint operation
by *.

We have the following inclusion.
Theorem 3.6. BMO, — (Hy,, )"

Proof. Let g € BMO,, and m = Bg(fq), by the property of atoms we have

(gm) = [ g(@)Ba(fo)(w)ds
- [ By )o@z
< ([ 1Ba@@Puar) Clol
< ([ IBao@Puar) w2

< llgllBmo.,

which completes the proof of the first inclusion. (I
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4. Boundedness of the first order commutator

In this section, we will give the proof of the boundedness of the first order
commutator Co on abstract weighted Hardy spaces as follows. We firstly give
some preliminaries.

We choose two collection B! := (BCIQ)QGQ and B? := (Bé)QeQ and two
exponents 31, 2 € (1,00]. We assume that B! is a collection of L*-bounded
operators and that B? is a collection of LZ2-bounded operators. We can also
define two kind of Hardy space Hfﬂlal,ato,w and HIéQ,ato,w' According to Definition
3.3, we can construct the spaces Hll, Bl ato., and H}w B2
we have the following weighted bilinear results:

atow” In this context,

Lemma 4.1. Let T be a bilinear operator with coefficients (7v;);j>0 such that
for all ball Q+1, Q2 and for all functions f,g separately supported in Q1,Q2, we
have forV w e A,, 1 <p < oo and all ji,j2 >0

- - 1 2
w2 Qi) /Sn(Ql)ﬂSjg(Qz) IT(Bg, (f), B, (9))lw(z)dz

o w(@)  w(@) 1 bV 18
< Cn iy o (ot Jo, M)

Gon A |g|ﬂ2w<x>dw)1/62

with coefficients v, satisfying leo v < C. Then the operator T is continuous
from Hb gy (R) x Hbpo (R) into LY*(R).

Proof. We mainly follow the idea of proof of Proposition 4.7 in [1]. For the
sake of completeness and for the reader’s convenience we give the details of the
proof of this theorem.
Let f € Hll;',IBl,ato,w
atomic decomposition:

(4.7) f=Y %Bolfe), 9= TaBr(gr)
Q R

and f e H 11; we can also write them with a finite

B2,ato,w’

with the appropriate properties for fo and gr: fqg is supported in ) with

(4.8) ol s <w(@ % Y Dol <20flluy,
5 ,

and similarly for gg, relatively to the ball R. So it is sufficient to estimate

1T )2 = |1 Y AeTrT(Bgfo, BRfr)1s.@)ns; (k)
QRij>0

LY/?

By symmetry, we just need to study the sum over the extra condition

(4.9) 2irg < 27rg,
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where r denotes the radius of the ball. Meanwhile, we recall following lemma
n [10].

Lemma 4.2 ([10]). Forr <1 andw € A,, 1 <p < oo, there exist constants
C and § > 1 such that for all collection (Qr)r of balls and (gi)r collection of
nonnegative L], functions supported in Qy, we have

L:S C|zk:(w(ézk)/gk(:c)w(x)dx) Lsgullor -

Next we use this lemma with » = 1/2 and the doubling property (3.4) of the
weight w, together with Lemma 4.1 and the estimate (4.9), then finally we get

I7(F. )l

(4.10) ‘

<IN INellmrIT(BS fo, Bhar)1s,@)ns; (r) .

Q,Ri,7>0 w/
< Z |>\Q|<Z ITr|IT (B fq, BRar)|1s,o)ns, (R)>121+1Q‘ »

Q. R,j L)
< ol g || T (5 fQ,B2gR><x>|w<w>dx)LWQ\

c;%uzm 2HQ) Jsnsym T Ly?

w(Qw(R) n Y

<C|D° Y Pellmrhivg 20w R) |fQ )| w(z)da

Q,R 1,720

1 1/65
x (w( R>|gR<x>|ﬂ2w<x>dx) toaonalasmon|

ViV )
<C Z Z |>‘QHTR‘W162’+1Q1252J+1R

Q.Ri,j>0 LJ?
=c> DY/ JLARS P > [Tl Logasi g
o w(2'Q) Iy w(27R) Lu/?

Z i
< ————— 159041
= Qi ‘)\Q|W(21Q) e

Then the proof is finished with the properties (4.8), the assumption ),y < C
in Lemma 4.1 and the doubling property of the wight w. 0

’Z [Tl Logasi
15 w(2/R) I

In order to use Lemma 4.1 to obtain the boundedness of the commutator Cy
on abstract weighted Hardy spaces, we still need to introduce a class of integral
operators Ay, t > 0, which play the role of approximations to the identity as in
[7]. We assume that the operators A; can be represented by kernels a;(x,y) in
the sense that

Af@) = [ ae sy
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for every function f € L?(R) N L*(R), and the kernel a;(x,y) satisfy the fol-
lowing size conditions

(4.11) la(2,y)| < he(z,y) =t7'/°h <|$_ty|> ’

where s is a positive fixed constant and h is a positive, bounded, decreasing
function satisfying

(4.12) lim 7*7h(r®) = 0.

r—00

Theorem 4.3 ([7]). The ﬁrst order commutator Cy satisfies: for each i =
1,2, there exist operators {A }t>0 with kernels a; )(x y) that satisfy condition
(4.11) and (4.12) with constants s and n and there exist kernels Kt(l) such that

(Calf1, A fi). g /’/ K (@ y17y2)ﬁfi(yi)dﬁg(x)dx

i=1
for f1, fa, and g in S(R) with ﬂizl supp fxN suppg = 0. There exist a function
v € C(R) with suppy € [—1,1] and a constant € > 0 so that for every i = 1,2,
we have

D o A Y1~y At/
(118) [K(z,5)~ K2, )] < — (1= 2,

(S eyl (3 o — g2+

Jj=1 Jj=1

whenever t'/° < |z — y;| /2.

In fact, from the proof of inequality (4.13) in [7], we can see that the oper-
ators Agl) are of form
1) AP ()@ = [ o @) )y, ol (0.9) = Bile = X 0
where ® = ¢ and ¢ € C°(R) be even, 0 < ¢ < 1, ¢(0) = 1 and supp¢d C
[—1,1]. Tt is not difficult to check that aﬁ” (x,y) satisfy conditions (4.11) and

(4.12) with constant s = n = 1, specifically,
i t
4.15 al? z,y)| < Corrrr.

In the sequel, we will obtain the main theorem:

Theorem 4.4. Let 1 < p < min{2,1+ €}, where € is decided in Theorem 4.3.
If w € A, then the first order commutator Ca is bounded from Hp (R) x

,ato,w
Hll?’,ato,w (R) into L1/2 (R)

Proof. We mainly follow the idea of Chapter 5.2 in [1]. Set r; = rgf, where
rQ, is the radius of the ball @;,i = 1,2. Let 81 = 2 = oo. We define
Bg, = Id— A,,. By the estimate (4.15) we can define our Hardy space H}

ato,w*
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We claim that the first order commutator Cs satisfies Lemma 4.1, which gives
us that the boundedness of the commutator Co from Hp. o, ,(R) X H 4y, ,(R)
into LY/ ’(R).

In fact, for j; = jo» = 0, by Theorem 4.3 and Theorem 1.2 in [9], we know
that Cs is a bounded operator from LP x L>° — LP. So using Holder inequality,

we have
1

w(2Q1)
1

1/p

<C w(2Q )1/p||BQ1f1||L”HBQ2f2||Loe

< Cllfrllzellfallzee-
For j; > 0 and jo, =0, z € S;,(Q1) N Q2, and suppf; C Q;, ¢ = 1,2. Set
g = Bg,(f2). Hence by (4.13) we have

Co(Boy (f1),9)] = | / / (K (50, 92) — K (@, 50,92)) Fa (o)) dun |

g//<(|ac—yl|f|:c—y2)2*”<ylv":ygl)

Arg
o Te = gare Vi lla(ua)ldysdss

=1+1IL

It is easy to see that g = Bg,(f2) < M fa, where M is the Hardy-Littlewood
maximal operator. Together with the property of ¢, |x —yi| = 271ry = 271|Q|
and the estimates (3.5) and ( 4), we have

_ ly1 — ol
= // |x—y1|+|x_y2|) ( " )lfl(yl)lg(yz)dmdyz

—2j17
< Clfall2 ¥ - /Q 1)y

/ ICo(Baos fr, Bay f2) () |w()dz
Q1NQ2

. 1 1/17
< Ol full 2% (w@l) /Q | Ifl(yl)l”w(yl)dm)

1(2—p) w( )
< C27 (- S2Q )||f1||oo||f2||oo

Similarly, we have

re ,
< CAlale iy [ il [ (27Qul 1o = el e

e 1
< CU2I| oo /Q Frly)dys
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1/p
< CA2770+P)| foll oo w(Qy) ( 11)/Q fl(y1)lpw(y1)dy1>

w(2/Q1) \w(@
—i(1+e—p) W(Q1)
< CA2—I(Fep w(Qle)Hf1||oo||f2||oo-

According to the above two inequalities, we choose

v; = C'min{2771(3=P) 9=illt+e=p)y

Since 1 <p <min{2,1+e€}, 3°;7; < oo,

Ji

Symmetrically, we can discuss the case of j; = 0 and j3 > 0. For the case of
> 0 and j2 > 0, we can deduce it to the above cases, and just consider the

smaller ball.

1

2
(3
[4

5

6

7

[9

10

[11

The proof of the theorem is completed. ([
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