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STABILIZATION OF 2D g-NAVIER-STOKES EQUATIONS

NGUYEN VIET TUAN

ABSTRACT. We study the stabilization of 2D g-Navier-Stokes equations in
bounded domains with no-slip boundary conditions. First, we stabilize an
unstable stationary solution by using finite-dimensional feedback controls,
where the designed feedback control scheme is based on the finite number
of determining parameters such as determining Fourier modes or volume
elements. Second, we stabilize the long-time behavior of solutions to 2D g-
Navier-Stokes equations under action of fast oscillating-in-time external
forces by showing that in this case there exists a unique time-periodic
solution and every solution tends to this periodic solution as time goes to
infinity.

1. Introduction

Let Q be a bounded domain in R? with smooth boundary 9Q. We consider
the following 2D g-Navier-Stokes equations

@—VAU+(U'V)u+Vp:f, x € Q,t>0,

ot

(1.1) V- (gu) =0, z € Qt>0,
u(z,t) =0, x €00, t >0,
U(SL’,O):’LL()(IL'), (EEQ,

where u = u(z,t) is the unknown velocity vector, p = p(z,t) is the unknown
pressure, v > 0 is the kinematic viscosity coefficient, and wug is the initial
velocity.

The 2D g-Navier-Stokes equations arise in a natural way when we study the
standard 3D Navier-Stokes problem in a 3D thin domain Q, = Q x (0, g) (see
e.g. [21]). As mentioned in that paper, good properties of the 2D g-Navier-
Stokes equations can lead to an initial study of the 3D Navier-Stokes equations
in the thin domain §2,. In the last years, the existence and long-time behavior
of solutions in terms of existence of attractors for 2D g-Navier-Stokes equa-
tions have been studied extensively in both autonomous and non-autonomous
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cases, see e.g. [1,2,8-11,15-17,21,22] and references therein. The stability and
stabilization of stationary solutions to 2D g-Navier-Stokes equations by using
an internal feedback control with support large enough were studied recently
in [19].

In this paper we continue studying the stabilization of long-time behavior
of solutions to 2D g-Navier-Stoks equations. To do this, we assume that the
function g satisfies the following assumption:

(G) g € WH>°(Q) such that

0 < mo<g(z)<My for all z = (z1,22) € Q, and |Vg|e < mo)\%/Q,
where A1 > 0 is the first eigenvalue of the g-Stokes operator in Q (i.e.,
the operator A is defined in Section 2 below).

The aim of the present paper is twofold. First, we show that any arbitrary sta-
tionary solution to problem (1.1) can be stabilized by using a finite-dimensional
feedback controller. This approach was first introduced in [4] for the reaction-
diffusion equations, and then developed for some other dissipative partial dif-
ferential equations in [12-14]. Here the designed feedback control scheme takes
advantage of the fact that such systems possess finite number of determining
parameters such as determining Fourier modes or volume elements. Second, we
show that if the external force is oscillating fast enough in time but not neces-
sarily having small magnitude of spatial norms, then there exists a unique time
periodic solution such that any solution to the 2D g-Navier-Stokes equations
converges to that time periodic solution with exponential speed in time. Such
an approach was introduced in [7] and developed for the 3D Navier-Stokes-Voigt
equations in [3].

The paper is organized as follows. In Section 2, for convenience of the
reader, we recall some results on function spaces and operators related to 2D
g-Navier-Stokes equations which will be used in the paper. In Section 3, we
show that any unstable stationary solution to 2D g-Navier-Stokes equations
can be exponentially stabilized by using finite-dimensional feedback controls.
Stabilizing the long-time behavior of solutions to 2D g-Navier-Stokes equations
by fast oscillating-in-time forces is given in the last section.

2. Preliminaries

Let L2(, g) = (L?*(Q))? and H} (9, g) = (H(2))? be endowed, respectively,
with the inner products

(Uv'U)g = /U"Ugd.]}‘, u,v GLZ(ng)v
Q

and

2
(u,0))g = / S Vi - Vosgde, u= (u1,u), v = (o1, 02) € HY(S, g),
255
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and norms |u|? = (u,u)y, |[ul|* = ((u,u)),. By the assumption (G), the norms
|- ] and || - || are equivalent to the usual ones in (L?(Q2))? and in (Hg(£2))2.

Let

V={ue (C5°(Q)*: V- (gu) = 0}.

Denote by H, the closure of V in L%*(Q,g), and by V, the closure of V in
H§(9,g). It follows that V, C H, = H] C V, where the injections are dense
and continuous. We will use || - ||« for the norm in V], and (:,-), for duality
pairing between V; and V.

As in [21], we recall the g-Stokes operator A : V, — V defined by

(Au,v)g = ((u,v))q for all u,v € V.
Then A = —P,A and D(A) = H*(Q,g) N'V,, where P, is the ortho-projector
from L2(€2, g) onto H,. We also define the operator B : V, x V, — Vv, by
(B(u,v),w)y = b(u,v,w) for all u,v,w € Vj,
where
2 v,
b(u, v, w) = Z /Qul-a—xjiwjgdx.
7,7=1
It is easy to check that if u,v,w € Vj, then
b(u,v,w) = —=b(u, w,v), b(u,v,v) =0.

We have the following Poincaré inequality
(21) ol > Auful?, Vu € Vg,
(2.2) |Aul? > M\ |ju|?, Yu € D(A),
where A1 > 0 is the first eigenvalue of the g-Stokes operator A.

As in [21], we consider the operator C : V, — H, defined by

(Cu,v)g = ((% -V)u,v)g = b(%,u,v), Yv € V.
Since —%(V cgViu = —Au — (% - V)u, we have

(—Au,v), = ((u,v))g+((%~V)u,v)g = <Au,v>g+((% V)u,v)g,Vu,v € V.

We now recall some known results which will be used in the paper.
Lemma 2.1 ([1]). We have
erful 2l V2ol [w w2, Y, v,w € V,
calul 2 |ful[V2|u ]| 3 AP w],  Yu € Vv € D(A),w € H,

czlu|V/?| Au| V||| |Jw], Vu € D(A),v e Vy,we Hy,
calul|Jv]|Jw|*/?) Aw|'/2, Yu e Hy,v e Vy,we D(A),

|b(w, v, w)| <

where ¢;,i = 1,...,4, are appropriate positive constants.
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Lemma 2.2 ([6]). Let u € L*(0,T;V,). Then the function Cu defined by

(Cu(t), v)y = <<% '

belongs to L*(0,T; H,), and hence also belongs to L*(0, T V). Moreover,

Vg

Vu,v)y = b(;,u,v)ﬁ’v €V,

Vil
Cut)] < | nzl lu(t)|| for a.e. t € (0,T),
and
Vil
ICu@®). < A'l/z lu(t)| for ae. t € (0,T).
mo 1

Definition 2.1. Let f € H, be given. A strong stationary solution to problem
(1.1) is an element u* € D(A) such that

vAu* +vCu* + B(u",u*) = f in Hy,.
The following result was proved in [18,19].

Theorem 2.1. If f € Hy, then problem (1.1) admits at least one strong sta-
tionary solution u*satisfying

23) o) € —————I1l
Ay 1/(1— Loilf/z)

Moreover, if the following condition holds

2
2 _ ‘v9|oo Cl|f|
(2.4) v (1 1/2> >

mo)\l

where ¢y is the constant in Lemma 2.1, then the strong stationary solution u*
to problem (1.1) is unique and globally exponentially stable.

3. Stabilization of 2D g-Navier-Stokes equations by using
finite-dimensional feedback controls

Let u* be a strong stationary solution to problem (1.1). By Theorem 2.1, it
is known that if condition (2.4) does not hold, that is, when

2
\Y%
(1o 19} el
mo)\l AL
then problem (1.1) may have more than one stationary solution and thus the

solution v* may be unstable. In this section, we will stabilize the stationary
solution u* by using an interpolant operator I; as a feedback controller.
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We consider the following controlled 2D g-Navier-Stokes equations with in-
terpolant operator Ij:

3.1) V- (gu) =0, e, t>0,
. u(z,t) =0, x € 00,t>0,
u(z,0) = uo, x € Q,

where f = f(x) € Hy is given.

We assume that the feedback controller Ij, : V;, — H, is an interpolant
operator that approximates the identity with error of order h, i.e., it satisfies
the following estimate

My
(32) o~ (@I < 2@l Vo eV,

where the positive constant cq > 0 is chosen such that ¢ > v with g is as in
[5] satisfying

le = In(@)[3 20> < k20l 0y

for all p € H'(Q)2. A typical example of such an operator I, is the projection
onto Fourier modes (see, for instance, [5] for other examples).

It is obvious that the stationary solution u* obtained in Theorem 2.1 is also a
solution of system (3.1) with initial datum «*. We will stabilize the stationary
solution u*.

The following theorem is the main result of this section.

Theorem 3.1. Let f € H, and let u* be any strong stationary solution to (1.1)
obtained in Theorem 2.1. Suppose that Iy, satisfies (3.2), p and h are positive
parameters such that

M, Vg2 ik
(3.3) —O,ucgh2 <v and p> 21/| 9\200 +2 cilf]
mo m

5
0 A8 (1 — 1Yl
moA}/Q

Then for each ug € Hy given, there exists a unique weak solution u to system
(3.1) such that for any T > 0,

u € C([0,T); Hy) N L*(0,T;V,), % € L*(0,T;V),
and
(3.4) |u(t) — u*|2 < e Mug — u*|2, Vi >0,
where n = 1 — oYl 9 b > > 0 due to condition (3.3).

mg

A3 1= 1Yeleo

1 1/2
moA]
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Proof. We set z = u — u* and rewrite system (3.1) as

{z’ +vAz+vCz+ Bz + Boz + Pyl (2) = 0,

(3.5) 2(0) = u(0) — u* =: 2,

where P, is the orthogonal projector from L?(£2, g) onto H,, and Byz is defined
by
(Boz,w)g = b(u", z,w) + b(z,u",w) for all w e V.
(i) Existence. We prove the existence of a weak solution z to problem (3.5)
by using the Galerkin method.
Let {w;}%2, be a basis of D(A) consisting of eigenfunctions of the g-Stokes

operator A. Using the n-dimensional Galerkin approximation z, = Y z,;(t)w;,
j=1
then the equation for z, is
2, +vAz, +vP,Cz, + P, Bz, + Py Bozy + Py Pyl (2,) = 0,
(3.6)
Zn(o) = Pn207

where
n

P,z = Z(z, w;)w;.
j=1
We try to find a bound on |z, | uniform in n. Taking the inner product of (3.6)
with z, and noticing that P,z, = z, and (Bz,, z,), = 0, we have
(Z;u Zn)g + V<Azn7 zn>g + V(Czna Zn)g + <B02n7 zn>g + /J/(Ih(zn)a Zn)g =0

or

1d

2 dt

+v(Czpy2n)g + b (U, 20, 2n) + b (20, v, 2n) + 1(In(2n), 2n)g = 0.
Since b (u*, zp, zn) = 0, we have
1d
2 dt
Using (3.2) and the Cauchy inequality, we have

|2n? + ]|zl
(3.7)

|zn\2 + u||zn||2 = —v(Czp,2n)g — b (2n, v, 2n) — p(In(2n), 2n)g-

< ,U|Zn - Ih(zn)| ‘Zn| - ,U|Zn‘2

< Slon = In(zn)|? = Slenl?
Moucih? I
(3.8) < el = Glanl

Furthermore, by the Cauchy inequality, the first estimate in Lemma 2.1 and
Lemma 2.2, we have

_V(szzn)g — b (2n,u", 2n) SV|[Czyl [20| + crllu”|||2a]||20]]
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\Y *
<o o el + el a2
mo
V 2 2 * |2
Combining (3.8) and (3.9) we deduce from (3.7) that
1d v 2 2 * (|2
g lenl? vl < Gl + v o A
Mopcgh® 2 K2
+ TH%H §|Zn| :
This implies that
(3.10)
d M, 2 * |2
7|Zn|2+ V—ioucg}ﬁ ||Zn||2§ _M+2V| gl +201||u ” |Zn|2
dt mo m3 v

Integrating both sides from 0 to ¢, we obtain

a0+ (0= M) [ aatolas

|99|2<>o C1HU*||2 / 2 2
-2 -2 " ds < |z(0)|%,
+ (u vy o) | fen()Pds < |=(0)]

0
so that
M. t
@ + (= M) [ n(o)as
0 0
2 2
(3.11) + uf2y|vg‘2°° —2 cilf] / |20 (s)[2ds
m
0 A3 (1 _ Vgll/z)

< [=(0)[,
where we have used the estimate (2.3) for the stationary solution u*.

By hypothesis (3.3), the second and the third terms in the left-hand side
of (3.11) are positive and this implies that {z,} is bounded in L> (0,T; Hy) N
L?(0,T;V,). These uniform bounds allow us to use the Alaoglu theorem to
find a subsequence (which we shall relabel as z,) such that

zp, ="z in L*(0,T;Hy),
zy =2z in L*(0,T;V,).

Next, we need to obtain a uniform bound for the derivative %".

Note that from (3.2) we also obtain

| M,
n(2n)] < |20 — In(2n)] + |2a] < m*SCohHZnII + [znl.
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Since

dz,

dt
then by Lemmas 2.1 and 2.2, one can check that {92} is bounded in
L?(0,T;V})). Since {z,} is bounded in L2(0,T;V,) and {%=} is bounded in
L?(0,T; V;), by applying the Aubin-Lions compactness lemma, there is a sub-
sequence {z,} (after relabeling) that converges to z strongly in L*(0,7; H,).
Hence, arguing as in the case of the 2D Navier-Stokes equations (see e.g. [20,
p. 248]), we have

= —vAz, —vP,Cz, — P,Bz, — P,Boz, — 1Py Pylp(2y),

P,Bz, — Bz in L*(0,T;V)),
P,Byz, — Boz in L*(0,T;V).
Thus, we have

dz
dt

Finally, to show that z(0) = zp, we choose an arbitrary test function ¢ €
C1([0,T7;V,) with ¢(T) = 0. Taking the inner product of (3.12) with ¢ and
integrating by parts in ¢ the first term, we have

- / (2(8), '), dt + v / ((=(0), (1)), dt + v / (Ca(t), (1), dt

(3.12) +vAz +vCz+ Bz + Byz + pPyly(z) = 0 in L*(0,T; V).

T

T T

+ [ b p) i [ b ) e [ (PIGO)p0), di
= (2(0), 0(0)),5 -

Doing the same for the Galerkin approximations,

T T T
- / (en(t), @' (1)) i + v / ((an(£), (1)), dt + v / (Con(t), o(1)), dt
0 0 0

" / b (2n(t), 2n(t), 9(t)) dt + / b (zn(t), " p(t)) di-+p / (P (2 (1)), (1)),
= (2n(0), ‘P(O))g )

and then letting n — oo, we obtain

- [ o, der [ o), dry [ 0. 60),
0 0 0
T T T

+ [0t 20 00t + [ b0 o) ] (R IE0)00), d
0 0

= (2o, 90(0))9

since 2,(0) = P,z0 — z9. Therefore, z2(0) = 2, and this implies that z is a
weak solution to (3.5).

0
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(ii) Stabilization. We now prove the exponential stability of u*. Using (3.5)
and the fact that b(z, z, 2) = b(u*, z, 2) = 0, we arrive at

1d
(313) S 4 vl = bz 2) — M(Cz ) — plTu(2). 2.

Therefore, as in (3.8)-(3.10) and (3.13) we obtain
d o Mo 519 2 Vgl cf|u*||® 2
1ot (= i) [P + (12 ol o <

Hence, by using hypothesis (3.3) and estimate (2.3), we obtain

d \V4 2 2 2
dt m32 2
0 A8 (1 — 1Vl
mo)\i/Q
This implies that
26 < e ™[2(0)[%,
where ) ol 1o
Vg% clfl
’r] = /,L — 2V m% - 2 L 5 > O
/\11/3 (1 - 717()?\}0/02)
Hence, the inequality (3.4) holds true. O

4. Stabilization of 2D g-Navier-Stokes equations by using fast
oscillating-in-time external forces

In this section, we consider the following system

%fyAu+(u~V)u+Vp:F(ﬂf,wt), z€Q,t>0,
(4.1) V- (gu) =0 z€Q,t>0,
u(z,t) =0, x € 0Q,t>0.

We give the following assumption on the external force:

(F) For any positive constant w > 0, we assume that the force term F(x,wt)
is a time periodic function with period Tp,e, having the following struc-
ture: There exists a time periodic function h(x,wt) with period Tper
such that

1

;ht(m,wt) = —F(x,wt) inQxRT
(4.2) V- (gh)=0 in 0 x RT,

h=0 on 0N.

We also assume that
F € L>(0,Tper; D(A)) and || F||L(0,T,.,;D(4)) with upper bound is
independent of w.
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Moreover, we assume that h € L (0,Tper; D(A)) and there exists a
positive constant Ly independent of w such that

(4.3) P12 0,70 (a)) < LallFl o (0,1005004)) -
Let us give an example about the external force F'. Let
F(z,wt) = f(x)sinwt,
where f € D(A) and w is a positive constant. Then h(x,wt) has the form
h(z,wt) = f(x) coswt.

It is clear that h € L>(0, Tper; D(A)) and h satisfies (4.3), where Ty, = 27/w.
More general, we can take the external force F' of the form F(x,wt) =

f(z)p(wt), where f € D(A) and ¢(t) is a real-valued periodic continuous func-

tion with period T. Then F satisfies the Assumption (F) with Tpe, = T'/w.
First, we prove the existence of a time periodic solution to (4.1).

Theorem 4.1. Let hypothesis (F) hold. Then there exists wy > 0 depending
onv,cy,c3, A1, Ly and || F||po<0,1,,..:D(4)) such that for any w > wo, the system
(4.1) has a Tper-periodic solution upe, satisfying

or all t € |0, Tper],
o (1 W) e g

(4.4) l[tper ()] <

where c1,cs are the constants in Lemma 2.1.

Proof. From assumption (F) we particularly have F' € L? (0, Tpe,; Hy). There-
fore, for each initial datum ug € Vj given, there exists a unique strong solution
u € C([0, Tper]; V) to system (4.1) such that u(0) = ug (see e.g. [2]).

We now prove that system (4.1) has at least one T),-periodic solution upe, €
L> (0, Tper; Vy) satistying (4.4). We set

1
(4.5) u=y-— ah(a:, wt),

and rewrite system (4.1) as follows

% - vAy+(y-V)y+ Vp= iht(x,wt) + F(z,wt)
—%Ah—%(h-V)h—F%[(y-V)th(hV)y] in Q x RT,
V-(gy) =0 in Q x RT,
y=0 on 90 x R,
Using (4.2), we obtain
dy

5 VAUt (Y- V)y+ Vp

v 1 1 .
= ——Ah = —(h-V)h+ =[(y- V)h + (h-V)y] in Q x Rt
V-(gy) =0 in Q x R,
y=0 on 00 x Rt
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or
1 1
(4.6) y +vAy+vCy+ By = ZAh+ X Ch — = Bh + = Boh,
w w w w
where Byh is defined by
(Boh,v)g = by, h,v) + b(h,y,v) forallveV,.

Taking the inner product of (4.6) with y and noticing that (By,y), = 0, we
have

(9o + v(AY,9)y +V(Cyy)g = (AR, y)y + = (Chyy),
~ 5 (Bhuy)y + — (Boh, )y,
or
Sl 4 vyl + (Ol = Lian ), + 5<0h ¥
- @b(h h,y) + b(y,h y) + b(h Y, )-
Since b(h,y,y) = 0, we have

v v
5 dtlylz +ullyll* = = v(Cyy)g + —(Ah,y)g + —(Ch,y),
1 1
4.7 — —b(h,h —b(y, h,y).
(4.7) —50(h ) + —bly, b y)
Using Lemma 2.2 and Poincaré inequalities (2.1), (2.2) we obtain
(4.8) v(Cy,y)g < vICyl Iyl < v—=llyll ly| < v——=7lvll
/
mo/\l
and
v 1/|Vg|oo
S (Chy)g < [1]l1y
. S —5 L°°(0,Tper; D(A))
(4.9) < 7[Ryl < ——=== IIhH lyll-
wWmoAq

By Lemma 2.1 and Poincaré inequalities (2.1), (2.2), we get

1 (&1
—by, hoy) < — |yl Ry 1y

IN

(4.10)

IN

c1 C1 2
WlAhllylllyll < o Iz e ean 9l

and

1 C1
— 30 hyy) < 7Ihil/zlth”ZthlIyll/zllyHl/2

IA

2x”/4 ARl |yl
w
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(4.11) a

We also have

N. V. TUAN

= W”h”m(o Tyerinan 191l

2 (An,y), K/Vh-Vygdﬂc
w w Jo
14
< —lRlliyl
(4.12) < oIV < Al oo ol
From (4. 7)—(4 12) we get
5 dtIyIQ + vyl
1Vgloo 24
< 0)\1/2 || || 1/2 ||h||L°° per;D(A))”yH
V‘v9|oo ‘1 2
T o ||h||L°° Tper: D(AN Y1 + W“h”LW(O,TPW;D(A))Hy”
1
C1 2
I h oo . .
N 7l 2o (0,7pers () 1Yl
Hence
2 2
ol + volly]
VIVgl
< 2l 02y man Iyl + = thle(o Tper: D(AY) Y]]
wAY
1
C1 2 1 2
(4.13) + 72)\3/2 171200 0,7ersDan 19N + r/\lnhHLm(O,TpM;D(A))”yH ;

where 79 =1 — v ‘1/2
mO

(4.14)

C1
~ 12l oo (0,7 0D W1 <
1

By the Cauchy inequality, we obtain
(4.15)

VYo
)\1/2“h’||L Tyerip(ap 1yl < —=1yl?
(4.16)
V|v9|oo VYo
m“hHLN(O,TPGT;D(A))Hy” < — |yl
(4.17)
V7o
2)\3/QHh”L°® 7,00 9l < —=llyll?
w

Using (4.3), we have
C1 \/

||F|\L°°(o Tyervp) 1Y%

N ||h||Loo(0,Tpcr;D(A))’

2v|Vgl2,

2m370>\% ” ||L°°(0

Tper;D(A))

2
2c1

L E | S
o 1oyond L0, 70D ()



STABILIZATION OF 2D g-NAVIER-STOKES EQUATIONS 831

Taking
801 vV Lh
w >

T vyoh

(4.18) Nl 0,1r:D(4)

then (4.14) becomes

C1 VYo
(4.19) o 1All 2 0,7,y 19117 < §|ly||2-
Using (4.15)-(4.17) and (4.19) then we implies from (4.13) that
d v 4v|Vgl|2,
£|y|2 +vllyll® < m||h\|%oc(o,Tpe,,;D(A)) WHM&W(O,TPH;D(/}))
4c3 4
(4.20) mHhHLw(o,Tw;D(A))-

Therefore, using the bound (4.3), we deduce from (4.20) that

d
(4.21) Sl vyl < M,
where
(4.22)
o= Tl o.1yiniay (), vVl AERIFIL~ 01,0040
B w2y A1 m3A w2rA? ’

Therefore, by using the Poincaré (2.1), we obtain

d
gly\2 + vyMly)? < M.

Hence, by virtue of Gronwall’s inequality, we have

4.23 y(1)]? < |y(0)[2e V10Nt 4 (1 — g=vr0ML )

(4.23) ly(@)[" < |y(0)] ( )—WO)\1

Setting R = —= 25 1 — Vol We will prove that for any y(0) such
V12 c1 mo/\i/2 :

that |y(0)| < R, we also have |y(Tper)| < R. Indeed, for w satisfying (4.18), we
have from (4.23) that

4.24 Toor 2 < e—V’Yoz\lTperR2 +(1- e—v’yox\lTper )

(124)  JylTye)P < ( )

Since the definition of M in (4.22), we can find w; > 0 large enough such that
M

(4.25) < R?* Vw>uw.

UYoAL
So, combining this with (4.24), we get
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for

8civ/ Ly,
(4.26) w > max { w1, ——" | F|| Lo (0T, () (
VYol

Since the ball {| -| < R} C H, is a convex set in an Hilbert space, and it
is compact in the weak topology. Hence, by using the Tychonoff theorem we
conclude that the mapping y(0) — y(Tper) has a fixed point y*. Then the
solution ype, of system (4.6) with initial datum y* is a Tpe,-periodic solution
satisfying

[hper (0)] < .
Then, by (4.23) and (4.25), we obtain

M
<R V€ [0, Tper],

4.27) |yper(t)]? < e VWOMIRZ 4 (1 — gm0t <
(4.27)  |yper(t)| ( )woAl

for w is large enough satisfying (4.26).
Besides, integrating (4.21) over [0, Tpe,] with respect to time variable and
considering the time periodicity of yp.,, we obtain

T,
per MTye,
[ P < 22
0 VYo
Hence, there exists t* € [0, Tpe,) such that
. M
(4.28) lyper (I <

Now integrating (4.21) over [t*, T,e,] we get
Tper
|ypeT(Tper)|2_|yper(t*)‘2+’/70/ ||yper(t)||2dt§MTper for all t € [t*, Tper]-

t*

Thus, by using (4.27), we have

Trer MT,., + R
(4.29) / lyper (8) 2t < MTrer £y e )
t* 124801]

Integrating from 0 to ¢ in (4.21) yields

t
‘yper(t)|2 + V’)’O/O Hyper(s)HQdS < |yper(0)|2 + MTper

S R2 + MTpeT‘7 Vt S [OanGT‘]’

and therefore

¢ MTper + R?
(4.30) [ s (9)Pds < FEEE vt € 0.2,0,),
0 VYo
Taking the inner product of (4.6) with Ayp.,, we get
1d

v
5%”9}1%”2 + V‘Ayper|2 = V<Cype1”7 Ayper)g =+ E(Chv Aypev')g

1
- b(ypery Yper Ayper) - Eb(ha h, Aype?")
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1 1
+ ;b(ypera ha Ayper) + ;b(h» Yper, Ayper)

(4.31) + g(Ah, Ayper) -

Using Lemma 2.2 and the Poincaré inequality (2.2), we obtain

Vgl [V9los
(4.32) —U(ClYper, AYper)g <V lyperll|AYper| < v—"F7% 172 |Ayper|2
mo mo)\
and
v v Vg o
2 (s Apper)y < P ] 4y
V|v9|oo
< L0 b gy
moAy
V|Vl
(4.33) S /2 1= © (A | Abper
1

By Lemma 2.1 and Poincaré inequalities (2.1), (2.2), we obtain

|1/2 |3/2

(434) *b(ypem ypera Ayper) § Cc3 |yper ||yper H |Aypcr

1 C3
_ﬁb(hv h, Ayper) < ﬁ|h‘1/2|f4h|1/2”h” |Ayper|

<
(4:35) < oIl .1y, pa At
L uper. e Ayper) < e 2| Ay 2 ] Ay
< ﬁwperﬂ/?mmmypwﬁﬂ
(4.36) = wm 1l 2% 0Ty DA [per |2 Atiper /2,
and
(0 per Agper) < IR e 2] Ayper 2
< AR Lol A
(4.37) < w)\3/4||hHL 0. ers0(A) [ Yper |2 Ayper /2.
We have

(4~38) (Ah Ayper > |AhHAyper| < *”hHL‘”(O Tper;D A))‘Ayperl-
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From (4.31)-(4.38) we get
1d

1a V|Vl
2dt

[YperI” + Y0 Ayper|” < NG 17l 2o (0,7 D(4)) [ AYper |
1

wmy

1/2

+c3 |yper| ||yper | |Ayper|3/2

C3
+ WT/\I||h||2Loo(o,TW;D(A))|Ayper|
C3
" W|yP€T|1/2HhHLN(O,Tper;D(A))|Ayper|3/2
1
C2
+ W\lhlle(o,Tper;D(A))\lyper||1/2|Ayper\3/2
WA}

v
(4.39) + Il 0,7, 0(4)) [ AYper |-
Using the Cauchy inequality, we obtain

v|Vy]| 0
o1/ 12 0.8, D) [ Abper] < = 1Avper’
1
2V|v9|go 2
(4.40) WHhHLw(O,Tw.;D(A))v

C3 VYo
MT/\lHhH%m(O,Tper;D(A))|Ayp€7’| < ?|Ayper|2

2c§ 4
(4.41) WH}LHLOO(O,TPET;D(A))V

v il o, 2v 0
(4.42) — Iz (.1,e0sDa) [ AYper| < == [AYper|” + WT%||h||Lm(o,TW;D(A))'

By using the Young inequality, we get

4.43 1/2 A 3/2 . V0 A o | B4ch 2 4
(443)  calyper| " Yperlll AYper [ < =71 AYper | +V373|yper\ [Yperll”
0
e
)\3/4 ”hHL”(O,Tp”;D(A)) ||yper||1/2|Ayper|3/2
WAL
VYo 9 540‘2L 4 9
(4.44) < ?|Ayper| +W\W”LW(QTW;D(A))HyperH )
Cc3

12 ‘yperll/Q ||h||L°°(O,Tpcr;D(A)) ‘Ayper |3/2
WA}

54ci

VYo 2
4.45 < —|Ayper _
(4.45) - 8 | Agper|” + wirBygA?

Yper 2N 1ll T (0.7,,..:D(AY)-
Substituting estimates from (4.40) to (4.45) into (4.39), we have

1d 2v|Vgl|2,
2 dt w?mdyoA

vy
4

||yper||2 + V’Y0|Ayper|2 < |Ayper|2 +

||h|\%oo(o,Tper;D(A))
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2c3
+ Ry )\2” ||L°° Tper; D(A))
54c3 9
W”}LHLW(O,TPET;D(A))HyPETH
2v 9 54ci

3 2 4
27g Wz 0.1, D) + T g Wper llyper

54c] 4
w741/378)€ |yper| Hh”LOO(O,pr;D(A))'

Thus

d 1
dat HypwHQ + 5”70|Ayperl2

20| Vg2, 23 2v
512070100 D(AY) +

w2myod1  wiry? w2y
54ci R?
+w4yg,yg)\%|| 17 (0,Tper; D(A)) i (0, Tper; D(A))
108¢3 5  108ciR? 4
1P 0.7, lYper | | Yper”-
w3y A3 1T (0, Tpers D(AD I1FP g3 1P

Here we have used (4.27). And therefore

d 1
Ty ||yper||2 + *V70|Ayper|2

4Lh||F||Loo (0, Tper; D(A)) [V‘Vggo n CthHFH%w(o,TPET;D(A))

< w270 mi w2vA?
27¢3 L) F |13 o, TyeriD(A)) 2
+ v+ w U3 2)\2 :|
1083 LA F |7 e 0.7, 04)) o 108¢} 4
w41/3 g/\il), ||ype’r‘H + ngy(:)’, R ”yPETH

thanks to (4.3). Neglecting the term 3v79|Ayper|?, we find that

10803

(4.46) ||yperH < M+ (M2 + R2Hyper||2> ”yperHQv

where

AL Fl ~01,.,:0(4)) [VIVg\io N ELLF N1 0,7,.,:D(4))
=

w2y m3\ w2v\?

4 2
. 2703Lh”FHLOO(O,TPET;D(A))RQ}7

PN
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and

1080%L%L||F||Lw 0 TPM,D(A))
2= wisy, 3)\3

Thus, from (4.46), by using the Gronwall inequality, we have for all ¢ € [t*, T, ],

9per(7)]12)dr)
Tper

Tper 10803 2 2
+ M exp (/ (MQ + 33 R [yper (1) )dT)dS
t 0

t* *

Thus, from (4.28), (4.29) when w satisfying (4.26), we get
”3/1)67'(Tper)”2 < Ko,

Tper
oper Ty P < e () 2o ([ (012 +

t*

10803RE

where

M 1
Ky=—exp (Mg per + 0803

2 2
o £ (MTyr + )R

108 108¢4

+ Ml per €XP (M2TPPT + (MTPPT + RQ)Rz)

Hence, since Yper (Tper) = Yper (0), we have

5per (0)1* < Ko.
Applying the Gronwall inequality to (4.46), we get for all ¢ € [0, Tper],

t 108¢4
e O < lper O exp ([ (1824 59 B2l per (7)) )

t
1
N / Myexp ( / (M + 0803R2||yper<7>u2)d7)ds

108c3

< Kpexp (M2 e+ (MTW + Rz)RQ)

108
(447) + M1 per €XP (MQTper + 03

£ (M Ty + R)R?)
for w satisfying (4.26). Here we have used estimate (4.30).

By the definitions of M, M1, M, Ko and Tper, we can take w > wyp > 0 large
enough such that

108
Kbexp(ﬂbz;m_+ ;%(Aliﬁw—+if)R2)
0

10803

+ My Tyer exp (MQT,M + et (M, + R?)R?) < R
viyd

Thus, we deduce from (4.47) that
(4.48) [yper (0)]1? < B2, ¥t € [0, Ter],
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for w > max {%HFHLW(QTPW;%),WMwg}. From (4.5) then uper = Yper —

Lh(z,wt) is a Tpe,-periodic solution to (4.1). Using the inequality (a + b)? <
2(a? + b?) and (4.48), we obtain

1
s O1F < 2 (er 017 + 51017

P
2 2
<9R? ¢ e 1Rl 2o (0,10,5D(A))

2L

2 2
(4.49) <2R° + 2N ||F||La<>(o,pr;D(A))~

Now, if w satisfies
V2Ly,

wZ W||F||L°°(o,Tpe,,.;D(A)),
1

then by (4.49) we obtain

||uper(t)||2 < 3R =

2
)\1/2 -
1% 1 <1 — |Vg|1/2>‘| R Vt c [O7Tper]7

261 mO)\l

for

w>w0:max{

861\/Lh F \/2Lh F
o [ ||Loo(o,TW;vg)7w1,wz,TA}/QH [ (0,TperiD(A)) ¢ -

This proves (4.4). The proof is complete. O

Remark 4.1. When proving the existence of a time periodic solution ype, sat-
isfying (4.4), we need to estimate the term b(h,h, Aype,) in (4.35) and the
term (Ah, AYper)g in (4.38). Then the term |Ah| arises, and so we need the
assumption F' € L*°(0, Tper; D(A)) due to the relation (4.3) between h and F.

We now prove the global exponential stability of the time periodic solution

Uper-

Theorem 4.2. Let hypothesis (F) hold and let ug € Vy be given. Then any
solution u(-) to system (4.1) with initial datum uy satisfies

lu(t) — uper(t)‘2 < e_nt|u0 - uper(0)|2»t >0,

wheren = v (1 — vif/‘;) > 0 and Upe, 15 the time periodic solution obtained
moA}

in Theorem 4.1. In particular, the periodic solution upe, must be unique.
Proof. Setting z = u — Uper, we have

2 +vAz+vCz+ Bz + Bgz =0,
2(0) = ug — Uper(0),
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where Byz is defined by
(Boz,v)g = b(2, Uper, V) + b(Uper, 2,v) for all v € V.
Multiplying the first equation by z and using the fact that
b(z, 2, z) = b(uper, 2, 2) =0,

we arrive at

1d
§£|z\2 + l/||z||2 = —v(Cz,2)g — b(z, uper, 2).

Using Lemmas 2.1, 2.2 and the Poincaré inequality (2.1), we deduce that

1d Vg
5327 ol < VTOOOHZH 2| + calz] |2l uper |
c1|uper||

A2

\Y%
< e e 2.
mo)\1

Using the estimate (4.4) for the periodic solution w,., and the Poincaré in-
equality (2.1), we have

IVl

ﬂlQA}/2

d
a\z|2+1//\1 1- 12> < 0.

This implies that |z(¢)|> < e™"|2(0)|?, Vt > 0, where n = v)\; (1 - Wg‘”) >
mo
0. This completes the proof. O
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