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GENERALIZED MYERS THEOREM FOR FINSLER
MANIFOLDS WITH INTEGRAL RICCI CURVATURE BOUND

BING-YE WU

ABSTRACT. We establish the generalized Myers theorem for Finsler mani-
folds under integral Ricci curvature bound. More precisely, we show that
the forward complete Finsler n-manifold whose part of Ricci curvature
less than a positive constant is small in LP-norm (for p > n/2) have
bounded diameter and finite fundamental group.

1. Introduction

The celebrated Myers theorem in global Riemannian geometry says that if
a Riemannian manifold M satisfies Ric(v) > n — 1 for all unit vectors v, then
M is compact with diam(M) < m, and the fundamental group 71 (M) is finite.
There has been many generalizations of Myers theorem where the point-wise
Ricci curvature is replaced by the integral or line integral of Ricci curvature
(see e.g., [1,3,4,10]).

Myers theorem has also been generalized to Finsler manifolds [2], and re-
cently we establish a generalized Myers theorem under the line integral curva-
ture bound for Finsler manifolds [8]. The main purpose of the present paper
is to establish the generalized Myers theorem for Finsler manifolds under inte-
gral Ricci curvature bound. More precisely, we want to show that the forward
complete Finsler n-manifold whose part of Ricci curvature less than a positive
constant is small in LP-norm (for p > n/2) have bounded diameter and finite
fundamental group. To state the main result let us first recall some notations.
On a Finsler manifold (M, F') let dVipax and dViin be the maximal volume form
and minimal volume form, respectively, and we shall denote by volyin (resp.
vOlmax) the volume with respect to dVinin (resp. dViax). Let Ric: M — R be
the function of smallest Ricci curvature at given point. More precisely,

Ric(z) = in Ric(y), Vae€ M.
Ric(z) . ic(y), vz

The main purpose of the present paper is to prove the following.
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Main Result. Let (M, F) be a forward complete Finsler n-manifold with finite
uniformity constant pp =: A*. If [, (max{n — 1 — Ric,0})?dVimax is finite for
some p > n/2, then the minimal volume volyin(M) of M is finite. In this
situation, there exist two positive constants A(n,p,A) and B(n,p,A) such that
when

(f]\/[ (max{n -1~ Ma O})pdvmax
€ =

gA ) 7A7
VOlmin (M) > (n,p, A)

(n—1)
then M 1is compact with diam(M) < 7+ B(n, p, A)e:@!ﬂ*l) , and the fundamental
group w1 (M) of M is finite.

Remark. When F' is Riemannian, the main result is essentially reduced to
Aubry’s result [1]. It is also clear that e = 0 when Ric > n — 1, and the main
result is reduced to the classical Myers theorem.

2. Preliminaries

In this section we recall some basic notations and formulas that are needed
to prove the main results, for details one is referred to see [6,7,9]. Let
(M, F) be a Finsler n-manifold with Finsler metric F : TM — [0,00), and
(z,y) = (2,y") be local coordinates on TM. The fundamental tensor g, on

T, M\{0} is defined by g, (u,v) = g;;(z,y)uv? for any u = ui%,v =t 8(2:“
here g;;(x,y) = %%gf]’f’). A wolume form on Finsler manifold (M, F) is

nothing but a global non-degenerate n-form on M. The frequently used vol-
ume forms in Finsler geometry are so-called Busemann-Hausdorff volume form
and Holmes-Thompson volume form. In [6] we introduce the maximal and
minimal volume forms for Finsler manifolds which play the important role in
comparison technique in Finsler geometry. They are defined as follows. Let

AVinax = Jmax(x)dl'l A ANdx™

and
dVinin = Jmin(x)dzl Ao Ada™
with

UmaX(ér) = yEITI’}rI%@\O \/ det(gij (1'7 y))a Jmin(m) = yEIZI%IJr\}\O \/ det(gij (ZL', y))

Then it is easy to check that the n-forms dVi,.x and dVi, are well-defined
on M, and they are called the mazimal volume form and the minimal volume
form of (M, F), respectively. Both maximal volume form and minimal volume
form are called extreme volume form.
The uniformity function p: M — R is defined by
8y (u, u)

T) = max -~
nlz) y,2,u€Ty M\O 8 (U, u)
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wr = maxzen p(z) is called the uniformity constant. Similarly, the reversibility
function X\ : M — R is defined by

AMz) = max F(y) .
yeT. M\0 F(—y)
Ar = max,ep A(7) is called the reversibility of (M, F). Tt is clear that \(z)? <
w(x), and dp(z,y) < Apdpr(y,x) for x,y € M, here dp is the distance induced
by F. The forward geodesic ball B, (R) with radius R centered at x € M is
defined by B,(R) = {y € M : dr(z,y) < R}. Let T C M be a star-shaped
subset at € T, that means that for all y € T there exists a minimal geodesic
from z to y contained in T. Write T'(r) = T N B,(r) for r > 0. We shall need
the following relative volume comparison theorem with integral Ricci curvature
bound which is the special case of Theorem 1.1 in [7] (see also [9]).

Theorem 2.1. Let (M, F) be a forward complete Finsler n-manifold with finite
uniformity constant up = A?, and T C B,(Rr) be a star-shaped subset at x.
For any p > n/2 there exists a constant C(n,p, Rr) > 0 such that when
o (J’T(max{—fticvo})pdvmax)i ) ( 1 ) 1
’ VOlmin (T) 2C(n,p, Rr) ’
then one has for all 0 <r < R < Ry,

» 2p—1
voluin(T(R)) _ 1= C(n,p, Ry)e T A, Voluin (7))
R" = 1 2C(n7p, RT)E% rn .

For given compact Finsler manifold (M, F), let f : (M, F) — (M,F) be
the universal covering with pulled-back metric, then it is known that the fun-
damental group (M) is isomorphic to the deck transformation group I' and

each deck transformation is an isometry of (M ,F) (see [5,9] for details). The
following lemma is crucial to prove the finiteness of 71 (M).

Lemma 2.2 ([7,9)). Let f: (M,F) — (M, F) be the universal covering space
of (M,F). Then for any forward geodesic ball Bz(r) C M with r > diam(M)
there exists a star-shaped subset T at T satisfying Bz(r) C T C Bz((2+ Ap)r)
and
Jp(max{n — 1 — Ric, 0})?dVinax B Sy (max{n — 1 — Ric, 0} )PdViax
VOlmin (T) o VOlmin(M)

Fixz € M, let S, = {v € T,M : F(v) = 1} be the indicatrix at z. For

v € S,, the cut-value ¢(v) is defined by
c(v) :=sup{t > 0 : dp(x,exp,(tv)) = t}.

Then, we can define the tangential cut locus C(z) of z by C(x) := {e(v)v :
c(v) < oo,v € S} and the cut locus C(x) of z by C(x) = exp, C(x), re-
spectively. It is known that C(z) has zero Hausdorff measure in M. Also,
we set D, = {tv : 0 <t < ¢(v),v € S;} and D(z) = exp, D,. It is known
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that D, is the largest domain, which is star-shaped with respect to the ori-
gin of T, M for which exp, restricted to that domain is a diffeomorphism, and
D(z) = M\C(z).

In the following we consider the polar coordinates on D(x). For any ¢ €
D(z), the polar coordinates of q are defined by (r,6) = (r(q), 0 (q), . ..,0" 1(q)),
where 7(q) = F(v), 8%(q) = 0%(u), here v = exp, *(q) and u = v/F(v). It is
well-known that the unit radial coordinate vector dr = d(exp,) (%) is gor-
orthogonal to coordinate vectors d,. Consider the singular Riemannian metric
d = gor on D(x), we write the corresponding Riemannian volume form by
dVz = o(r,0)dr A df. Then

(21) dein g dV§ < dvmax g ,LLI% d‘/min~

Let D, (r) C Sy be defined by D, (r) = {v € Sy : rv € D, }. It is easy to see
that Dy (1) C Dy(re) for r1 > ry. Since C(z) has zero Hausdorff measure in
M, the volume of B, (R) with respect to dVj is given by

volg(Ba(R)) = / dv; = dv;
B B, (R)ND(z)

()
R R

(2.2) :/ dr/ a(r,0)do ::/ A(r)dr.
0 D, (r) 0

Put

(2.3) h=h(r,0) = % loga(r,6).

For ¢ > 0 let
(24)  o.(r)= [sm(\fr)} , he(r) = (logo.) = (n—1)\/ccot(ver).

Write p. = max{(n — 1)c — Ric, 0}, and define 9. = ¥.(t,0) = max{0, h(t,0) —
he(t)}. The following lemma is the special case of Lemma 4.2 in [7] (see also
Lemma 2.22 in [9]).

Lemma 2.3. Let ¢ >0, p >n/2 and 0< r < % Then

p—1 pr
sin®? =" (er) 2P (r, 0)5(r, 0) < (2p — 1)P (22)_ ! ) PL(t,0)a(t,0)dt.
_n )

3. Auxiliary lemmas

In this section we shall derive some auxiliary lemmas that are needed to
prove the main result. We always assume that (M, F) is a forward complete
Finsler n-manifold with finite uniformity constant pr =: A%, and p > n/2.

Lemma 3.1. Let 0 < € < %, and A = A(s) be defined by (2.2). There exists a

positive constant C1(n,p) such that for all radius r > 7 the following inequality



GENERALIZED MYERS THEOREM FOR FINSLER MANIFOLDS 845

holds:
1
12\ =T W o
A< ()7 (VB g8 )] 7
™
(3.1) + Ci(n,p) [/ pll)dV§ =
Bz("")

Proof. For ¢ > 0, and 0 < t < r < m/+/c, notice that D,(r) C D,(t) for all
t < r, the function

£(s) = /DM 5(s,0)d0

is differentiable on (0,7]. By (2.3) and (2.4) we easily get
d[f]_ [ a0,
e A (h(s.6) — hels)dt

ds |oc(s) oc(s) ) 09
f(S)a—l - .

here o > 0. Consequently,

il -] = L ] - L ]

<l 555 L., S
52 -[75] -l

B / s [ffé)f @

< tv‘ f;j():);l /D T 0, s

By the Holder inequality we have

/ 5(5,0) o5, 0)d0
D, (r)

1 2p—2

2r=1(s 0)5(s o o(s o
(33) < [/D PR <,9>d9] VD B (ﬁ)de]

1

2p—2

- [ / wsp%s,e)a(s,o)de] L UeEE
D, (r)
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Now (3.2) and (3.3) yield
)

1" 1AW "
(4 ) - [acm}
RGN 15, 0)5(5, )| d
<o [ T l A 05060 5
Notice that o.(r) = {%r—l, and put @ = 57, from (3.4) and Lemma
2.3 we reach at
A) T AW )E
(35) [sin"*(ﬁr)} Lin”‘l(ﬁw]
1 " 1 s dp—n—1 2p—1 ~ T
s 2p—1/t sin®(y/cs) [/m(r)smp esyuct (s’e)g(s’e)dgl “
n—1 It v R ds
L |/ dV; _—.
S [(217—”)(217—1)] |:LAT) Pett /t sin®(y/es)

N2
For given 0 < ¢ < 7, let ¢ = (%) <1l te [%r, %r], then p. < p1,+/ct €

(3 %7‘(], and

sin(y/er) =sin(m —€') < ¢, sin(y/ct) > sin iw =

%\H
— N

" ds _ 1 cot(~/at) — cot(/ar _cot(m —¢€) 4r
/t sin?(y/cs) \/E[ HVet) tven] < Ve < Ve S 3me’”

Thus from (3.5) it follows that

2p—1
n—2p
¢ i T,

(3:6) A(r)=T < (V2)FT AT +Ci(n,p) UB<.>pﬁ’dVg

here
4 n—1 2p—1
3.7 Ch _ .
(37) nor) = 57 {(217—“)(219—1)]
Finally, by the mean value property we may choose t € [%r, %r] so that
J

12 (2 12 [T 12

(38)  A(t) = / D A(s)ds < = [ A(s)ds = —volg(Ba(r)).
T

T % ™ Jo

Substituting (3.8) into (3.6) we easily get (3.1). O
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Lemma 3.2. Let

1 2p—1
39 o= |(2)7 VOF samne|
(3.10) B(n,p.A) == A°R [2#Cy(n.p)] "
(3.11)
2p—1 2p—1 n(2p—1)
. ™ ~p 1 P 0.9 p(n—1)
Al(nap7 A) = (Z) ) (3C(n,p, R)) ) (B(n,p, A)) ’

here
(3.12) R=R(A)=(A+1)(r+1)+A""
If

fo(R) (max{n — 1 — Ric, 0})PdVinax v
(313) €= < VOlmin(By(R)) g Al(nap7 A)

holds for some y€ M, then M is compact with diam(M) <7+ B(n,p, A)efgé_jf) .
(n-1)
Proof. By (3.11) it is clear that B(n,p, A)enGr— < 0.9 if (3.13) holds. Now

we claim that if (3.13) holds, then dp(z,y) < © + B(n,p, A)eff;ﬁ_jﬁ) holds for
any ¢ € M. Otherwise, there exists x € M such that dp(x,y) = 7 + ¢ with

p(n=1)
B(n, p, A)e"L(?P*ll) < 6 < 1. In this situation, it is easy to check that
(3.14) By(A™'6) C By(m + 0+ A '6)\B,(7) C By(R),
here R = R(A) is defined by (3.12). By (3.11) Ai(n,p,A) < (%)%, thus

¢ =emT < 7. Substituting ¢ = €77 into (3.1), and notice (2.1) and (3.14)
we have, for any 7 <r <7+ 6+ A716(< 7+ 2),

A(r) 7T < <1:) m (V2€) 3 [Volg(By(R))]Tl_1

1 2p—1
D

- pPdV

volg(By(R)) /By(R) ! g]

[volg (B, (R))] 27 57

< l(12>25-1 (V2)%T + Ci(n,p)(m +2)

+ Ci(n,p)(m+2)

™

1 p(n—1)

[volg(By (R))}?~T er=07,
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which together with (3.9) yields

p(n—1)

(3.15) A(r) < Ca(n,p)volg(By(R))e =1, m<r<m+6+A'4
By (3.14) and (3.15) we have
volg(By(A™16)) < volg(By(m + 6 + A™10)\ B, (7))

T4++AT1S
= / A(r)dr
U
p(n—1)

< 205(n, p)volg(By(R))e 2e-1
which together with (2.1) yields
VOlmin (By (A714)) volg (B, (A710)) p(n—1)
<A ——————= < 2A"Cy(n,p)e -1 .
VOluin (B, () voly (B, (1))
On the other hand, (3.11) and (3.13) implies that

(3.16)

2p—1

o fo(R)(maX{n — 1 — Ric, 0})PdViax v < 1 T
€:= < 730( ,

VOlmin(By (R)) n,p, R)
thus by Theorem 2.1 we have

» 2p—1
voluin (B,(A™10)) _ A™"6" (1 —2C(n, p, R)am) !

Volmin(By(R))  ~  R® 1—C(n,p, R)e® T
5 __ "
~ RnA2n22p-17
which together with (3.10) and (3.16) yields

p(n—1) n—1)

1 p(
5 < A3 [22pc2(n7p)] " Renr-1 = B(n,p, A)G'rf(2p71)7

(n—1)
which contradicts with the assumption § > B(n, p, A)e:@P*l) . In summary, we
have proved our claim that

p(n—1)
dp(z,y) < 7+ B(n,p,N)en=D <74+ 09<7+1
for any € M whenever (3.13) holds. In this situation, we also have dr(y, x) <
A(m 4+ 1), and thus dp(z,2) < dp(z,y) +dr(y,2z) < (1 + A)(m + 1) for any
x,z € M. In other words, if (3.13) holds, then M C B,((1+A)(m+1)) C
B.(1+A)(r+1)+ A1) = B.(R) for any x € M. Now by the same argument
p(n—1
as above we have dp(x,y) < 7 + B(n,p, A)e"<(2p—1)> for any x,y € M, which
p(n—1
imply that diam(M) < 7 + B(n, p, A)6"<(2P*1>>. O

Lemma 3.3. Let T C M be a star-shaped subset at x such that By(R) C T C
B, (Ry). If
2p—1

Jir(max{n — 1 — Ric, 0})?dViay \ * _ 1 C
VOlmin(T) h 30(”7]9, RT) ’
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then
S,y (mac{n — 1 — Ric, 0})7dVinasc | *
VOlpin (Bz(R))
fT(maX{n -1- R7i07 0})pd‘/max % 2p—1 RTA %
1 < <27 —_— .
(317) < volmin (T) R

Proof. By Theorem 2.1 it is clear that
I5, (my(max{n — 1 — Ric, 0})?dViax
VOlpin (Bz (R))

- Jr(max{n — 1 — Ric, 0})?dVax

= VOlmin(Bz(R))
Jr(max{n — 1 — Ric, 0})?dVax VOlpin (T)

Volumin(T) ' Voluin(Bz(R))

< Jp(max{n — 1 — Ric, 0})dVinax .92p—1 Am . Ry

= VOlin (T) Rn’
which clearly implies (3.17). O

4. The proof of Main Result

In this section we shall complete the proof of the main result of this paper.
Let us first prove the following.

Theorem 4.1. Let (M, F) be a forward complete Finsler n-manifold with finite
uniformity constant pp = A?. If fM (max{n — 1 — Ric, 0})PdVinax is finite for
some p > n/2, then the minimal volume volyi, (M) of M is finite. In this
situation, there exists a positive constant As(n,p, A) such that when

1

Jyy(max{n — 1 — Ric,0})?dVinax \ ¥
. == < s )
an o= ( T Ao, p. A)

p(n—1)
then M is compact with diam(M) < m + B(n,p, A)en@»=1 | here B(n,p,A) is
given in Lemma 3.2.

Proof. Let R = R(A) = (A + 1)(7 + 1) + A~! be given as in Lemma 3.2, and
let {Bgs,(R)}icr be a maximal family of disjoint geodesic balls in M. It is
not difficult to verify that the Dirichlet domains 7; = {y € M : dp(z;,y) <
dr(zj,y),Vj # i} satisfy the following facts:

(1) Bo (1 MR) 5 T, > By, (R);

(2) T; is star-shaped at x;;

(3) except for a set of zero measure, M is the disjoint union of the sets T;.

Let

A2<n,p,A>=mm{A1<n,p,A>-2 T+ 0) 7 (semrirom ) }
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here A;(n,p,A) is given by Lemma 3.2. Setting

(fT_ (max{n — 1 — Ric, O})pdeax> B
a = inf 4 ,

i€l VOlpmin (T5)

then we have

/ (max{n — 1 — Ric, 0})?dViax

M

- Z/ (max{n — 1 — Ric, 0})?dViax
i YT

(4.2) > P voluin(T3) = aPvoluyin (M).

i€l
If a > As(n,p, A), then by (4.2) it is clear that voly, (M) is finite. Elsewhere,
there exists a star-shaped set T; such that

<fTi (max{n — 1 — Ric, 0})pdeax> g

(43) g A2(”7pa A)?

VOlmin (Tz)
which together with (3.17) and the property (1) of T; yields

S, (ry(max{n — 1 — Ric,0})PdViga ) 7
VOlmin (B, (R))

2p—1

< As(n,p,A) - 275

. (A(l + A))% < Al(nﬂp7 A)

Now by Lemma 3.2 we conclude that M is compact, and thus volyi, (M) is
finite. On the other hand, if (4.1) holds, then by (4.2) it follows that a <
As(n,p, A), and we may argue similarly as above to conclude that M is compact
(n—1)

with diam(M) < 7+ B(n,p, A)e mezEng O
Theorem 4.2. Let (M, F) be a compact Finsler n-manifold with uniformity
constant pr = A?. For any p > n/2 there exists a positive constant A(n,p,\)
such that when

(fM(maX{n — 1 — Ric, 0})”deax> .

4.4 < A(n,p,A),
(1.4 ——r (n.p.)
then the fundamental group w1 (M) of M is finite.

Proof. Let

A(n,p,A)Zmin{Al(mp,A)-? B '(A(2+A))*%a<m) ' }

here Aj(n,p,A) and R are given by Lemma 3.2. Notice that A(n,p,A) <
As(n,p,A), Theorem 4.1 and (4.4) implies that diam(M) < 7 +1 < R. Let

f: (M, F) — (M, F) be the universal covering space of (M, F). In order to
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prove the finiteness of 71 (M), we need only to prove M is compact. We note
that the uniformity constant of M is just the uniformity constant of M since

f is a local isometry. Fix a base point Z € M. Since R >diam(M), by Lemma
2.2 there is a star-shaped subset T" at T satisfying Bz(R) C T C Bz((2+ A)R)
and

Jr(max{n — 1 — Ric, 0})?dViax fM max{n — 1 — Ric, 0})?dViax

(4.5) VOlmin (T) Volin (M)

By (4.4), (4.5) and Lemma 3.3 we see that

fB (R) (max{n — 1 — Ric, 0})PdVinax
volmin(Bg(R))

A(Tl p7A) (A(2+A))% =X Al(napa A)

Now by Lemma 3.2 it is clear that M is compact, and thus the theorem is
proved. ([

Proof of Main Result. 1t is the direct consequence of Theorems 4.1 and 4.2. [

References

[1] E. Aubry, Finiteness of w1 and geometric inequalities in almost positive Ricci curvature,
Ann. Sci. Ecole Norm. Sup. (4) 40 (2007), no. 4, 675-695. https://doi.org/10.1016/
j.ansens.2007.07.001

[2] D. Bao, S.-S. Chern, and Z. Shen, An introduction to Riemann-Finsler geometry, Grad-
uate Texts in Mathematics, 200, Springer-Verlag, New York, 2000. https://doi.org/
10.1007/978-1-4612-1268-3

[3] C. Chicone and P. Ehrlich, Line integration of Ricci curvature and conjugate points in
Lorentzian and Riemannian manifolds, Manuscripta Math. 31 (1980), no. 1-3, 297-316.
https://doi.org/10.1007/BF01303279

[4] P. Petersen and C. Sprouse, Integral curvature bounds, distance estimates and appli-
cations, J. Differential Geom. 50 (1998), no. 2, 269-298. http://projecteuclid.org/
euclid. jdg/1214461171

[5] Y. Shen and W. Zhao, On fundamental groups of Finsler manifolds, Sci. China Math.
54 (2011), no. 9, 1951-1964. https://doi.org/10.1007/s11425-011-4233-6

(6] B.-Y. Wu, Volume form and its applications in Finsler geometry, Publ. Math. Debrecen
78 (2011), no. 3-4, 723-741. https://doi.org/10.5486/PMD.2011.4998

, On integral Ricci curvature and topology of Finsler manifolds, Internat. J.

Math. 23 (2012), no. 11, 1250111, 26 pp. https://doi.org/10.1142/50129167X1250111X

, A note on the generalized Myers theorem for Finsler manifolds, Bull. Korean

Math. Soc. 50 (2013), no. 3, 833-837. https://doi.org/10.4134/BKMS.2013.50.3.833

, Comparison Theorems and Submanifolds in Finsler Geometry, Science Press

Beijing, 2015.

[10] J.-G. Yun, A note on the generalized Myers theorem, Bull. Korean Math. Soc. 46 (2009),

no. 1, 61-66. https://doi.org/10.4134/BKMS.2009.46.1.061

7]

[9]


https://doi.org/10.1016/j.ansens.2007.07.001
https://doi.org/10.1016/j.ansens.2007.07.001
https://doi.org/10.1007/978-1-4612-1268-3
https://doi.org/10.1007/978-1-4612-1268-3
https://doi.org/10.1007/BF01303279
http://projecteuclid.org/euclid.jdg/1214461171
http://projecteuclid.org/euclid.jdg/1214461171
https://doi.org/10.1007/s11425-011-4233-6
https://doi.org/10.5486/PMD.2011.4998
https://doi.org/10.1142/S0129167X1250111X
https://doi.org/10.4134/BKMS.2013.50.3.833
https://doi.org/10.4134/BKMS.2009.46.1.061

852

BING-YE WU

INSTITUTION OF MATHEMATICS
MINJIANG UNIVERSITY

Fuzuou 350108

FuJian, P. R. CHINA

Email address: wubingye@mju.edu.cn

B.Y. WU



