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THE U-PROJECTIVE RESOLUTION OF MODULES OVER
PATH ALGEBRAS OF TYPES A, AND A,

KARIN BAUR, YUDI MAHATMA, AND INTAN MUCHTADI-ALAMSYAH

ABSTRACT. In this paper we compute the U-projective resolution of kQ-
modules where @ is quiver of type A, and A,. The behavior of the
sequence can be seen through its geometric representation.

1. Introduction

Projective resolution of modules plays an important role in homological al-
gebra. In 2002, Davvaz and Shabani-Solt introduced the notions of U-complex,
U-homology, etc. (see [5]) to generalize certain concepts in homological alge-
bra. Inspired by this, the second and the third authors introduced the notions
of U-projective resolutions and U-extension modules in 2016 (see [7]).

We also found that every short exact sequence of modules and module ho-
momorphisms over hereditary algebra can always be extended into a long exact
sequence of U-homologies (the modified homologies) consisting of U-extension
modules. This encouraged us to further research on U-extension modules over
hereditary algebra. The algebra of our interest is a path algebra generated by
a finite acyclic quiver. In this paper we will discuss U-projective resolutions of
modules over such an algebra.

A sequence - - - M M4 M M, LN M1 h) -+ of modules and
module homomorphisms is said to be ezact if Imdy11 = kerdy, for every k. In [4]
Davvaz and Parnian-Garamaleky introduced the notion of U-exact sequence,
which is a generalization of an exact sequence. The idea is to replace ker
dj, with d;l(Uk,l)7 for every k, where Uy is a submodule of My, for each k.
Davvaz and Shabani-Solt then redefined this concept in [5] using the so-called
U-complex approach which further assumes that Im dy41 must contain Uy

. di 42 di11

for every k. Thus, a U-exact sequence is a sequence --- —— Mg ——
d dg— .

M, =5 M1 == ... of modules and module homomorphisms such that

Up C Imdgyq = d,;l(Uk_l) where U}, is a submodule of My, for each integer k.
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Mahatma and Muchtadi-Alamsyah extended these result by proposing in [7]
a way to define U-projective resolutions and U-extension modules. The aim
of this paper is to state a formula for U-projective resolutions of kQ-modules
where Q is quiver of type A, and A,,. For an introduction to quivers and path
algebras see [1, Chapter II].

2. The U-projective resolution of a module

Given any module M, there always exists a projective resolution of M, i.e.,
an exact sequence - - - ds, P, LN P, LN Py doy M — 0 where P;’s are projec-
tive for all ¢ = 1,2,3,.... If we replace exactness with U-exactness, then we
have what we call a U-projective resolution. The complete algorithm to con-
struct a U-projective resolution of an A-module M for any nonzero submodule
U of M was given in [7]. Here, we recall the construction:

Given any module M there always exists a projective module Py that can

d
map onto M. Hence we have a sequence Py —+ M — 0. By the same reason,

we can extend the sequence into Py 2% Py 2% M — 0 for a projective module
Py so that the new sequence is U-exact at Py, i.e., di(P1) = dy '(U). Now, set

Up := dy ' (U) and extend the last sequence into Py LN P LN Py dos pr 50
for a suitable projective module P» so that the new sequence is Uy-exact at P,
ie., dy(Py) = dy*(Up). Now set Uy := d;* (kerdp) and continue the process.

By doing this, we obtain a sequence - - - s, py B2 pp A opy doy o
where all P;’s are projective and which is U;_j-exact at P;, i.e., dit1(Pit1) =

d- Y (U;_1) for i = 1,2,3,.... We denote this resolution by P : P,(U,) LN

(3
M(U). It has been shown in [7] that if both P : P,(U,) LN M(U) and
Q: Q.(Vi) = M(U) are U-projective resolutions of M, then there exist two
U-complex morphisms f: P — Q and g : Q — P such that gf ~ 1p and
fg ~ 1g. This implies that the U-extension modules generated by U-projective
resolutions are unique up to isomorphism. Hence the projective modules P;
may be chosen arbitrarily.

In this paper we will consider the U-projective resolution only for case U # 0.
One might suggest that the U-projective resolution of M can be substituted
by the projective resolution of M/U. In fact, they are not identical as the
extension modules generated from the resolutions can be not isomorphic. For
example, if both M and U are projective, then Ext' (M[U],U) = 0 (see [7])
while the module Ext!(M/U,U) is not necessarily zero. (See Chapter 7 of [8]
for the fundamental concept of extension modules.)

Since all algebras discussed in this paper are hereditary, the last nonzero
module in any U-projective resolution will be either P, or Ps. We will say that
the length of the resolution is 2 or 3, respectively, as we now explain.

Clearly, if M is projective, then we may set Py := M and dy := 1,,. As
a consequence, Uy = d Y(U) = U. Now since the algebra is hereditary and
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M is projective, then dal(U) = U C M must be projective and hence we
may set P; := U and d; as an inclusion from U to M. This implies that
Uy = dy ' (kerdy) = d;*(0) = 0 and hence we may set P := 0. Since we have
reached the zero module then we can set all the next modules and maps as
zero. Hence the resolution will be as follows:

O - U - U —» M — M — 0

(2.1) 1 t
U U

where the objects written in the bottom row are the U;’s. Note that when U;
is not written, we mean that U; = 0.

Now, for the non projective case over hereditary algebra, we start with a
map P 4 M — 0 with P projective. Set Py := P and dy := d. Since the
algebra is hereditary and P is projective then d=!(U) C P must be projec-
tive. Hence we may set Py := d~}(U) and d; as the inclusion from d=1(U)
to P. As a consequence, we have U; = dj'(kerd) = kerd. Now, since
di'(Uo) = di* (d=H(U)) = d~1(U) is projective then we may set P := d~*(U)
and dy := 14-1(y). This implies that Us = d; '(kerd;) = d5'(0) = 0. Next,
since dy '(U1) = dy*(kerd) = kerd C d~'(U) is projective then we may set
P; := kerd and d3 as the inclusion from kerd to d=!(U). This implies that
Us = d3'(kerds) = dy*(0) = 0. Now, d3*(Us) = d3'(0) = 0 and hence we
may set P, := 0 and the process can be stopped. Thus, the resolution will be
as follows:

d

0 = kerd - d°'(U) - d°Y(U) - P S5 M — 0
(22) 1 1 1
ker d d=Y(U) U

Theorem 1. An algebra A is hereditary if and only if every U-projective res-
olution of an A-module has length 2 or 3.

Proof. We only need to prove the sufficiency. Suppose that A is an algebra
with every U-projective resolution of an A-module has length 2 or 3. Suppose
that there is an ideal I of A which is not projective as an A-module. Consider
the surjection d : P — I with P projective. The A/I-projective resolution of
A/I will be as follows:

T

X - P 4 o4 14 o4 1 o4 DA 5 o0
T

(23) 1 1 t
ker d 1 A AT

Since [ is non projective then d is not an inclusion and hence X # 0 contrary
to the assumption that the length must not exceed 3. Thus, every ideal of A
must be projective as an A-module which means A is hereditary. 0

We restrict the discussion in this paper only for resolutions of indecompos-
able modules. For decomposable case, the problem can be reduced by the
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following fact: given any finite collection of modules M7, My, ..., M,, if we
have constructed the U,-projective resolution of M, for each «, then we can
obtain the U; @ Uy @ - - - ® Up,-projective resolution of My & My & --- & M, by
just taking the direct sum of the corresponding components of the sequences.
However, this has not covered all the situations since it is possible for a decom-
posable module M to have submodule which is not direct sum of submodules
of direct summands of M.

3. Diagonal representation of a kQ-module of type A,

In this section we restrict the discussion to path algebras generated by the
quiver @ of the foorm n — (n —1) = (n —2) — --- — 1 which is a special case
of quiver of type A,. All the indecomposable modules over such an algebra
will be represented through a geometric model: every indecomposable module
can be viewed as a diagonal in an (n + 3)-gon. The algebra kQ itself is given
by the following triangulation of an (n + 3)-gon.

FIGURE 1. Triangulation for quiver @ : n — (n—1) — (n —
2) = - — 1.

Each vertex of @) corresponds to one of the diagonals in Figure 1. The arrows
correspond to clockwise rotations to the nearest neighbor (so-called minimal
rotations). See Subsection 3.1.3 of [9] for details. The indecomposable kQ-
modules can be described as diagonals in this polygon intersecting the diagonals
of the chosen triangulations. The simple modules intersect exactly one diagonal
and inductively we get all the indecomposable modules from this: consider the
module 0 — -+ - 0 - K® — K& ... 5 gl 505 ... 50
for some n > b > a > 1, i.e., the representation of ) supported at vertices
b,b—1,..., and a. The geometric representation of such a module is given by
the diagonal which intersects the diagonals b,b—1, ..., and a, i.e., the diagonal
whose endpoints are a and b+ 2. Thus, as notation for this module we choose
(a,b+42). Further, a module (i, j) is: projective if and only if ¢ = 1; injective if
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and only if j = n+2; and simple if and only if j = i+2 ([1, Section II1.2]). Also,
a module (a,b) is a submodule of (7, ) if and only if a =i and i +2 < b < j.
We shall denote the projective module (1, k+2) by P(k), the injective module
(k,n +2) by I(k), and the simple module (k, k + 2) by S(k). Clearly, P(1) =
S(1), P(n) =1I(1), and I(n) = S(n).
The AR-quiver of this type of an algebra is given as follows ([1, Section

IV 4], see also [6]).

DAV AN
KNI
VOV

FIGURE 2. Auslander-Reiten quiver for path algebra of quiver
n—on-1)=mn-2)—= =1L

4. Geometric representation of a kQ-module of type A,

For algebras of type A,,, we will use the geometric model given by Warkentin
in his diploma thesis ([10, Chapter 4]). Further details can also be found if [2]
and [3]. In this paper we restrict the discussion to quiver of type A,, of the

form
1 A B

gl —» 2 —» .. —» g—l 5
A L

.
0 g

a 71'

A arn-lag>.. P> g1

e

FIGURE 3. Quiver of type A,,.

Clearly, there are g clockwise arrows in the quiver described in Figure 3.
Now if we denote the number of anti-clockwise arrows by h, then we have
n = g+h—1. We shall denote this quiver by @4 5. The geometric representation
of the algebra will be based on following triangulation in an annulus.
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08" 18" --(h-1)8" 0&
of m g3¥ =g<l 1 [0
06 18 ...(g-1)¢ o0s

FIGURE 4. Triangulation for Qg .

Indecomposable modules correspond to oriented arcs crossing these diago-
nals in a similar way as for type A,. First we state the convention that for
post-projective modules we will orient the arcs from the base to the top, and
for pre-injective modules in the opposite direction. If both endpoints are in the
same boundary, then we orient the arc from left to right. As an example, we
consider the geometric representation for the module P(i), 0 < i < g, whose
representation is as follows:

—> 0 —» Ki—» g —»

FIGURE 5. Representation of module P(i), 0 <14 < g.

We must represent this module with an arc intersecting the edges ,7 +
1,...,¢9 in the fixed triangulation of the annulus. Hence we represent the
module by the following oriented arc:

08" (h-1)&" 08"
0 - S § i1 0
08 ... (g-i)é(g-i+l)é ... 08

FIGURE 6. Geometric representation of module P;, 0 <7 < g.

We will use 0 to denote the lower boundary and & for the upper boundary.
So we can denote the module as ((g — i + 1), (h — 1)0") or we will just write it
as (g -1+ 1,ﬁ) to drop 0 and &'. Note that, in the figure, the module P(1)
has starting point the right hand copy of 00. Hence the appropriate notation
for P(1) is (0,h — 1) instead of (g,h —1). To make the unambiguous, we use

((g —141) mod g,h — 1) as notation for P(i), 0 <i < g.
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Next, consider the module P(0) whose representation is as follows:

(0}

2 K— . — K\l

/ E .

K K
A

Ar—» . —»Kk 7N

\0\

FIGURE 7. Representation of module P(0).
Clearly, the geometric representation of P(0) is

(h-1\&

FIGURE 8. Geometric representation of F.

which can be shortened as

(h-1)¢&

FIGURE 9. Geometric representation of Py (shortened).

Hence our notation for P(0) is (1,h —1).
Now, we point out that there are many other modules whose arcs start at
10 and end at (h — 1)&’. For example, consider the following arc:

(h-1)&'

FIGURE 10. Geometric representation of P(g) = S(g).



708 K. BAUR, Y. MAHATMA, AND I. MUCHTADI-ALAMSYAH

Which correspond to the module P(g) = S(g), and next consider the follow-
ing arc:

{h=1)&

1é

FIGURE 11. Another geometric representative whose end-
points are 1 and h — 1.

We see from these examples that we need more information to distinguish
between these three modules. Let us add an integer in the notation that shows
how many times the arc crosses the edge 0 from right to left. If the arc crosses
in the other direction, then we put negative sign on the number. As a con-
sequence, the notation for P(0), P(g) = S(g), and the module in Figure 11
are (1,h —1,1), (1,h —1,0), and (1,h — 1,2) respectively. Note also that the

notation for the module P(i),0 < ¢ < g, is ((g —i+1) mod g,h— 1,0).

Given a notation of a module whose arc contains an endpoint 0, we should
not be confused by which copy of 0 should be the endpoint of the arc in the
geometric representation since we require that the arc must cross at least one
edge. As an example, consider the module denoted by (0, h — 1,0). In this case,
the arc must be started from the right hand copy of 00 for if it was started
from the left hand copy of 09, then the whole arc will coincide with the edge
g + 1 (see Figure 4 for reference) and this is not allowed. Hence the module
corresponds with this notation is unique.

Here are the descriptions of the projective, simple, and injective kQg x-
modules. Not first that S(0) = I(0).

TABLE 1. Geometric notation of projective, simple, and injec-
tive kQ 4 n-modules.

Module Notation
P(),0<i<g ((g—i+1) mod g,ﬁ,O)
P@i),g<i<n (1,n —1,0)
S(i),0<i<g (gfifl,(gfiJrl) modg,O)
S(i),g<i<n (m,mﬁ)
I),0<i<g (1,g—i—1,1)
I(i),g<i<n (mg;l 1)

1(g) (1,g—1,2)
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5. General results

In this section we describe U-projective resolutions for indecomposable mod-
ules over the algebras from Section 3 and Section 4.

5.1. Type A,

We begin this section with the results for an algebra of type A,, with linear
orientation. We will compute resolutions for non projective indecomposable
modules.

Clearly, for every module (i,5),1 < ¢ < j — 2, we have a surjective map
(1,4) 4 (7,7) = 0. Thus, we can take (1,7) to be the Pp.

Now consider the submodule (i,m) of (4,;) which is given by the module
0= =0 Km2 ... 5 KO 50— ... -0 Tofindd*((i,m)),
note that d = (dj : K® K(t)) is described as follows:

0 - -+ = 0 - KU2 » ... o KO 5 KOG 5 ... 5 KO
(.1) 1 ! ! ! ! {
0 - -~ - 0 —- KU2 5 ... 5 KO 0 - - =0

Clearly, we have d; = 1;, if i <t < j—2 and 0 otherwise. Hence, d—! ((i,m))
is given by the module 0 — --- — 0 = K(m=2) — ... » K whose diagonal
notation is (1,m). From this we have P, = P, = (1,m) = P(m — 2).

Now, from (5.1) again we can easily verify that kerd is given by the module
0= - —0— KD 5 ... 5 KO whose diagonal notation is (1,i + 1).
From this we have P3 = (1,i+ 1) = P(i — 1). We state the result in the
following lemma.

Lemma 1. The (i, m)-projective resolution of (i,7) is given by:
0 - (1,i+1) —- (1,m) — (A,m) — (1,5) — @Gj4) — 0
(5.2) * T +
(1,i+1) (1,m) (i,m)
In the AR~quiver, the (i, m)-projective resolution of (i, 7) has the following
form:

NS

S(i)

FIGURE 12. The U-projective resolution of M = (i, j) viewed
in the AR-quiver.
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Note again that every module (i, j) has exactly j—i— 1 nonzero submodules.
Hence for a chosen i we can consider 142+ - -+(n—i+1) different U-projective
resolutions with U # 0. Since we consider only the resolution of indecomposable
non projective modules, where ¢ runs from 2 to n, then there are in total of

n (1+2+-..+(n_i+1)):zn:(n—i+1)2(n7i+2)

7 1=2
1

possible U-projective resolutions we have to consider for linear oriented type
A,.

For example, there are 20 different U-projective resolutions with U # 0 for
indecomposable non projective modules over path algebra As. We give here
the geometric representation of 4 of them, which are the resolutions of I(2).
Recall that I(2) has exactly 4 nonzero submodules: 1(2) = (2,7), (2,6),(2,5),
and (2,4) = S(2). The dotted lines in Figure 13 represent the U;’s.

5.2. Type A,

We restrict the computation of the U-projective resolutions only for the
simples and for the injectives. We distinguish 2 cases: U = M and U # M
(always assuming U # 0). For the latter case, we will restrict to the situation
M = I(i) while U = S(i). Recall that the sequence will have the form (2.2).
Hence from now we will not write down the U;’s on the sequence since U
appears as P; and P», and U; appears as P5. Further, on the case U = M we
havePozPlng.

Lemma 2. For U # 0, the U-projective resolution of S(i) is given by:
(1) 0= P(i+1) = P(i) = P(i) = P(i) = S(i) > 0if0<i<g, and
(2) 0> P(i—1)—= P(i) > P(i) =» P(i) = S(i) > 0if g <i<n.

Proof. Since S(i) is simple, the only nonzero submodule of S(i) is S(i). Now

consider the map d : P(i) — S(7) defined by

lg ift =1,

d=(d) = {o if ¢ 4.
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{
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FIGURE 13. Geometric representation for U-projective reso-
lution of I(2) in type As. From top to bottom: U = I(2),
U=(26),U=(25),U=5(2).

Clearly, d is a surjection whose kernel is P(i+1) if 0 < i < g and P(i — 1) if
g < i < n. The result then follows. O

Lemma 3. The I(i)-projective resolution of I(i) is given by:
(la) 0 = P(i+1)® P(n) - P(0) — P(0) » P(0) = I(i) = 0 if0<i<g,
and
(1b) 0> P(1)®P(i—1) = P(0) —» P(0) — P(0) > I(i) > 0 if g <i <mn.
The S(i)-projective resolution of I(i) is given by:
(la) 0 = P(i+1)®P(n) = P(i)®P(n) — P(i)®P(n) — P(0) = I(i) = 0
if0<i<g, and
(Ib) 0 P()®P(i—1) - P()®P(i) » P(1)® P(i) » P(0) —» I(i) — 0
ifg<i<n.
Proof. We will show this only for the case 0 < i < g. Consider the map
d: P(0) — I(i) defined by
e, if0 <t <1,
d=(d):=40, ifi<t<n, t#g,
O2x1, ift =g.
Clearly, d is a surjection whose kernel is P(i + 1) @ P(n). Hence we have (1a).
Now, for i # 0 we have d=* (S(i)) = P(i)® P(n) . Hence (1b) holds. The other
parts can be handled similarly. (I
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5.3. Geometric notation for type A,

Now we give the geometric notation of the results obtained in previous sub-

sections.

CASE 1. U=M

K. BAUR, Y. MAHATMA, AND I. MUCHTADI-ALAMSYAH

TABLE 2. Geometric notation for the simple case, U = M

i)

g<i<mn

5(
0<i<yg
M=U (gfifl,(gfiJrl) modg,O)
Py=P =P, =0 <(g—i+1) mod g,h — 1, 0)
=U1 (9 —i,h—1,0)

(n —i,(n—%+2) mod h, 0)
(1,n=14,0)

1,(n—i+1,0)

TABLE 3. Geometric notation for the injective case, U = M

5()
0<i<yg g<i<n
M=U (Tg—i—1,1) ((h=7+2) modhyg—11)
Ph=P =P =0, (L,r=1,1)
Py =0, (9—i,h—1,00U(1,0,0) | (0,A—1,0)U(g—i+2,h—1,0)

CASE 2: U # M

TABLE 4. Geometric notation for the injective case taking the
simple submodule as the submodule U in each case.

10)
0<i<yg g<i<n
M (Tg—i—11) ((r=i+2) modhg-11)
U=56) |(9=i=1,(g=i+1) modg,0)| (Wi, (n—i+2) modh,0)
P, (L,h=1,1)
P=P,=Uy| (g—i+1,h=1,00U(10,0) |(0h-10)U(g—i+1,h—1,0)
Py=0U (g —i,h—1,0)U(1,0,0) (0,h=1,0)U(g—i+2,h—1,0)
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5.4. Resolution for I(g)

The construction of U-projective resolutions for the module I(g) is done
in different way. Let us first describe the module I(g) with Figure 3 as a
reference. This will help us to understand the maps. The module I(g) is given
by (K®,a, ), described as follows:

e {Aﬂ,ﬁtzo

K, if t #£0,
(1 0), ift=mn,
= .
1k, if t #n,
(0 1), ift=0,
Br = .
].K, 1ft7é0.

Now consider the module P(0)? = (K®, a,3) where K®, oy, and B, are

described as follows:
4 seq
K0 _ {K , ift=g,

K2, ift # g,
(o) ite=g,
U\ L ift#£g,
6_ <0~2>2<f2)’1ft:g—]_’
YT\ L, ift£g— 1.

We can easily verify that the map P(0)? 4 I(g) — 0 is defined by

I, itt =0,

0 1),ifl<t<g,
10 0 1),ift=g,
(1 0),ifg<t<n.

d=(d) =

Then the projective module Py of I(g) is given by P(0)2.
Now, we can easily verify that ker d is the module (K(t), ay, ﬁt) given by the
following properties:

02, ift =0,
Ko, ifl <t<g,

<(1’0507_1)’ (0717070)a (0707 1a0)>7 ift=g,
0K, ifg<t<n,

K® —
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022, if t =n,

B2 ifg<t<m,
(%?2:3), ift =g,
029, if t =0,

g, = d BN if1<t<g-1,
(582). ift=g-1.

X
22

Consider the module P(1)® P(g) ® P(n) = (K(t), o, B¢) with the following
properties:

03, ift =0,
Ko0%ifl<t<yg,
K3, ift =g,
e K,ifg<t<n,

O3x3, if t =n,
Ay =
! Eig)gxg),ifg§t<n7

03><33 ift = 07
P = B it1<t<y.

K® —

Now define a map kerd 2 P(1) @ P(g) ® P(n) as follows:
03><2a ift = Oa
(), if1<t<y,

(5.2) Sp: (@t.K(t)%K(t)) = 0010 .
(1000),1ft:g,
0100

(SL“I),ifg<t§n.

Then ¢ is an isomorphism. Hence we may take P(1) @ P(g) @ P(n) as Ps.
Thus, we have the following result.

Lemma 4. The I(g)-projective resolution of I(g) is given by 0 — P(1)®P(g)®
P(n) — P(0)?2 — P(0)? — P(0)?2 — I(g) — 0.

Next, it is clear that if i # 0, then P(%) is a submodule of I(g). For 0 < i < g,
d=1 (P(i)) = (K@, a4, B) is given by
02, if t = 0,
K®0,if1<t<i,
KO ={K?ifi<t<g,
K% ift =g,
0o K,ifg<t<mn,
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02><2, ift = n,

= Eégw), ifg<t<n,

(E£2) it =,

(2x2)
Oaxa, if t = 0,
EZ? if1 <t <,
Lyifti<t<g-—1,
(%2) ift =g — 1.

2

Now consider the module P(1) & P(i) & P(g) ® P(n) = (K", oy, ;) with
the following properties:
0%, if t =0,
Ko03ifl<t<i,
KO = K202 ifi<t<yg,
K4 ift=g,
0pK,ifg<t<mn,
O4x4, if t =n,
= O2x2 | O2x2
( 0252 E2§X2

04><47 ift = Oa

2%X2
(Eﬁx) U252 ),if1<t<i,
Br = o

),ifg<t<n,

O2x2 | O2x2

Iy | Oaxo iy
Jifi <t <g.
( O2x2 | O2x2 > nr= g

Now define a map d~! (P(i)) % P(1) & P(i) & P(g) & P(n) as follows

Ouxsa, if £ = 0,
(%Zi)),iflgt<i7

(z),ifi<t<yg,

O2x2 | 12 .
) ft = )
( Iy | O2x2 ) ' g

(ﬂ%@),ifg<t§n.

6= (Ht:K(t) —>K(t)) -

Then 6 is an isomorphism. Hence we may take P(1) ® P(i) ® P(g) ® P(n) as
P1 and Pg.
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Now, let g < i <n. Then d~* (P(i)) = (K™, oy, ) is given by

02, if t =0,
K®0,if1<t<g,
K4 ift =g,

K2 if g <t <i,
0B K,ifi<t<n,
Ogx2, if t =0,
EZY if1<t<g—1,

K® —

B

(E%O%),ift:g—lm.
11

02><2, ift: n,
EZ? ifi<t<n,
L, if g <t<i,
(Uc;xz) ? ift =9

Now consider the module P(1) & P(g) & P(i) ® P(n) = (K", oy, ;) with

the following properties

0%, if t = 0, Ounnsif £ = .
K@Og,if1§t<g’ <02><2 O2x2 ) fi<t<n
ko dxuiicg en] (R iseen
2@ K2 ifg<t<i <02x202x2)’ifg§t<i’
0} K, ifi<t<n, O2x2 | 1o
Osxaq, if t =0,
— (2x2)
o (EH OM),ifl<t<g.
O2x2 | O2x2
Now define a map d~! (P(7)) LN P(1)® P(g) ® P(n) as follows
042, if t =0,
(2x2)
(%1212),ifl<t<g7
X
O2x2 | Io £h—
0/ = (92 . K(t) — K(t)) — I2 02><2 ) 1 =9,
( 02[“ ),ifg<t<i,
2
O2x2 e
—uexy ). ifi<t<n
By,

Then 6’ is an isomorphism. Hence we may take P(1) @ P
P; and P,. We summarize the results for the case =

in the following lemma.

@ P(i) ® P(n) as

(9)
M = I(g) while U = P(i)
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Lemma 5. For 0 < ¢ < n, the P(i)-projective resolution of I1(g) is given by
0—- @& Pt)— @& Plt)— & P)— P0)?—1I(g)—0.
t=1,9,n t=1,i,9,n t=1,i,9,n
For the illustration, we choose the quiver Q32 of type Ay as the underliy-
ing quiver. We give here the geometric representation of the I(i)-projective
resolution of I(i). The dotted lines in Figure 14 represent the U;’s.

¥ Ny W ¥ -
\\ \\ — —s AN S —
/
-
A [ 3 ¥ ;
[y 3 s ~
| . ~
\ \ . \ I LN > — //-
A\ \ il
0o 1 2 o
1
4 . fa AN =
/ /
\ ."‘ — \ =" \\ —> \ > e
\/ 5 -

\ANH N SH N
N N '\ﬁ 1=

/ N Y S

FIGURE 14. Geometric representation for I(i)-projective res-
olution of kQ3 2-module (7). From top to bottom: i = 0,3 =
1,i=2,1=3,i=4
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