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INFINITE SERIES IDENTITIES WHICH STEM FROM
GENERALIZED NON-HOLOMORPHIC EISENSTEIN
SERIES

SUNG-GEUN LM

ABSTRACT. We establish a few class of infinite series identities from
modular transformation formulas for certain series which originally
come from generalized non-holomorphic Eisenstein series.

1. Introduction

Bruce C. Berndt established a lot of infinite series identities from
transformation formulas for Fourier series of generalized Eisenstein se-
ries [1, 2]. In special, those series contain many formulas in Ramanujan’s
lost notebook. In the sequel of his works, the author obtained lots of
identities about infinite series [4]. In addition, the author proved trans-
formation formulas for generalized non-holomorphic Eisenstein series [5]
and, using them, found more generalized infinite series identities [6]. In
this paper, we obtain this kind of series relations of another type.

We introduce some notations and a principal theorem which will be
used to obtain main results. Through this article, the branch of the
argument for a complex z is defined by —7 < arg z < 7. Let ((s) be
the Riemann zeta function. Let I'(s) denote the Gamma function and
let (x),, denote the rising factorial defined by

(@) =z(z+1)---(z+n—1) forn >0, (z)g=1.

The confluent hypergeometric function of the second kind U(«; §; 2) is
defined to be
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where

n

(W) 2
1 1(0[,5,2) ;(B)n n!
We shall use the fact that the function U(«;B;2) can be analytically
continued to all values of a, 3 and z [7]. Put e(z) = e*™*. Let H = {7 €
C | Im(7) > 0}, the upper half-plane. For any complex 7, V7 = g:ifl
always denotes a modular transformation with ¢ > 0. Let r = (r1,72)
and h = (hi,hg) denote real vectors. Let R and H be real vectors

defined by

R = (Ry, Ry) = (ar1 + cro, bry + dra)
and
H = (Hl,HQ) = (dhl — bho, —chy + CLhQ).
For 7 € H and s1, s € C, define

A(r 51,597 1) Z Z e(mhy + ((m+r)7 +sr2)(n — h3))

_ 1—
m—+r1>0n—hso>0 (n h2)
XU (s3; 53 4m(m + 1) (n — ha)m(r)

and

e(mhy — ((m+7r1)7 4+ r2)(n+ ha))
A(T, s1,892;7, h) mgl;ongm;o (n+ ho)i—s
xU (s1;8;4m(m + r1)(n + ho)Im(7)),

where s = s1 + so. Let

H(r, 51, 50,7, h) = A(T, 81, 82; 7, h) + €™ A(T, 51, 59; —1, —h)
and

H(r, 51, 50;7m, h) = A(T, 51, 52,7, h) + €™ A(T, 51, 59; —1, —h).
Let

1 1
H(r 7 b)) = — S
(7',7',81,82,7", ) F<31) F(SQ)
For real x, y and complex ¢ with Re ¢ > 1, let

t
n+y>0 (n + y)

H(T,s1,52;7,h) + H(T, s1,82;7,h).

and let
U(x,a,t) = p(z, a,t) + e"p(—z, —a, t),
Uy (z,0,t) = P(x, ot — 1) + e™p(—z, —a,t — 1).
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Let A be the characteristic function of the integers. We now state the
principal theorem which makes a role to obtain main results.

THEOREM 1.1. ([5]). Let Q@ = {r € H| Re 7 > —d/c} and o =
c{R2} — d{R1}. Then for T € Q and s1,s2 € C with s = s; + sa, not
integers < 1,

2 72 H(Vr, VT, s1, 80,7, h) = H(T, 7, 51,82; R, H)
+A(Ry)(2mi) S CRHIF ) @ (_H, — Ry, s)

_)\(rl)(zﬂi)fsefm'@mhl731)2751 2782\11(}12, o, 8)

_s I'(s—1)
+A(Hz) (4nTm(7))" m‘l’—ﬂHth,S)

—s F(S — 1) sa—1581—
—A(h2)(4mTm(7))" T(51)T(s2) 12N (B, 8)

(27i) ~Se sz
['(s1)['(s2)

where z = ¢t + d and

L(Ta 77_7 S1,52; R, H)a

L(7,7,51,82; R, H) := e(—H1([R1] — ¢) — Ha2([Ra2] + 1 — d))

c . 1
% Ze <_H1j _ H2 |:jd+ Q:|> / ,Usl—l(l _ ,U)SQ—l
j=1 ¢ 0

| e ert-n)G—{Ri}u/e ellid+o)/ctu
></ u®” dudv,
c e

20+ 3(1—v))u _ g2mi(cHi+dHa) gu _ g—2mity "V

where C' is a loop beginning at 400, proceeding in the upper half-plane,
encircling the origin in the positive direction so that uw = 0 is the only
zero of

(e—(zv+2(1—v))u - eQﬂ'i(cHl-l—ng))(eu - e—27riH2)

lying inside the loop, and then returning to +oo in the lower half plane.
Here, we choose the branch of u® with 0 < arg u < 2.

2. Infinite series identities

In this section, we obtain a few class of infinite series identities. We
first need following lemma which gives the value of U (s2; s; 2) for positive
integers s1, so with s = s1 + s9.
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LEMMA 2.1. Let s1, so be positive integers with s = s1 + so > 4.
Then

s1—1
k
Ul(sg;s;2) = 32—1'Z< > —k—2)lz

Proof. By definition,

I(1—5) o= (s2)i 2¥
S =D lo
D(s = 1) oo (1= sy 2
T e kzo 2= s K
It is easy to see that
I'(1-—s) _ I'(1—s) _ 1 _(—1y® (s1 —1)!
MNl-s1) T(Q—=s+s2) (1—23)s, (s —1)!

and

(s2)p 2% (so+k—D!(s+k—1)2F

(e k'~ (sa—1!  (s—1)! &

(s 1)!(82 +:_ 1>(8+Zk_1)'

Then the part with the first summation in (2.1) is given by

I'(1-s) > Ska
1—81 Z
=0
(s +k—1 2k

2.2 = (—1)% —1)! —_
(2:2) (=1)% (s )kZ:O< k )(s+k—1)!
Since
re-s) ['(2—s) B 1 sy1 (81— 1)!

IF(1—s1) T(2-s5+s—1) (2—8)s1 = (=1 (s —2)!
and
'Nl—s1+k) T(2-s+k+s2—1)

- :2_ ks—v
T(2—s+k) T'(2—s+k) (2= s+ ks
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we have
(1 — Sl)k . F(? — S) F(l — 81 + k‘)
(2—s)r TI(1—s)T2-s+k)

_ (_1)521(591__21))!!(2 — 5+ k)sy1.

Then the part with the second summation in (2.2) is given by

P(s—1) 1 i (1—s1)r 2"

I'(s2) ‘ (2—38); k!

o 1)] o0 Zl—s—l—k:
2. _ et BTy 2
( 3) ( ) (32_1)';:(]( s+ )82 1 k"
If s1 <k <s—2,then (2—s+k)s,—1 =0. Thus
fe'e) zk s1—1 Zk fe’e) Zk
Y 2—s+k)maTy = d(2-s+ B)sp17y + > (2-s+ B)sp1 7
k=0 k=0 T k=s—1 ’

A direct calculation shows that

_1)!5171 1 otk
-1 82—1(317 9 _ )
( ) (82—1)!;:()( $+k)2 11— X
- (51_1)!312—1 (s —k—2)1 Zl-stk
— (32 — 1)' = (Sl k- 1)' ]{j‘
_ 1 s1—1 s1—1 L _ o1 _—
(2.4) = oo 3 Dok |
k=0
By replacing k by k4 s — 1, we see that
S 51_1 1 S—‘rk
<—1)2182_1'Z 2_S+k521 o
k=s—1
ERREL Y P
(211 2~ T@-sth) &
_(cpyemr sz ! SD(sa+k) 2P
(s2— D! & T(k+1) (s+k—1)
- sot+k—1 Sk
’ = (=17 (s1 — 1! A
(2.5) (~1)= (s >k0< k >(s+k_1),
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Putting (2.4) and (2.5) into (2.3), we have

T(s—1) o= 1 —s1)p 2"
T(ss) - kzzo (2= s); K
s1—1

_ 1 s1—1 s—k — Zl—sk
_(82—1)!;()( k )( koo

_ = +k—1 P
2. —1)%27 (s — 1)! 52 R ——
(2. HD (s, )kz()( P ]
If we use (2.2) and (2.6) in (2.1), the proof is complete. O

Let E(n, j) be the Eulerian numbers defined by the number of permu-
tations of numbers from 1 to n such that exactly j numbers are greater
than the previous elements. For any integer n, the polylogarithm Li,(2)
is defined by

k
o)

Lin(z) =Y =
k=1

where z € C and |z| < 1. For any positive integer n, it is known that [3]

Bl

n—1
. 1 N
Lion(2) = g st > E(n.j)z"7.
Jj=0

Let {x} be the fractional part of real x. For brevity, let

k= [’“;1] , ko= {k’;l} and {k}* :=1—{k}

for any real k. For j and m integral and x complex, let

, 1)+ ginh((j + L)yma), k even,
fk(m7]7$) = ( )];+-+1 ((j 2) )
(—=1)*+9% % cosh(jmz), k odd.
Let By (x) denote the n-th Bernoulli polynomial defined by
text 0 tn
(2.7) = nZ:;)Bn(x)n! (t| < 2).

Let ((s,x) be the Hurwitz zeta function.
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THEOREM 2.2. Let a, > 0 with a3 = 7%. Let ¢ be a positive
integer. For any integers A >0, B> 0 and N > 1 with A+ B = 2N,

a3 (B (2 S Bl k- )
=0
mk N lfk(Qmaja (a_iﬂ-)/c)

8 Z cosh* L (m(a — im)/c)

m=1

B_NBB2Nk Qak’;/Ekl%'
Z(k) ()Ezj (k. — j)
2 k—2N-1p (9, s ;
« Z m kfkl( m,J, (q—l—mr)/c)
cosh" ™ (m(a +im)/c)
—2N-1 —2N-1
o _N m m
( ) (2N Z (62m a+z7r)/c+1 + e2m(a— lﬂ')/c_|_]_>

g (s () s

j=0
(m+ {c/2})" 2V =1 f(2m + 2{c/2}*, j, (B + im)/c)
Coshk“((m +{¢/2}*)(B +im)/c)

E%g

0

(i) (2N — k)! <2f> ZE(k;,l%—j)

7=0

3
|

B
NZ
=1
" i (m + {c/2})" N1 f2m + 2{c/2}*, j, (B — im)/c)

= cosh* 1 ((m 4 {¢/2}*)(B — i) /c)
( URTCE WA UFACT, Vil

(2N (2m~+2{c/2}*)(B+im)/c 4 e(@m+2{c/2}*)(B—im)/c 4 ]

+2N)(-8) c(N L{5}) - =D NN +1)
+2N N @V D ABI () (1PN = ()N TGN + 2),

where the dash ! means that if k is odd, then the value of the term j = 0
is multiplied by %
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Proof. Let s1 = A+ 1 and so = B + 1 for nonnegative integers A, B

and let s = 2N + 2 for an integer N > 1 in Theorem 1.1. Put also
1 ' -1

r= (0,), h=(0,0), cr—ct1l=" Vr=———

2 « ct—c+1

in Theorem 1.1. Then
c 1l—c 1 at
R—<2,2>,H—(O,O>, VT—C<1+7T>.

Here we show how to compute A(7, s1, s9; R, H). The rest series A(V'7, s1, s2;7, h),
A(VT, 51,807, h), A(T, 51, s2; R, H) are able to be computed by the sim-

ilar method. For ¢ even, replacing m by m+1—5 and for c odd, replacing

m by m — [5], we see that

A(T, 81,89, R, H) = Z Z (((m+¢/2)7+ (1 —¢)/2)n)

m4c/2>07n>0 i
xU (32; s; 4w (m + g) nIm(7)>
-y e(((m+{c/2}*)(c =1 +ir/a)/c+ (1 —c)/2)n)

n—2N-1

4
><U<B+1;2N+2; (m+{ })w)
It is easy to see that

1 c\* T 1
e <<c <m+{§} ) (C_1+a> +2(1—c)> n)
— eﬂin(2m+2{c/2}*72(m+{c/2}*)/c+1fc+(m+{c/2}*)ﬂi/(ca))
= (_1)”6—2”((2m+{0/2}*)(,3+7ri)/6)

m=0n=1

and applying Lemma 2.1,

U <B+ 1:2N + 2: %Tr (m+ {g}> n5>
= é,kﬁ; (‘2) (2N — k)! <4(m + {2/2}*)71,8)’“”1 |

We now have that

(2N — k)! = Li_y, (—e2mH{e/2)(B+im)/e)
( ) (48/c)2N—k+1 (m + {c/2}*)2N—k+1

M:>

A(1,s1,89; R, H)

m=0
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For k > 0,

Li_g <_€—2(m+{0/2}*)(ﬂ+iw)/c)

—  (“)FIE(k))

1
= (1+ 672(m+{c/2}*)(,3+i7r)/c)k+1 ]Z_; e2(m—+{c/2}*)(B+im)(k—j)/c

_ 27+ I AU%)
- coshk+l((m +{c/2}*)(B + im)/c) = e(m+{c/2}*)(B+im)(k—2j—1)/c

and, using E(k,j) = E(k,k—j — 1),

E
—_

(= 1)~ B(k, j)e(m+{e/2) (8 +im (s=2j-1) e

W.
o

k
22 DI E (k& — ) sinh(E(m + {§})(2 + 1)(8 + i), k even,

Eoald

25 (1) E(k | — j) cosh(L (m + {§}*)2;(B + im)), k odd.
=0

For £ =0,

oo

Lio< ~2(m+{c/2}") +w>/c> Z Jre2m+{e/2)") (Btimn/c

-1
T 11 e2mt (/BN (Frim/e

Thus we obtain that

(QN)! 2N+1 0 (m+ {0/2}*)—2]\[71
B! (46)2]\”—1 ' 1 + e2(m+{c/2}*)(B+im)/c

A(r,s1,89; R, H) = —

RS () Y g
(

Bl (232N KHT E(k,k—j)

k=1 §=0

. i ful2m + 2{e/2)",j, (8 + im) /<)

(m + {c/2}*)2N=k+1 cosh™ ((m + {¢/2}) (B + im) /c)’

m=0
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Note that Ry = §, Ry = %, Hi = Hs = 0. By direct calculations, we
easily deduce that

U(—Hy, —Ro,s) = 1 <0, 6;21,2N+ 2) 1 2mi(N+1),, <o, —Cg Lon s 2>
> 1 = 1
= + 0
_ 2N+2 _ _ 2N+2
re-npPR b 2 -1

n+(c—1)/2>0

~J2¢(2N +2), ¢ odd,
C | (2243 —2)¢(2N 4 2), ¢ even.

Similarly, we have

1
U(hg,r2,5) =W (0, 52N+ 2) = (22NF3 —2)C(2N +2),

¢ (223 —2)((2N + 1), ¢ odd,
1( 17R178) 1 <0727 + ) {2c(2N+1)7 Cc eveln,

\I/_l(hl,rl,s) = \I/_l(0,0,QN—l- 2) = 2C(2N + 1).

By the residue theorem and (2.7), we find that

ez G—{Ri}u/e o{(e+id)/chu

/Cu e—(zvrz(1—v))u _ i 1 dudv
‘fs+ZB IR cB ) +d . )
(28) = 2mi kz_o k(G =1 2% >+ 12v+_2kl)c!((9 3D/ (i1,

Since s = 2N + 2 > 4, the summation in (2.8) is 0. Thus we have
L(r,7,s1,s2; R, H) = 0.

With all the calculations above, we obtain the desired result.
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COROLLARY 2.3. Let o, B > 0 with aff = 7.

integers ¢ and N, we have

For any positive

k o o . '
_N 22]\5 k Z/E mk 2N lfk:(m7], (a . ZW)/C)
B ) 2 o (m(a — im)/(20))
—N —2N-1 72N 1
Z (em(a—l-m)/c +1 + em(a—im)/c 4 1)
oy Bl i’m S e (U ARSI
— — ]{," = ) J — COShk+1(m<ﬁ + 271')/(20))
s —2N-1 —2N-1
(N m m
(=8) mZ::l (em(ﬂ+iw)/c+ 1 + em(B—im)/c 4 1)

£ BN gy (0 VL (Lg) "Nl (o 4 2)
(@™ = (=B NM)(2N + 1),

Proof. Let B =0 in Theorem 2.2 and replace ¢ by 2c. O

COROLLARY 2.4. We have

00 2 m-3
sech”(mm) 9 sech?(mm) tanh(mmn)
37 ) g Tom Z m 62 c2mr 1 |

m=1 m=1

B csch?((2m 4 1)7/2)
Z (2m+1)?

m=0

1952 Z esch?((2m + 1)%2/;)io;ch((2m +1)m/2)

m=0
[

(2m+1)”
+48 Z e 7 T 24(3) - 27,
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Proof. Let N =1, c=1and a = 8 = 7 in Corollary 2.3. It is easy
to see that

f1(0,m,m —im) = —1,
f2(0,m, 7 — im) = —sinh (;mw(l — z)) ,
cosh(mm(1 — 1)) = (—1)" cosh(mmn),

cosh (;(2m +1)m(1 — i)) — —i(~1)™sinh <;(2m 4 m) ,
)

sinh (;(Qm +1)m(l— i)> — i(~1)™ cosh @(zm + 1)

Then we have that

o0 -2

mz: cosh?(mm(1 —i)/2)

N (2m)~2 > (2m +1)
Z cosh?(mm(1 — 1)) mZ:o cosh?((2m + 1)7(1 —1i)/2)

1 i sech?(mm) = csch?((2m + 1)7/2)
4 m? (2m+1)?

and

2. sinh(mm(1 —1)/2)
Z m cosh®(mm(1 —14)/2)

m=1

72 sinh(mn(1 — 1)) +i sinh((2m + 1)m(1 —14)/2)

m cosh®(mm(1 — 1) (2m + 1) cosh®((2m + 1)7(1 —4)/2)

>, sech?(m) tanh(mm) i esch?((2m + 1)7/2)coth((2m + 1)7/2)
=0

2m+1

N | —

m

3
1§

Finally, apply ((4) = % to complete the proof. O
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COROLLARY 2.5. Let o, B > 0 with aff = 7.

integers N, we have

For any positive

N k oo .
N / mF=2N=1 £ (2m, j, a)
—N k k »J
! E 2N — k)!(2«) E E(k, k — E
1 <k) - J) = cosh* 1 (ma)
= ]— m=
N m-2N-1
2N)la™ -
( Z e2ma +1

N
_ 22N+1B—NZ (]]:;[> (2N — k)!6* Z’E(k‘, k—7)
k=1 '

y Z cosh((2m + 1)(j + k)B)
(gm + 1)2N=k+L sinhF 1 (2m + 1)5/2)

(2m 4 1)72N-1
2N+1 N
+2 (2N 'B Z e(m+1)8 _ 1

m=0
_22N—1(22N+2 _ 1>(N!)26—N—1<(2N + 2)
+2 L NPT — )N —a M) @N +1).

Proof. Let ¢ =1 and A = B in Theorem 2.2. For k even,

f(2m,j,a +in) = 1)/’“Jerrl sinh(2m(j + 1)(a £ im))

(— 1)m+k+]+1 (6(2mj+m)a _ e—(2mj+m)a)

1)m+k+]+1 sinh(2m(j + 1)«)
=17 fr(2m, j, a),

fe@m+1,5,8 + ir)
= (~1)MH sinh <(2m +1) <j + ;) (6 + iW))

= Eqymetka (e(2mj+m+j+1/2)6 _ e—(2mj+m+j+1/2)ﬁ>

- ji(_um“%“ cosh ((2m +1) <j + ;) ﬂ) :

cosh* !t (m(a £ im)) = (—=1)™ cosh* 1 (ma),
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cosh#+1 <;(2m +1)(8 + m))

N k+1
%(_1),71 (elmt1/29 e’(mwm)kﬂ
2

1
= (i) (=1)™ sinh*+? <2(2m + 1)ﬁ> :
For k odd,

Fe(2m, j, a £ in) = (—1)F9+ cosh(2myji(a + ir))

}(_1)12:+j+1 (62mja:|:i2mj7r + 6—2mjaq:i2mj7r)

= (—1)];”errl cosh(2mja)
= fk(2m’j’a)7

Fr(@m+ 1,4, 8 % im) = (1) cosh((2m + 1)j( + im))
_ %(_1)1%“ (#1138 o~em+1)39)

= (—1)’?€+1 cosh((2m + 1)j5),

cosh* 1 (m(a £ im)) = cosh** ! (ma).

COROLLARY 2.6. We have

>, sech(mm)e™ ™" >, sech?(mm) 1,

m=1

m=0

esch((2m + 1)m/2)e~ (2mA1)/2 .y 2. csch?((2m + 1)7/2)
(2m + 1)3 4 (2m + 1)2

m=0

Proof. Let N =1 and o = § = 7 in Corollary 2.5. With the similar
calculation as in the proof of Corollary 2.4, we complete the proof. [
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COROLLARY 2.7. Let A>0, B>0and N > 1 with A+ B =2N. If
A # B (mod 4), then

AL AN (2N — k) & @m)E N (9m w
Z(k)( )ZE(k’k_j)<mzl( ) fe(2m, j,m)

— (m)~k cosh* 1 (mn)

i (2m + 1)*=2N= cosh((2m + 1)(j + k)7)
sinh* 1 ((2m + 1)7/2)

BB\ (2N — k)l < & 2m)E N (2m, g
:_Z<k¢>( (W)k) Z E(k’k_j)<z( )coshk+if?r(n7r) =

m=1

>0 (2m 4+ 1)F2N =1 cosh((2m + 1)(j 4 k)7)
- Z sinh**((2m + 1)7/2) )

[e.9]
(2m) 2N+ (2m +1)72N-1
! RSkl
+2(2N)! (7; e2mm 1 | Z c@m+1)r

—(2N)IC(2N +1) + %(221“2 —1)A!BIC(2N + 2).

Proof. Let ¢ =2 and a = f = 7 in Theorem 2.2. Consider

Nk

mk72N71fk(2m7j7 (7T + ZW)/Q)
A cosh* Y (m(r +in)/2)

(2m)F=2N=1 £ (4m, 4, (1 +im) /2)
Z cosh* (m(r + in))

3
I

L (2m 4 1)V (4m + 2,4, (m £ im) /2)
* Z cosh* 1 ((2m + 1)(7 £ im)/2) '

(2.9)

m=0

It is easy to see that, for k even,

fr <4m, 4, %(77 + m)) = (= 1)M+ sinh((2mj + m)(r £ i)

_ L pymekein (e(zmj+m)7r B e—(2mj+m)7r)

2

~ . 1
= (—1)mtr+itlginh (2m <j + 2) Tr)

(210) - <_1)mfk(2m7j777)
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and
. .
fx (4m + 2,7, 5(1 + z))
. 1
= (—=1)**Lsinh ((4m +2) <j + 2> m(1+ z))
— ﬂ(_l)m%ﬂ (€(4mj+2m+2j+1)7r/2 _ e—(4mj+2m+2j+1)7r/2)
2
‘ 1
(211) = Fi(~1)™F*H cosh (<4m +2) (j + 2> ”) '

Similarly we see that, for k£ odd,

fi (4.3, 5 (1 £3) ) = (=) cosh(2mym) = fi(2m, j ),

2

(2.12) fi (4m +2,5, (1% i)) = (—1)* cosh((2m + 1)j).

Putting (2.10), (2.11), (2.12) into (2.9), we obtain that

o~ M N (2m, g, (n £ i) /2)
Z cosh* ™ (m(m +in)/2)

m=1

i (2m)"2NLf (2m, 4, 7)

cosh** 1 (mmn)

m=1
oS

(2m + 1)5=2N~L cosh((2m + 1)(j + k)
* Z sinh**((2m + 1)7/2) '

m=0
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THEOREM 2.8. Let o, > 0 with a3 = n%. For any integers A >
0, B>0and N >1 with A+ B =2N,

EIS

A k
NZ( )2]\7 B)(a/o)* > Bk, k- j)
k=1 =0
cosh((2m +1)(j + k)(a — im) /c)

. mz::() 2m + 1)2N=k+1ginh* 1 ((2m + 1)(a — in) /(2¢))
B k
NZ(?) a/ckZEkk—])
y i cosh((2m +1)(j + k) (a + i7) /c)
(2m + 1)2N=k+1ginh 1 ((2m + 1)(a + i7) /(2¢))

i (2m +1)72NV~1 N i (2m +1)72N~1
e(2m~+1)(a+im)/c _ 1 A e(2m~+1)(a—im)/c _ 1

m=0 m=

0

=

+(=1)B@2N)la™

i
>2N RIB/P S Bk, k- j)

J=0

ES

A
_ )—N
>
cosh((2m + 1)(j + k)(B + im) /c)

. Z::O 2m + 1)2N=k+1sinh* 1 ((2m + 1)(B + i) /(2¢))

B
+H=8)N

k

(
B k / .
PESCIEED S

=0

Il
—

J
cosh((2m +1)(j + k)(8 — im) /c)
(2m + 1)2N=k+1ginh 1 ((2m + 1)(8 — im)/(2¢))

0 —2N-1 o0 —2N-1
1 a—N (2m+1) (2m+1)
+(2N)'( ﬁ) <Z e(2m+1)(B+im)/c _ 1 + z_:o e(2m+1)(B—im)/c _ 1
)¢

X

L0

m=0

FENI - 2728 (1) N — (—1)Ba V)2 + 1),

Proof. Let s1, so, h, 7, VT be the same values as those in the proof of
Theorem 2.2 and put r = (%, 0) in Theorem 1.1. Then the calculations
are similar to those in the proof of Theorem 2.2. O
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COROLLARY 2.9. Let o, B > 0 with aff = ©%. For any positive
integer N,

o0 .
-N « / fk(Qm—l—l,],OZ)
« — E(k
2 =0 ) 2 o DR ot (2 D2

o0
2 1 —2N-1
207N )" m+1) +a N1 =272V (@2N +1)

e e fu(2m + 1,4, 8)
— (_ N 2
= (—5) k! jgo Bk mZ:O 2m 4 1)2N=k+1 cosh*+1((2m + 1)5/2)

RERDY (2;2;3/3 )V 2 @ ).

Proof. Let B =0 and ¢ =1 in Theorem 2.8. Short calculations show
that, for k odd,

cosh((2m + 1)(j + k)(a + im)) = %(—1)1' (eam i 1 - mtnsa)

= (=1) cosh((2m + 1)ja),
for k even,

cosh((2m + 1)(j + k) (a + i)

ﬂ(_l)mﬂ' <e(2m+1)(j+1/2)a n e—(2m+l)(j+1/2)a)

~ 9

= +i(—1)"™* sinh <(2m +1)(J + ;)a>

and

sinh (;(Qm +1)(a+ m)) = %(_Dm <6(2m+1)a/2 + e—(2m+1)a/z>

— 4i(~1)™ cosh <;(2m 4 1)a> .
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Thus we obtain that
cosh((2m +1)(j + k)(a £ in))
sinh**((2m + 1)(a £ in) /2)
(= 1)+ cosh((2m + 1)jav)

k+1 ; k Odd7
_ cosh™ 1 ((2m + 1)a/2)
1441 ginh((2 1/9
=l Sliil(( m+ D+ 1/ )ﬂ'), k even
cosh"™ ((2m + 1)a/2)
 frm+ 1,4, 0)
cosh* 1 ((2m + 1)a/2)
O
COROLLARY 2.10. For any positive integer N,
I . .
4Nz2k /E(k‘ ];‘—j) fe@m +1,4,7)
— k= ’ A= (2m 4 1)AN k=1 cosh*((2m + 1)7/2)

J
2 (2m 4 1)1AN ~
3 (€<2m+1>3r+1 ~ (1= 2N (4N — 1),

Proof. Let a = 8 = 7 in Corollary 2.9 and replace N by 2N —1. O

COROLLARY 2.11. We have
A2 i sech?((2m + 1)mr/2)tanh((2m + 1)7/2) +dn Z sech?((2m + 1)7/2)

= 2m+1 (2m + 1)2
_ g Z sech((2m ;}11)1/12)) T +7¢(3).
Proof. Let N =1 in Corollary 2.10. It is easy to see that
fiCm+1,0,7) = -1, fa(2m+1,0,7) = —sinh <;(2m + 1)77) .
O
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