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ON PRIME SUBMODULES OF A FINITELY GENERATED

PROJECTIVE MODULE OVER A COMMUTATIVE RING

Reza Nekooei and Zahra Pourshafiey

Abstract. In this paper we give a full characterization of prime submod-

ules of a finitely generated projective module M over a commutative ring
R with identity. Also we study the existence of primary decomposition

of a submodule of a finitely generated projective module and character-
ize the minimal primary decomposition of this submodule. Finally, we

characterize the radical of an arbitrary submodule of a finitely gener-

ated projective module M and study submodules of M which satisfy the
radical formula.

0. Introduction

Throughout this paper all rings are commutative with identity and all mod-
ules are unitary. We denote a unique factorization domain by UFD and a
principal ideal domain by PID. Note that in a UFD, a greatest common divisor
(GCD) of any collection of elements always exists. A proper submodule P of
an R-module M is called p-prime if rm ∈ P for r ∈ R and m ∈ M implies
m ∈ P or r ∈ p = (P : M), where (P : M) = {r ∈ R | rM ⊆ P}. Let N be a

submodule of M and N =
⋂k
i=1Ni be a minimal primary decomposition of N

with
√

(Ni : M) = pi. Then Ass(N) = {p1, . . . , pk}. The radical of a submod-
ule N in an R-module M , RadMN , is defined to be the intersection of all prime
submodules of M containing N . If there is no prime submodule containing N ,
then RadMN is defined to be M . In particular, RadMM = M . Let M be an
R-module and N be a submodule of M . The envelope of N in M is defined to
be the set EM (N) = {rm | r ∈ R,m ∈ M ; rnm ∈ N for some n ∈ N}. We say
that the submodule N of an R-module M satisfies the radical formula in M
(N s.t.r.f. in M) if RadMN = 〈EM (N)〉. An R-module M is said to satisfy the
radical formula if every submodule of M satisfies the radical formula. Prime
and primary submodules of a finitely generated free module over a PID were
studied in [2, 3]. The authors in [2] described prime submodules of a finitely
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generated free module over a UFD and characterized the prime submodules of
a free module of finite rank over a PID. In [5], the authors have given a full
characterization of prime submodules of a finitely generated free R-module F ,
where R is an arbitrary commutative ring with identity and they have extended
some results obtained in [2], to a Dedekind domain. Also they studied the ex-
istence of primary decomposition of a submodule of F , where R is an integral
domain, and characterized its minimal primary decomposition and they used
their results in a Dedekind domain. In [6], the authors characterized the radical
of an arbitrary submodule of a finitely generated free R-module F and study
submodules of F which satisfy the radical formula. In this paper we give a full
characterization of prime submodules of a finitely generated projective module
M over a commutative ring R with identity. Also we study the existence of
primary decomposition of a submodule of a finitely generated projective mod-
ule M and characterize the minimal primary decomposition of this submodule.
Finally, we characterize the radical of an arbitrary submodule N of a finitely
generated projective module M and study submodules of M which satisfy the
radical formula.

1. Prime submodules of a finitely generated projective module

Let X be a subset of an R-module M . We denote the submodule of M that
X generates, by 〈X〉 or RX. We use the notation Rn for R⊕ · · · ⊕R︸ ︷︷ ︸

n-times

. Let m

and n be positive integers, A ∈Mm×n(R) and F be the free R-module Rn. We
shall use the notation 〈A〉 := 〈A1, . . . , Am〉 for the submodule N of F generated
by the rows A1, . . . , Am of the matrix A and the notation (r1, . . . , rm)A, ri ∈ R,
for any element of N . Let B ∈ Mm×m(R). We denote the adjoint matrix of
B by B′, so that BB′ = B′B = (detB)Im, where Im is the m × m identity
matrix.

Lemma 1.1. Let R be a commutative ring with identity and M be a finitely
generated projective R-module. Then there exist n ∈ N and a matrix A ∈
Mn×n(R) such that M ' 〈A〉.

Proof. Let M = 〈x1, . . . , xn〉. There exists an epimorphism Φ : Rn → M
with Φ(ei) = xi, where ei = (0, . . . , 0, 1, 0, . . . , 0) ∈ Rn with 1 as the ith
component. Projectivity of M gives a monomorphism Ψ : M → Rn with
ΦΨ = 1M . Now there exists a unique expression Ψ(xi) =

∑n
j=1 rijej for each

xi (1 ≤ i ≤ n). Let A = [rij ] ∈ Mn×n(R). Since for every ti ∈ R (1 ≤ i ≤ n),
Ψ(
∑n
i=1 tixi) = (t1, . . . , tn)A, we get Ψ(M) = 〈A〉 and hence M ' 〈A〉. �

In the rest of this paper we use the following notations.
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i) Let Ti = (ti1, . . . , tin) ∈ F = Rn for some tij ∈ R, 1 ≤ i ≤ m, 1 ≤ j ≤ n.
We put

B =[T1 · · ·Tm] :=


t11 t12 · · · t1n
t21 t22 · · · t2n
...

...
...

...
tm1 tm2 · · · tmn

∈Mm×n(R).

Thus the jth row of the matrix [T1 · · ·Tm] consists of the components of element
Tj in F . We use W to be a non-zero submodule of F with generating set
ξ = {Ti = (ti1, . . . , tin) ∈ F | i ∈ Ω}, where Ω(⊆ N) is an index set with | Ω |<
∞. When | Ω |> n, we define <ξ =

∑
i1,...,in∈ΩRDi1···in , where Di1···in =

det[Ti1 · · ·Tin ].
For example, let R = Z, F = R2 and ξ = {T1 = (1, 1), T2 = (2, 0),

T3 = (2, 6)}. Then D12 = det[T1T2] = det ( 1 1
2 0 ) = −2, D13 = det[T1T3] =

det ( 1 1
2 6 ) = 4 and D23 = det[T2T3] = det ( 2 0

2 6 ) = 12. Now we have <ξ =
〈−2, 4, 12〉 = 2Z.

Also B(j1, . . . , jk) ∈ Mm×k(R) denotes a submatrix of B ∈ Mm×n(R) con-
sisting of the columns j1, . . . , jk ∈ {1, . . . , n} of B.

ii) Let M = 〈x1, . . . , xn〉 be a projective R-module and F = Rn. By Lemma
1.1, there exist an R-module monomorphism Ψ : M → Rn and a unique matrix
A ∈Mn×n(R) such that Ψ(M) = 〈A〉 and M ' 〈A〉. Put α = {x1, x2, . . . , xn}
and β = {e1, e2, . . . , en}, where ei = (0, . . . , 0, 1, 0, . . . , 0) ∈ F with 1 as the
ith component and Ψ(xi) =

∑n
j=1 rijej . We will use the notation [Ψ]βα := A.

Let M = 〈x′1, . . . , x′m〉, α′ = {x′1, . . . , x′m} and β′ = {e1, . . . , em}, where ei =

(0, . . . , 0, 1, 0, . . . , 0) ∈ Rm with 1 as the ith component. Put A′ = [Ψ′]β
′

α′ , where
Ψ′ : M → Rm. Since M ' 〈A〉 and M ' 〈A′〉, we have 〈A〉 ' 〈A′〉.

iii) With the same notations as in parts (i) and (ii), let η := {yi ∈M | i ∈ Ω},
where yi =

∑n
j=1 tijxj and N := 〈η〉 be a submodule of M . We put ξ(A) :=

{TiA ∈ 〈A〉 | i ∈ Ω}.
Let R be a commutative ring with identity, a ∈ R and I be an ideal of R.

We put (I : a) = {r ∈ R | ra ∈ I}. Clearly, (I : a) is an ideal of R.

Lemma 1.2. Let A = [Ψ]βα and N = 〈η〉. Then

i) <ξ(A) ⊆ (N : M) ⊆
√

(<ξ(A) : detA).
ii) If N is a prime submodule of M , then√

<ξ(A) ⊆ (N : M) ⊆
√

(<ξ(A) : detA).

iii) Let R be a domain, N = 〈y1, . . . , ym〉 (m < n), and detA 6= 0. Then
(N : M) = 0.

Proof. i) Let T = 〈ξ(A)〉 be a submodule of F = Rn. Since Ψ is a monomor-
phism, N ' T and hence (T : 〈A〉) = (N : M). Now by [5, Lemma 1.1], we
have <ξ(A) ⊆ (T : F ). So <ξ(A) ⊆ (T : F ) ⊆ (T : 〈A〉) = (N : M).
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Suppose that r ∈ (N : M). Since M = 〈x1, . . . , xn〉 and N = 〈η〉, where
η = {yi ∈ M | i ∈ Ω}, rxi ∈ N for every i(1 6 i 6 n). So for every i(1 6
i 6 n), there exist si ∈ N, kil ∈ R and yil ∈ η(1 ≤ l ≤ si) such that rxi =∑si
l=1 kilyil. Since for every il(1 6 l 6 si), yil ∈ M then there exists tilm ∈

R(1 6 m 6 n) such that yil =
∑n
m=1 tilmxm. Now we have rxi =

∑si
l=1 kilyil =∑si

l=1 kil(
∑n
m=1 tilmxm) =

∑n
m=1

∑si
l=1 kiltilmxm. Now for every i(1 6 i 6

n) and for every m(1 6 m 6 n), we put bim =
∑si
l=1 kiltilm. So rxi =∑n

i=1 bimxm. Since Ψ is a monomorphism, (0, . . . , 0, r, 0, . . . , 0)A = Ψ(rxi) =
Ψ(
∑n
m=1 bimxm) = (bi1, . . . , bin)A. Put Til = (til1, . . . , tiln)(1 6 l 6 si) and

let A1, . . . , An be the rows of matrix A. Then for every i(1 6 i 6 n) we have
rAi = bi1A1 + · · ·+ binAn = ki1Ti1A+ · · ·+ kisiTisiA. Then

rn detA = det


r 0 · · · 0
0 r · · · 0
...

...
0 0 · · · r

detA

= det

 k11T11A+ · · · +k1s1T1s1A
...

...
kn1Tn1A+ · · · +knsnTnsnA

 .

Now we have rn detA ∈ <ξ(A) and hence r ∈
√

(<ξ(A) : detA). Therefore,

<ξ(A) ⊆ (N : M) ⊆
√

(<ξ(A) : detA).
ii) Since N is a prime submodule of M , (N : M) is a prime ideal of R. Thus

by part (i), we have
√
<ξ(A) ⊆

√
(N : M) = (N : M) ⊆

√
(<ξ(A) : detA).

iii) Let r ∈ (N : M) and suppose that rxi =
∑m
l=1 kilyl for some kil ∈ R

(1 ≤ i ≤ n). Then

rn detA = det


r 0 · · · 0
0 r · · · 0
...

...
...

...
0 0 · · · r

detA

= det

 k11T1A+ · · · +k1mTmA
...

...
kn1T1A+ · · · +knmTmA

 .

Since m < n, the right side of equality above is zero and hence rn detA = 0.
But detA 6= 0 and R is a domain, thus r = 0. Therefore, (N : M) = 0. �

Lemma 1.3. Let R be a commutative ring with identity and I be an ideal of
R.

i) If U is an R-module and V is a direct summand of U , then IU ∩ V =
IV .

ii) If A = [Ψ]βα, then IF ∩ 〈A〉 = I〈A〉, where F = Rn.
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Proof. i) There exists a submodule V ′ of U such that U = V +V ′. Then IU =
IV +IV ′. By the modular law, IU∩V = V ∩(IV +IV ′) = IV +(V ∩IV ′) = IV .

ii) By the notations in the proof of Lemma 1.1, since M is projective,

0 −→ KerΦ −→ Rn
Φ−→M → 0

splits. There is an R-homomorphism Ψ : M → Rn such that Φ.Ψ = idM . It
follows that F = Rn = KerΦ ⊕ Ψ(Φ(Rn)) = KerΦ ⊕ Ψ(M) = KerΦ ⊕ 〈A〉.
Hence 〈A〉 is a direct summand of F . By (i), we have the result. �

Let A = [Ψ]βα, N = 〈y1, . . . , yk〉 (k < n), and p be a prime ideal of
R. Let B = [T1 · · ·Tk] ∈ Mk×n(R) and C = BA. Put Tp(B) = {T =
(t1, . . . , tn) ∈ F | detβ(i1, . . . , ik+1) ∈ p for every i1, . . . , ik+1 ∈ {1, . . . , n}},
where β = [T T1 · · ·Tk] ∈ M(k+1)×n(R). Let Sp(N) = {y =

∑n
i=1 tixi ∈

M | (t1, . . . , tn)A ∈ Tp(C)}. Now by [5, Lemma 1.5(i)], Tp(C) is a submodule
of F = Rn and since Sp(N) = Ψ−1(Tp(C)), hence Sp(N) is a submodule of M .
Also if the determinant of every submatrix k × k of C is in p, by [5, Lemma
1.5(iii)], Tp(C) = F and hence Sp(N) = Ψ−1(F ) = M .

Lemma 1.4. Let A = [Ψ]βα, N = 〈y1, . . . , yk〉 (k < n), and p be a prime ideal
of R. Let B = [T1 · · ·Tk] ∈Mk×n(R) and C = BA.

i) If y ∈ Sp(N), then detC(j1, . . . , jk)y ∈ pM + N for all submatrices
C(j1, . . . , jk) of C.

ii) If there exists a submatrix C(j1, . . . , jk) ∈ Mk×k(R) of C such that
detC(j1, . . . , jk) 6∈ p and 〈A〉 * Tp(C), then Sp(N) is a p′-prime sub-
module of M such that p ⊆ p′, where (Sp(N) : M) = p′.

Proof. i) Let y =
∑n
i=1 tixi ∈ Sp(N) and C(j1, . . . , jk) ∈ Mk×k(R) be a sub-

matrix of C. Then (t1, . . . , tn)A ∈ Tp(C) and by [5, Lemma 1.5(ii)], X =
detC(j1, . . . , jk)(t1, . . . , tn)A ∈ pF +〈C〉. So there exist X ′ ∈ pF and Y ′ ∈ 〈C〉
such that X = X ′ + Y ′. By Lemma 1.3, X ′ = X − Y ′ ∈ pF ∩ 〈A〉 =
p〈A〉 and hence there exist vi ∈ p (1 ≤ i ≤ n) and zi ∈ R (1 ≤ i ≤ k)
such that X = (v1, . . . , vn)A + (z1, . . . , zk)C. Since C = BA and X =
detC(j1, . . . , jk)(t1, . . . , tn)A, we have Ψ(detC(j1, . . . , jk)

∑n
i=1 tixi) = X =

Ψ(
∑n
i=1 vixi +

∑k
i=1 ziyi). Since Ψ is a monomorphism, we have

detC(j1, . . . , jk)y =

n∑
i=1

vixi +

k∑
i=1

ziyi ∈ pM +N.

ii) Let C(j1, . . . , jk) ∈Mk×k(R) be a submatrix of C such that detC(j1, . . . ,
jk) 6∈ p. Let Sp(N) = M . So R = (Sp(N) : M) = (Tp(C) : 〈A〉) and hence
〈A〉 ⊆ Tp(C), which is a contradiction. Thus Sp(N) 6= M . By [5, Lemma
1.5(iv)], Tp(C) is a p-prime submodule of F and hence Sp(N) = Ψ−1(Tp(C))
is a prime submodule of M . Let (Sp(N) : M) = p′. Now we have p = (Tp(C) :
F ) ⊆ (Tp(C) : 〈A〉) = (Sp(N) : M) = p′. �

Theorem 1.5. Let A = [Ψ]βα, N = 〈η〉 and p be a prime ideal of R. Then
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i) N is a p-prime submodule of M if and only if (N : M) = p and
N = pM or there exists a positive integer k < n, yi ∈ η (1 ≤ i ≤ k)
such that N = Sp(L), where L = 〈y1, . . . , yk〉.

ii) Let N be a p-prime submodule of M , N 6= pM and k be a positive
integer in part (i). Suppose that for every submodule H = 〈z1, . . . , zk〉,
zi ∈ N (1 ≤ i ≤ k), zi =

∑n
j=1 sijxj, D = [sij ]k×n, E = DA such that

〈A〉 * Tp(E) and detE(j1, . . . , jk) 6∈ p for some j1, . . . , jk ∈ {1, . . . , n}.
Then N = Sp(H).

iii) Let N and N ′ be p-prime submodules of M and N,N ′ 6= pM . Suppose
that N ′ $ N and kN , kN ′ are positive integers for N and N ′ in part
(i). Then kN ′ < kN .

Proof. i) Suppose that N is a p-prime submodule of M and N 6= pM . Let θ
be the collection of all positive integers m such that there exists a submodule
L = 〈y1, . . . , ym〉 for some yi ∈ η (1 ≤ i ≤ m), such that detC(j1, . . . , jm) 6∈ p
for some j1, . . . , jm ∈ {1, . . . , n}, where B = [T1 · · ·Tm] and C = BA. Since
N 6= pM , 1 ∈ θ and hence θ 6= ∅. By the proof of Lemma 1.2, every element of
θ is less than n. In particular, max(θ) < n. Now let k = max(θ). Now there
exists a submodule L = 〈y1, . . . , yk〉 for some yi ∈ η (1 ≤ i ≤ k), such that
detC(j1, . . . , jk) 6∈ p for some j1, . . . , jk ∈ {1, . . . , n}, where B = [T1 · · ·Tk] and
C = BA. Now we show that N = Sp(L). Let y ∈ Sp(L). Then by Lemma
1.4(i), detC(j1, . . . , jk)y ∈ pM + L ⊆ N . Since detC(j1, . . . , jk) 6∈ p and N is
a p-prime submodule of M , we have y ∈ N . Thus Sp(L) ⊆ N . If 〈A〉 ⊆ Tp(C),
then M ⊆ Sp(L) ⊆ N and so N = M , which is a contradiction. So 〈A〉 *
Tp(C) and by Lemma 1.4(ii), Sp(L) is a prime submodule of M . Now since
k = max(θ), η ⊆ Sp(L) and hence N ⊆ Sp(L). Thus N = Sp(L). Conversely,
suppose that N = pM . By [1, Corollary 2.3], pM is a p-prime submodule
of M . Assume that there exist positive integer k < n and L = 〈y1, . . . , yk〉,
B = [T1 · · ·Tk], C = BA such that N = Sp(L). If detC(i1, . . . , ik) ∈ p for every
i1, . . . , ik ∈ {1, . . . , n}, then by the statement just prior to Lemma 1.4, N = M .
So (N : M) = R, which is a contradiction. Therefore there exists a submatrix
C(j1, . . . , jk) of C such that detC(j1, . . . , jk) 6∈ p. On the other hand, since
N 6= M , 〈A〉 * Tp(C) and by Lemma 1.4(ii), N is a p-prime submodule of M .

ii) By part (i), there exist yi ∈ η (1 ≤ i ≤ k), and L = 〈y1, . . . , yk〉 such
that N = Sp(L). Let B = [T1 · · ·Tk] and C = BA. By [5, Proposition 1.7],
Tp(E) = Tp(C). So N = Sp(L) = Ψ−1(Tp(C)) = Ψ−1(Tp(E)) = Sp(H).

iii) By the proofs of parts (i) and (ii), there exist matrices C and C ′ such that
N = Ψ−1(Tp(C)) and N ′ = Ψ−1(Tp(C

′)). Let P = Tp(C) and P ′ = Tp(C
′).

We have kN = kP and kN ′ = kP ′ . Now the proof follows by [5, Proposition
1.8]. �

Corollary 1.6. Let R be a domain, A = [Ψ]βα, N = 〈y1, . . . , yk〉 (k < n) and
detA 6= 0. Suppose that B = [T1 · · ·Tk] ∈ Mk×n(R) and C = BA such that
rankC = k and 〈A〉 * T(0)(C). Then N is a prime submodule of M if and
only if N = S(0)(N).



ON PRIME SUBMODULES 735

Proof. By Lemma 1.2(iii), (N : M) = 0. Since rankC = k, there exists a
submatrix C(j1, . . . , jk) ∈ Mk×k(R) such that detC(j1, . . . , jk) 6= 0. Now the
proof follows from Theorem 1.5(i). �

Let N be a p-prime submodule of an R-module M . We recall that the
p-height of N is equal to n and denoted by p-ht(N), if there exists a chain
N0 & N1 & · · · & Nn = N of p-prime submodules of M with maximal length.

Proposition 1.7. Let A = [Ψ]βα and N = 〈η〉. If N is a p-prime submodule of
M and kN is the positive integer in Theorem 1.5(i), then p-ht(N) = kN .

Proof. Note that if N = pM , then p-ht(N) = 0. We define kN = 0. Thus
p-ht(N) = kN . Now assume that kN ≥ 1. We shall use induction on kN to
prove the proposition. Let kN = 1. Suppose that L is a p-prime submodule
of M with L $ N . If L 6= pM , since pM $ L $ N , then 0 < kL < 1,
which is a contradiction. Thus L = pM and hence p-ht(N) = 1. Assume that
the assertion is true for any kN , 1 ≤ kN ≤ m − 1. Suppose that kN = m.
Then there exists a submodule L = 〈y1, . . . , ym〉, yi ∈ η (1 ≤ i ≤ m) such
that N = Sp(L) and detC(j1, . . . , jm) 6∈ p for some j1, . . . , jm ∈ {1, . . . , n},
B = [T1 · · ·Tm] and C = BA. Let L′′ = 〈y1, . . . , ym−1〉, B′′ = [T1 · · ·Tm−1]
and C ′′ = B′′A. Since detC(j1, . . . , jm) 6∈ p, there exists an (m− 1)× (m− 1)
submatrix, C ′′(s1, . . . , sm−1) of C(j1, . . . , jm) with detC ′′(s1, . . . , sm−1) 6∈ p.
Now by Lemma 1.4(ii), S = Sp(L

′′) is a p′-prime submodule of M . Since
S ⊆ N , p = p′. By the induction hypothesis, p-ht(S) = m− 1. So there exists
a chain of p-prime submodules N0 = pM $ N1 $ · · · $ Nm−1 = S $ Nm = N
of length m and hence p-ht(N) ≥ m. Now let N0 = pM $ N1 $ · · · $ Nl−1 $
Nl = N be a chain of p-prime submodules of M . Then kNl−1

< kN = m
and by the induction hypothesis, l − 1 ≤ kNl−1

< m. Thus l ≤ m and hence
p-ht(N) = m. Therefore p-ht(N) = kN . �

In the rest of this section we describe the structure of prime submodules of
a finitely generated projective module over a UFD and a Dedekind domain.

Theorem 1.8. Let R be a UFD (respectively, Dedekind domain), A = [Ψ]βα and
N = 〈y1, . . . , yk〉 (k ≤ n). Suppose that B = [T1 · · ·Tk] ∈ Mk×n(R), C = BA
and rankC = k. We have

i) If k < n, then N is a prime submodule of M if and only if a GCD
of (respectively, the ideal generated by) the determinants of all k × k
submatrices of C, is 1 (respectively, R).

ii) If k = n, then N is a prime submodule of M if and only if there exist
an irreducible element p ∈ R (respectively, a prime ideal p of R), a
unit u ∈ R and a positive integer α ≤ n such that 〈detC〉 = upα and a
GCD of (respectively, the ideal generated by) entries of C ′ is pα−1.

Proof. Let T = 〈ξ(A)〉 be a submodule of F = Rn. Since Ψ is a monomorphism,
N ' T . Now the proof (i) and (ii), follows by [2, Theorem 2.5] (respectively,
[5, Theorem 2.2]). �
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Example 1.9. Let R = Z[
√

10]. We know that R is a Dedekind domain but
it is not a UFD. Let M = R( 1

2 ) + R( 1
3 ). By [4, Theorem VIII, 6.8], M is a

projective R-module. We define Φ : R2 →M by Φ((1, 0)) = 1
2 and Φ((0, 1)) =

1
3 . We define Ψ : M → R2 by Ψ( 1

2 ) = (3,−3) and Ψ(1
3 ) = (2,−2). So by

Lemma 1.1, M ' 〈A〉, where A =
(

3 −3
2 −2

)
∈ M2×2(R). Let N = 〈 12 t1 + 1

3 t2〉,
where t1 = x1 + x2

√
10 and t2 = y1 + y2

√
10, x1, x2, y1, y2 ∈ Z. We have,

B = [t1 t2]1×2 and C = BA = [3t1 + 2t2 − 3t1− 2t2]1×2. Let J = R(3t1 + 2t2).
Then by Theorem 1.8, N is prime if and only if J = R if and only if 3t1 + 2t2
is a unit element of R. For example, let t1 = 3 +

√
10 and t2 = −3 −

√
10.

Then 3t1 + 2t2 = 3 +
√

10 and (3 +
√

10)(−3 +
√

10) = 1. So 3t1 + 2t2 is a unit

element of R and hence N = 〈 12 (3 +
√

10) + 1
3 (−3−

√
10)〉 = 〈 12 + 1

6

√
10〉 is a

prime submodule of M .

2. Primary decomposition of submodules of a finitely generated
projective module

In this section we describe a primary decomposition of a submodule of a
finitely generated projective module over a domain.

Let A = [Ψ]βα, N = 〈y1, . . . , yk〉 (k < n), and Q be a p-primary ideal of R
containing <ξ(A). Let B = [T1 · · ·Tk] and C = BA.

Put TQ(B) = {T = (t1, . . . , tn) ∈ F | detβ(i1, . . . , ik+1) ∈ Q for every
i1, . . . , ik+1 ∈ {1, . . . , n}}, where β = [T T1 · · ·Tk] ∈ M(k+1)×n(R) and SQ(N)

= {y =
∑n
i=1 tixi ∈ M | (t1, . . . , tn)A ∈ TQ(C)}. As an observations before

Lemma 1.4, SQ(N) is a submodule of M . Also if the determinant of every
k × k submatrix of C is in Q, SQ(N) = M .

Lemma 2.1. Let A = [Ψ]βα, N = 〈y1, . . . , yk〉 (k < n), and Q be a p-primary
ideal of R containing <ξ(A). Let B = [T1 · · ·Tk] and C = BA. We have

i) If y =
∑n
i=1 tixi ∈ SQ(N), then for every submatrix C(j1, . . . , jk) of

C, detC(j1, . . . , jk)y ∈ QM +N .
ii) If 〈A〉 * SQ(N) and there exists a submatrix C(j1, . . . , jk) of C such

that detC(j1, . . . , jk) 6∈ Q, then SQ(N) is p′-primary submodule of M
such that p ⊆ p′.

Proof. The proof is similar to the proof of Lemma 1.4. �

Remark. Let A = [Ψ]βα and N = 〈η〉. Suppose that N is a p-primary submodule
of M with (N : M) = Q and η 6⊂ QM . Let θ be the collection of all positive
integers m such that there exist a submodule L = 〈y1, . . . , ym〉 and a submatrix
C(j1, . . . , jm) such that detC(j1, . . . , jm) 6∈ Q for some j1, . . . , jm ∈ {1, . . . , n}.
Since η 6⊂ QM , then 1 ∈ θ. Let k = max θ. Since <ξ(A) ⊆ Q, k < n.
Assume that L = 〈y1, . . . , yk〉 with detC(j1, . . . , jk) 6∈ Q for some j1, . . . , jk ∈
{1, . . . , n}. If y ∈ SQ, then by Lemma 2.1(i), detC(s1, . . . , sk)y ∈ QM+N ⊂ N
for all s1, . . . , sk ∈ {1, . . . , n}. So, if detC(s1, . . . , sk) 6∈ p for some s1, . . . , sk ∈
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{1, . . . , n}, then SQ ⊆ N . Now by Lemma 2.1(ii), SQ is a p′-primary submodule
of M with N ⊆ SQ. Thus N = SQ.

Theorem 2.2. Let R be a domain, A = [Ψ]βα and N = 〈η〉. Suppose that
N is a proper submodule of M with |Ω| ≥ n. Let <ξ(A) be a nonzero ideal
of R such that <ξ(A) = REj1···jn for some j1, . . . , jn ∈ Ω, where Ej1···jn =

det[Ti1 · · ·Tin ]A. Suppose that <ξ(A) =
⋂m
i=1Qi is a minimal primary decom-

position of <ξ(A) with Ass(<ξ(A)) = {pi}mi=1 and SQi as above is a submodule

of M with
√

(SQi : M) = p′i. Let {qi}ti=1 = {p′i | 〈A〉 * TQi}. Then

a)
⋂t
i=1 SQi is a primary decomposition of N .

b) If {qi}ti=1 has no embedded prime ideal, then
⋂t
i=1 SQi is a minimal

primary decomposition of N with Ass(N) = {qi}ti=1.
c) Let i ∈ {1, . . . ,m}. There exist submodules Li = 〈y1(i), . . . , yki(i)〉

of N such that yl(i) ∈ η (1 ≤ l ≤ ki), detCi(ji1, . . . , jiki) 6∈ Qi,
for some ji1, . . . , jiki ∈ {1, . . . , n} and SQi = SQi(Li). If there exists
Ci(si1, . . . , siki) for some si1, . . . , siki ∈ {1, . . . , n} such that

detCi(si1, . . . , siki) 6∈ pi
for all i ∈ {1, . . . ,m}, and for every i, j ∈ {1, . . . , t}, qi 6= qj, then⋂t
i=1 SQi is a minimal primary decomposition of N with Ass(N) =
{qi}ti=1.

Proof. a) By [5, Theorem 3.2(a)], 〈C〉 =
⋂m
i=1 TQi . Then

N = Ψ−1(〈C〉) =

m⋂
i=1

Ψ−1(TQi) =

m⋂
i=1

SQi =

t⋂
i=1

SQi .

b) Suppose that
⋂t

1=i 6=j SQi ⊆ SQj for some j (1 ≤ j ≤ m). Then√
(
⋂t

1=i6=j SQi : M) ⊆
√

(SQj : M) and hence
⋂t

1=i 6=j qi ⊆ qj . It follows that

qi ⊆ qj for some i (1 ≤ i ≤ m), i 6= j, which is a contradiction.

c) Suppose that
⋂t

1=i 6=j SQi ⊂ SQj for some j (1 ≤ j ≤ t). Then
⋂m
i=1 TQi ⊂⋂t

i=1 TQi ⊂ TQj and by [5, Theorem 3.2(c)], it is a contradiction. �

Corollary 2.3. Let R be a Dedekind domain, A = [Ψ]βα and N = 〈y1, . . . , yn〉.
Let B = [T1 · · ·Tn], C = BA and rankC = n. Then

⋂k
i=1 Spαii

is a minimal

primary decomposition of N for some distinct maximal ideals p1, . . . , pk of R.

Proof. Since R is a Dedekind domain, by [5, Corollary 3.3], there exist dis-

tinct maximal ideals q1, . . . , qt of R and αi ∈ N such that 〈C〉 =
⋂t
i=1 Tqαii

is a minimal primary decomposition of 〈C〉. Since Ψ is a monomorphism,

N = Ψ−1(〈C〉) = Ψ−1(
⋂t
i=1 Tqαii

) =
⋂t
i=1 Sqαii

. Let {p1, . . . , pk} = {qi | 〈A〉 *
Tqαii
}. Now by Lemma 2.1(ii) and sinceR is a Dedekind domain, N =

⋂k
i=1 Spαii

is a minimal primary decomposition of N and Ass(N) = {p1, . . . , pk}. �
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3. Radical of a submodule of a finitely generated projective module

In this section we characterize the radical of an arbitrary submodule of
a finitely generated projective module M over a commutative ring R with
identity. Also we study submodules of M which satisfy the radical formula.

Let A = [Ψ]βα and N = 〈η〉. We put

[T1A · · ·TmA]m =
∑

j1,...,jm∈{1,...,n}

R detC(j1, . . . , jm),

where C = [T1A · · ·TmA] and <t =
∑
i1,...,it∈ΩR[Ti1A . . . TitA]t (1 ≤ t ≤ n).

Note that <1 ⊇ <2 ⊇ · · · ⊇ <n = <ξ(A).
Let M be an R-module, p be a prime ideal of R and N be a submodule of

M . In [7], Pusat-Yilmaz and Smith defined the submodule K(N, p) = {m ∈
M | cm ∈ N + pM for some c ∈ R\p}. They showed that this is the smallest
p-prime submodule of M containing N and so RadMN = ∩{K(N, p) | p is a
prime ideal of R}.

Lemma 3.1. Let A = [Ψ]βα, p be a prime ideal of R and N = 〈η〉. We have

i) If (N : M) * p, then K(N, p) = M .
ii) If <1 ⊆ p and (pM : M) = p, then K(N, p) = pM .
iii) If p 6= 0 is a maximal ideal of R, <1 * p and K(N, p) 6= M , then there

exist a positive integer k < n and a submodule L = 〈y1, . . . , yk〉, yi ∈ η
(1 ≤ i ≤ k) such that K(N, p) = Sp(L).

Proof. i) Let p be a prime ideal of R. Assume that (N : M) is not contained
in p and c ∈ (N : M)\p. So cM ⊆ N and hence M ⊆ K(N, p).

ii) Let <1 ⊆ p. Since pM contains N , by [1, Corollary 2.3], pM is a p-prime
submodule of M . So K(N, p) = pM .

iii) Let <1 be not contained in p. Suppose that θ is the set of all positive
integers m such that there exist a submodule L = 〈y1, . . . , ym〉 for some yi ∈ η
(1 ≤ i ≤ m), and a submatrix C(j1, . . . , jm) such that detC(j1, . . . , jm) 6∈ p for
some j1, . . . , jm ∈ {1, . . . , n}, where B = [T1 . . . Tm] and C = BA. Since <1 *
p, η 6⊂ pM and hence 1 ∈ θ. Thus θ 6= ∅. Let k = max(θ). By Lemma 1.2(i),
we have k < n. Suppose that L = 〈y1, . . . , yk〉 is a submodule of M such that
detC(j1, . . . , jk) 6∈ p for some j1, . . . , jk ∈ {1, . . . , n}, where B = [T1 · · ·Tk] and
C = BA. By Lemma 1.4(i), Sp(L) ⊆ K(N, p). So 〈A〉 * Sp(L) and by Lemma
1.4(ii), we have Sp(L) is a prime submodule of M . Since p 6= 0 is maximal ideal,
(Sp(L) : M) = p. Thus K(N, p) ⊆ Sp(L). Therefore K(N, p) = Sp(L). �

Let F be the free R-module Rn and W = 〈ξ〉. By [6, Theorem 2.4],
RadFW = {T = (t1, . . . , tn) ∈

√
<1F | [T Ti1 · · ·Tik−1

]k ⊆
√
<k for every

i1, . . . , ik−1 ∈ Ω, 2 ≤ k ≤ n}, where <k =
∑
i1,...,ik∈ΩR[Ti1 . . . Tik ]k and

[T Ti1 · · ·Tik−1
]k =

∑
j1,...,jk∈{1,...,n}R detB(j1, . . . , jk) with B = [T Ti1 · · ·

Tik−1
].
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Theorem 3.2. Let A = [Ψ]βα and N = 〈η〉. Then RadMN = {y =
∑n
i=1 tixi ∈

M | (t1, . . . , tn)A ∈ RadFT}, where T = 〈ξ(A)〉.

Proof. We know that RadMN =
⋂
pK(N, p). At first we will show that

K(T, p)∩ 〈A〉 = Ψ(K(N, p)) for every prime ideal p of R. Let y =
∑n
i=1 tixi ∈

K(N, p). There exists c ∈ R − p such that cy =
∑n
i=1 ctixi ∈ N + pM . So

there exist m ∈ N, ki ∈ R (1 ≤ i ≤ m) and lj ∈ p (1 ≤ j ≤ n) such that∑n
i=1 ctixi =

∑m
i=1 kiyi +

∑n
j=1 ljxj =

∑m
i=1 ki(

∑n
j=1 tijxj) +

∑n
j=1 ljxj =∑n

j=1

∑m
i=1 kitijxj +

∑n
j=1 ljxj . Now we have

cΨ(y) = Ψ(cy)

= (

m∑
i=1

kiti1, . . . ,

m∑
i=1

kitin)A+ (l1, . . . , ln)A ∈ T + p〈A〉 ⊆ T + pF.

So Ψ(y) ∈ K(T, p) ∩ 〈A〉 and hence Ψ(K(N, p)) ⊆ K(T, p) ∩ 〈A〉. Conversely,
let Y ∈ K(T, p) ∩ 〈A〉. There exist c ∈ R− p and lj ∈ R (1 ≤ j ≤ n) such that
Y = (l1, . . . , ln)A and cY = (cl1, . . . , cln)A ∈ T + pF . So there exist m ∈ N,
ki ∈ R, TiA ∈ T (1 ≤ i ≤ m) and zi ∈ p (1 ≤ i ≤ n) such that (cl1, . . . , cln)A =
(k1, . . . , kn)BA + (z1, . . . , zn), where B = [T1 · · ·Tm]. So by Lemma 1.3,
(z1, . . . , zn) ∈ pF ∩ 〈A〉 = p〈A〉. Then there exists z′i ∈ p (1 ≤ i ≤ n) such
that (z1, . . . , zn) = (z′1, . . . , z

′
n)A and hence (cl1, . . . , cln)A = ((k1, . . . , kn)B +

(z′1, . . . , z
′
n))A. Thus Ψ(

∑n
i=1 clixi) = Ψ(

∑m
i=1 kiyi +

∑n
i=1 z

′
ixi). Since Ψ

is a monomorphism, we have
∑n
i=1 clixi =

∑m
i=1 kiyi +

∑n
i=1 z

′
ixi and hence

c(
∑n
i=1 lixi) ∈ N + pM . Now we have

n∑
i=1

lixi ∈ K(N, p).

So Y = Ψ(
∑n
i=1 lixi) ∈ Ψ(K(N, p)) and hence K(T, p) ∩ 〈A〉 = Ψ(K(N, p)).

Since for every y =
∑n
i=1 tixi ∈ M , Ψ(y) ∈ 〈A〉, we have y ∈ RadMN if

and only if y ∈
⋂
pK(N, p) if and only if Ψ(y) ∈

⋂
pK(T, p) if and only if

(t1, . . . , tn)A ∈
⋂
pK(T, p) if and only if (t1, . . . , tn)A ∈ RadFT . �

Proposition 3.3. Let A = [Ψ]βα and N = 〈η〉. If there exist m (1 ≤ m ≤ n−1),
and a submodule L = 〈y1, . . . , ym〉 of N for some yi ∈ η (1 ≤ i ≤ m) such
that C contains an m × m submatrix whose determinant is a unit in R and√
<m+1 =

√
(N : M), where B = [T1 · · ·Tm] and C = BA, then N s.t.r.f in

M .

Proof. Suppose that there exist a submodule L = 〈y1, . . . , ym〉 of N for some
yi ∈ η (1 ≤ i ≤ m), and a submatrix C(j1, . . . , jm) for some j1, . . . , jm ∈
{1, . . . , n} such that detC(j1, . . . , jm) is unit. Let y =

∑n
i=1 tixi ∈ RadMN and

p =
√

(N : M). Then [TA T1A · · ·TmA]m+1 ⊆
√
<m+1 =

√
(N : M). If we re-

place the radical p in [5, Lemma 1.5(ii)] with
√

(N : M), then detC(i1, . . . , im)
TA ∈ pF + 〈C〉. Since detC(j1, . . . , jm) is unit, TA ∈ pF + 〈C〉 and hence
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y ∈ pM + N . It follows that y ∈
√

(N : M)M + N and hence RadMN =√
(N : M)M +N = 〈EM (N)〉. �

Corollary 3.4. Let (R,m) be a local ring with m as maximal ideal, A = [Ψ]βα
and N = 〈η〉. If <j = R and

√
<j+1 =

√
(N : M) for some j (1 ≤ j ≤ n− 1),

then N s.t.r.f in M .

Proof. Let <j =
∑
i1,...,ij∈ΩR[Ti1A · · ·TijA]j = R for some j (1 ≤ j ≤ n− 1),

and
√
<j+1 =

√
(N : M). Since R is a local ring, there exist a submodule L =

〈y1, . . . , yj〉 for some y1, . . . , yj ∈ η and a submatrix C(i1, . . . , ij) ∈ Mj×j(R)
for some i1, . . . , ij ∈ {1, . . . , n} such that detC(i1, . . . , ij) is unit. Now by
Proposition 3.3, N s.t.r.f in M . �

Proposition 3.5. Let R be a commutative ring with identity, A = [Ψ]βα and

N = 〈η〉. If
√
<1 =

√
<2 = · · · =

√
<n−1 =

√
(T : F ), where T = 〈ξ(A)〉, then

RadMN =
√

(N : M)M = 〈EM (N)〉.

Proof. Since Ψ is a monomorphism, N ' T . By [6, Proposition 2.7], we have

RadFT =
√

(T : F )F = 〈EF (T )〉. Let y =
∑n
i=1 tixi ∈ RadMN . Then

X = (t1, . . . , tn)A ∈ RadFT =
√

(T : F )F . Suppose that I =
√

(T : F ). By
Lemma 1.3, we have X ∈ IF ∩ 〈A〉 = I〈A〉. So there exists ri ∈ I (1 ≤ i ≤
n) such that X = (r1, . . . , rn)A. Thus y ∈ IM ⊆

√
(N : M)M and hence

RadMN =
√

(N : M)M = 〈EM (N)〉. �
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