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ABSTRACT. Using the concept of bounded boundary rotation, we investigate various
properties of two new generalized classes of spirallike and Robertson functions of complex
order with bounded boundary rotations.

1. Introduction

Let D be the unit disc {z : |z| < 1} and suppose A is the class of functions analytic
in D satisfying the conditions f(0) = 0 and f/(0) = 1. Then each function f in A
has the Taylor expression

(1.1) f(2) :z—l—Zanz",
n=2

because of the conditions f(0) = f'(0) — 1 =0.
Let Vi denote the family of functions f in A that map the unit disc D con-
formally onto an image domain f(ID) of bounded boundary rotation at most k.
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The concept of functions of bounded boundary rotation was initiated by Loewner
[14] in 1917. However, it was Paatero [22, 23] who systematically studied the class
Vi. In Pinchuk [25], it is proved that the functions in Vj are close-to-convex in
D if 2 < k < 4. Brannan in [8] showed that V; is a subclass of the class K(a) of
close-to-convex functions of order a for a@ = % — 1. For references and survey on
bounded boundary rotation, one may refer to a recent survey written by Noor [20].
Failure to settle the Bieberbach conjecture for about 69 years led to the intro-
duction and investigation of several subclasses of 8, the subfamily of A that are
univalent in the open unit disc D (see [2]). In 1932, Spacek [21] proved that if f in
A satisfies the condition Re[(nzf'(z))/f(z)] > 0 for all z € D and a fixed complex
number 7, then f must be in §. Without loss of generality, we may replace n with
e, |A| < m/2. Motivated by Spacek [21], Libera [13] in 1967 gave a geometric
characterization of A—spirallike functions f in A that satisfy the condition

(1.2) Re(e“z“];l((‘:))) >0, (zeD|A< g)

Denote the class of all such functions that satisfy (1.2) by H*. We observe that
HO = 8*, the family of all starlike functions in D. In 1969, Robertson [29] introduced
and studied the family

M={feA:zf e H} ze D}

A function f in M* is called a A—Robertson or a convex A—spiral function. In
1991, Ahuja and Silverman [3] surveyed various subclasses of H* and M?*, their
associated properties and open problems.

Motivated by many earlier researchers [5, 6, 8, 11, 15, 16, 24, 27, 28, 29], we
introduce the following:

Definition 1.1. Let P} (b) be the class of functions p defined in D that satisfy the
property p(0) = 1 and the condition

(1.3) /02” Re(eikp(z) — (1 —b)cos A —isin )

b
where k > 2, A real with [A\| < %, b€ C — {0} and z = re.

When A = 0, k = 2 and b = 1, the class PJ(1) = P is a well known class of
functions with positive real part in ). In fact, for different values of k, A and b,
TPQ (b) reduces to important subclasses studied by various researchers. For instance,

(i) PY(1 —a) = P(a), (0 < a < 1), Robertson [27].

) ‘d@ < kmcos A,

(
(1—a)="Pk(a), (0 <a< 1), Padmanabhan [24].
(1) = Q7, Moulis [15].
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(vi) PH(1—a) =Qp(a) , (0 < a < 1), Moulis [16].

Definition 1.2. Let V;(b) denote the class of functions f in A which satisfy the

condition

)
72)

1+ e P(b),

where k,\ and b are given in Definition 1.1. If f € V)(b), then f is called A—
Robertson function of complex order b with bounded boundary rotation.

We remark that the class V3 (b) generalizes various known and unknown sub-
classes of A. For example, for different values of k, A and b, we get the classes listed

in the following table:

Subclasses of A

Name of a function in the class and References

Vi(1) =X Convex functions

V(1 — a) = K(a) Convex functions of order «, 0 < a < 1, [27]

V3(b) = K(b) Convex functions of complex order b, [32]

V(1) = Vi Convex functions with bounded boundary rotation, [22, 23]

V9(1 — o) = Vi(a) | Convex functions of order a with bounded boundary
rotation, 0 < o < 1, [24]

V(1) = M* A- Robertson functions, [29]

V3(1 —a) = M*(a) | A Robertson functions of order o, 0 < o < 1, [11]

V3 (b) = M*(b) A- Robertson functions of complex order b, [6]

Va(l) = Vi A- Robertson functions with bounded boundary rotation, [15]

Vi(l —a) ="Vi(a) | M Robertson functions of order o with bounded boundary

rotation, 0 < o < 1, [16].

In view of Definitions 1.1 and 1.2, we immediately get the following.
A function f € V(b) if and only if

(1.4) Re

2m
/0

f(2)

5 )’d@ < kmcos .

We next define another subclass of P (b).

Definition 1.3. Let 83(b) denote the class of functions f in A which satisfy the

condition

f'(2) _ on
zf(z) € Tk(b)7

where k > 2, X real with [A| < %, b€ C—{0}. If f € 8(b), then f is called A\—
spirallike function of complex order b with bounded boundary rotation.

For different values of k, A and b, the class 87 (b) gives rise to several known and
unknown subclasses of A. For example, we obtain the following known classes:
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Subclasses of A Name of a function in the class and References
SO( )=8" Starlike functions
(1 —a) =8"(a) | Starlike functions of order o, 0 < o < 1, [27]
(b) 8(b) Starlike functions of complex order b, [17]
8%(1 —a) = 8x(a) | Starlike functions of order a with bounded boundary rotation,
0<a<l,[18, 24]
83(1) = 3¢ A- Spirallike functions, [21]
83(1 — a) = H*(a) | A\ Spirallike functions of order o, 0 < a < 1, [13]
83(b) = 8*(b) A- Spirallike functions of complex order b, [5]
8$2(1) =8 A- Spirallike functions with bounded boundary rotation, [19].

Using Definitions 1.1 and 1.3, we immediately obtain the following.
A function f € 83(b) if and only if

(1.5) A o

Using Definitions 1.2 and 1.3, we obtain the following characterization

ez L& (1 —b)cos A —isin\
f(z)
Re(

5 )‘d@gkﬂcos)\.

(1.6) feVyb) ifandonlyif zf" € 8}(b).

In view of the relations witnessed in 18 subclasses in the above two tables, we
conclude that the notion of generalized classes V3 (b) and 8 (b) unify several known
subclasses of A.

We remark that functions in V(1) have bounded boundary rotation. But, the
functions in the class V3 (1) with A # 0 may not have bounded boundary rotation.
For properties and counter examples of the classes V(1) and V}(1), one may refer
to Loewner [14] and Paatero [22, 23] .

In this paper, we investigate various properties of generalized classes \72 (b) and

SM(b).

2. Properties of Class V;(b)

The following result will be helpful in proving representation theorems for the
classes Py (b) and V3 (b).

Lemma 2.1.([22]) A function f € Py, if and only if

1 (214 ze
e =g [ Tt
0

1—ze

where w is a real-valued function of bounded variation on [0, 2] for which

(2.1) /0 Trd,u(t) =2 and /0 ' |du(t)] < k

for k> 2.
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Lemma 2.2. If p € P}(b), then

(2.2) p(z) =

i (cos)\ /2” 1+ (20— 1)ze™®
0

5 | se-it du(t) + isin )\) ,

where k > 2, X real with |\| < 5, b € C — {0} and p is real-valued function of

bounded variation satisfying the conditions (2.1).
Proof. Letting
oid
=1 -1
1) + bcos A (p(z) )
_e”p(z) — (1 —b)cos A — isin A
N bcos A '

Since p € P(b), it follows from Lemma 2.1, we get

erp(z) — (1 —b)cosA —isin A 1 [ 1+ ze ™
2.3 = - ——du(t).
(2:3) bcos A 2/0 1—ze it uit)

Equivalently, we obtain

ep(2)

beos A [*7 1+ ze™®
— 2008 / +ze du(t) + (1 — b) cos A + isin A.
0

2 1—ze @t

Since fo% du(t) = 2, the last equation is equivalent to

ep(z) =

A (T4 (20— 1)ze it
o8 / + )ze du(t) + isin A,
0

2 1—ze
where g is a real-valued function of bounded variation on [0, 27] and satisfies the

conditions (2.1). This proves (2.2). O

Motivated by several known results (see for instance [7, 16, 24]) and using
Lemma 2.2, we first give the following result for the functions in the family V%(b).

Theorem 2.3. A function fy € \72(1)) if and only if there exists a function f € V
such that

~ cos A

(2.4) ) =) :

where k > 2, X real with |\ < § and b € C — {0}.
Proof. Since fy € Vi (b), there exists p € P (b) such that

A (2)

1)

1+ = p(2).
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By using (2.3), we can write

ei’\<1+zm> — (1 —b)cos X —isin \

(=) 1 [?™ 14 ze
bcos A T2 /0 1— ze~t dnlt).
Hence
, I bcosA [P 14 ze~
(2.5) e ( +Zf/’\(z) >, 17267”d,u(t)—|—( b) cos A + isin A

In view of Lemma 2.1, there exists a real-valued function p of bounded variation
on [0, 27] satisfying conditions (2.1) such that

f"(z) 1 4ozt
(2.6) L = 5/0 (o)

Substituting (2.6) into (2.5), we get

A1) (128 o g
e <1+ng(z) bcos A 1+Zf’(z) + (1 —b)cos A+ isin .

Calculating the above equality, we get

V(2) 1 f(2) (1—b)e ™ cosA e isin\ —1
i e (L ) R
be ™™ cos /\J;I//((j))

Integrating both sides, we obtain
In f{(2) = be”* cos AIn f'(2).
This gives (2.4). O
The following result is a consequence of Theorem 2.3.

Corollary 2.4. f\ € V,i‘(b) if and only if there exists a function p with bounded
variation on [0, 27| satisfying conditions (2.1) and

(2.7) f3(2) = exp [—be‘i)‘ cos A /027r log (1 —ze™™) d,u(t)} .

Proof. Paatero [23] proved that f € Vj if and only if there exists a function p of
bounded variation on [0, 27] such that

f'(2) = exp {— /0 o log (1 —ze™™) du(t)} ,
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with the conditions given in (2.1). In view of Theorem 2.3, we obtain desired
result. i

Theorem 2.5. If fA(2) = z + a22% + azz® + ... € V(b), then
k
(2.8) las| < §|b\cos A

This bound is sharp for the functions of the form

-1 :| be " cos A

Proof. Since f\(z) = z 4+ a22? + azz® + ... € V3(b), and by using Theorem 2.3 there
exists a function f(2) = 2 + byz? + b32% + ... € V}, such that

&) =)

—iA cos A

That is,

—ix
1+2a22+3a32’2+...: [1+2b22+3b322+_,_]be cos A

Comparing the coeflicients of z on both sides, we get
as = bg.

In [12], Lehto proved that |by| < 4. Therefore we obtain
i k
lag| = |b2be™" cos A| < §|b| cos \. O

We need the following two lemmas to prove our next theorem.

Lemma 2.6.([28]) Let f € Vi, 2 <k < o0 and |a|] < 1. If

z+a _ a
(2.9) F(z) = J;(E;)(l)_ |£(2))

for all z € D, then f € Vi and

2f"(z) 202 | _ Kl
i) 1=z 7 1=z

(2.10)

Lemma 2.7. If f\ € V}(b), then the function Fy defined by

R
f;\ (a)(l + a/z)2be—M cos A’

(2.11) F(2) Fr(0) =0

283
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also belongs to Vo (b).
Proof. Let fy € V3(b). By Theorem 2.3, there exists a function f € Vj, such that

(2.12) f(z) = [/ ()] eos,

Since f € Vy, it follows from Lemma 2.6 that the function F' defined by (2.9) is also
in Vi. Again, by using the converse part of Theorem 2.3, there exists a function
F\ € V3(b) such that

F(z) = [F/() 7N

But, by (2.9) we have

F(5%)

o=

where |a| < 1. Therefore, we get

[f/(z—i-ia)]be’“ cos A

/ _ 14+az
F/\(Z) - [f/(a)]be*”‘ cos)\(]_ _|_az)2be*"A cos A
AR
f‘;\(a)(l + az)Zbe*”‘ cos A’
which proves the lemma. g

Theorem 2.8. If f\ € V() and k|b|cos A < 1, then fy is univalent in D and

"(z)  2b|z|?e " cos A| _ Kk|b||z| cos A
2.1 ANV <
(2.13) 1) 1- 22 | = 1|22

for all z € D.

Proof. If f € V3(b), then FY(z) defined by (2.11) is also in V3 (b), by Lemma 2.7.
Taking differentiation on both sides of (2.11) and letting z = 0, we get

/" 2 ,’\'(a) —iA=
F{(0)=(1-lal?) — 2be” @ cos A.

fi(a)
Therefore FI0) 1 ()
a —iA—
as = >‘2! = 2{(1 - |a|2)f2(a) — 2be z)‘acos)\}.
Replacing a by z and using Theorem 2.5, we get
2 f2(2) i
(2.14) (1 —|2|°)=5——= — 2be™**Zcos A| < k|b|cos .
fi(z)
Therefore
2, 2fx (2) —iX[,|2
(2.15) (1—1z]%) —2be™"z|7 cos A| < k|bl|z|cos A, |z] < 1.

(=)
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Letting ¢ = 2be™* cos A and by using Ahlfor’s [1] criterion for univalence, it follows
that fy is univalent in D if k|b| cos A < 1. Dividing both sides of (2.15) by 1 — |z|?,
we get (2.13). a

Remark 2.9. If f is in V{(b), then f is univalent in I whenever |b| < 1/k found
by Umarani [31].

Corollary 2.10. If f\ € V(b), k|b|cos A < 1 and (2Reb — |b|?) cos? A < 1, then fy

maps
2
k|b| cos A + \/(k|b| cos A)2 — 4(2Rebcos® A — 1)

(2.16) |z <7 =

onto a convex domain. This result is sharp.

Proof. For |z| = r < 1, the inequality in (2.13) gives

1 2 2,—i\
1472 /A(Z) 1 —=r"+2br7e”" cos A < k|b\rcos/\.
fi(z) 1—1r2 1— g2

Thus, we get

re(14? ;’\’(z) > 1 — k|b|r cos A + (2Re(be~"*) cos A — 1)7“2.
fi(2) 1—1r2

Right side of this inequality is positive for |z| < r1, where 71 is the positive root of
the equation ‘
1 — k|b|r cos A + (2Re(be"’\) Cos\ — 1)7“2 =0.

Discriminat of this quadratic equation is
A = (k|b| cos A)* — 4(2Rebcos® A — 1) > 4(1 — (2Reb — [b|*) cos® A) > 0,

provided (2Reb — |b|?) cos? A < 1. Therefore, we obtain radius of convexity as given
in (2.16). Sharp function is

fg\ (Z) _ [8"_’212:;1] be~ i cos A

Letting b = 1 in Corollary 2.10, we obtain the following radius of convexity for the
class V3 defined in [15]. i

Corollary 2.11. If f\ € V), then fy is convex for

2
kcos A+ +/(kcos\)2 —4dcos2)\

|z <=

285
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Remark 2.12. If we let p = 1 in Corollary 2 in Silvia [30], we observe that Silvia’s
result reduces to the corresponding result given in Corollary 2.11.
3. Properties of Class 8} (b)

For our result in this section, we need the following principal tool that was
found in 1969 by Brannan [8].

Lemma 3.1 The function f of the form (1.1), belongs to Vi if and only if there
are two functions 61 and do normalized and starlike in D such that

N G
fiz) = (5225))2*%.

Theorem 3.2. If a function fy of the form (1.1) belongs to V3 (b), then there exist
two normalized A\—spirallike functions Ty, Ty in D such that

iy
(T2(Z)) ;} '

z

—

(Tl(z

[NE ISE

(3.1) f ={

Proof. In view of Lemma 3.1, f € Vy if and only if

where 01,d> are normalized starlike functions in D. If fy € Vﬁ(b), then due to
Theorem 2.3 we can write

(51(2))§+% be ™" cos A
E_1
172

(32) #1(2) = {(m)

It is well-known that if § is a starlike function in D, then T(z) = 2[6(z)/z]¢ "~ <™ is
A—spirallike function (see [7]). Now using this representation, we get desired result
follows from (3.2). O

Remark 3.3. If we let b = 1 — «, there exist A—spirallike functions 77,75 in D

such that
(Tl(z)) :
! z
A=) = {w

k1 _
243 l-«
kE_1 ’
a7 2

Using (1.6) and Corollary 2.4, we also obtain the following representation the-
orem for 87 (b).

which was obtained by Moulis [16].
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Corollary 3.4. A function f) € 82 (b) if and only if there exists a function p with
bounded variation on [0,27] satisfying conditions in (2.1) such that

2
(3.3) fr(z) = zexp { be ™ cos A log (1 — ze™ ") du(t)] .
0

4. Integral Operators

In [9], Breaz and Breaz; in [10], Breaz et al. studied the following integral
operators

(4.1) Fo(z) = /O (flt(t))%...(f"t(t)>%dt,

(4.2) Go(z) = / O (fL ) e,

for v; > 0,1 < j < n and Z?:l v; < n+ 1. They studied starlikeness and
convexity of the operators (4.1) and (4.2). In this section, we investigate these
integral operators (4.1) and (4.2) for the classes 83 (b) and V;(b).

Theorem 4.1. Let f; € 8(b) for 1 < j <n with k> 2, b€ C—{0}. Also, let X be
a real number with [A| < %, v; >0 (1 < j <n). Then F, € Vy(u) for each positive
integer n, where p = bz;;l Vi

Proof. Since fj(z) = z+ >, an,;2", we have f’T(Z) # 0 for all z € D. Therefore

by (4.1), we have
F!'(2) Z ( (2) 1)
(2) (z2) z)’
=1

n J

or equivalently

i F(2)
1+:5)
_ 2)\+Z e 1)\Zf (Zz) ny]e
= (1-0) COS)\ZVJJFZ ( Z,\Zf —(1-1b) COS)\) Z'Y]

Taking real part on both sides, we get

(4.3)
Re(ei)‘ (1+z§i[z’((z)))f(lbe'yj)cos/\fisin)\) = j;'ije<ei)‘ z;jj(zz) —(1-b) cos)\fisin)\).

Jj=1
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On the other hand, since f; € 8§3(b) for 1 < j < n and by using (1.5), we have

(4.4) /0 7

On letting = b7, 75, (1.4), (4.3) and (4.4) yield

2w
/0

€ b

> ’d@ < kmcos .

Re

(e”‘(l—l—zliz((;)) —(1— bzy_lyj)cos/\—isin)\)‘de
b

. <€M ]g:(@)) — (1 =b)cos A —isin A
€ b

n 2
< Z Vi /
j=1 70

Then from above inequality, we obtain

) ‘d@ < kmcos .

o etr 1+ZF’/}/(Z) — (I — p)cos A —isin A
/ Re( ( Fn(Z)) )‘d& < kmcos .
0 H
In view of (1.4), it follows that F,, € V3 (u) for each positive integer n. O

We deduce the following known result from Theorem 4.1. We observed in Sec-
tion 1 that 82(1 — a) = 8x(a) and V(1 — @) = Vj(a) for 0 < a < 1 and k > 2.
By letting A =0 and b = 1 — «a, Theorem 4.1 gives the following result obtained in
[18].

Corollary 4.2. Let f; € Sp(a) for 1 <j<nwith0<a<1andk > 2. Also, let
v >0 (1< j<n)lf

0<14+(a-1)> <1,
j=1
then F,, € Vi(8) with 8 =1+ (a—1) Z;L:1 V-

Remark 4.3. For n = 1 and 7; = 1, Theorem 4.1 proves that if f; € 8}(b) with
k > 2, then the integral operator

Fi(z) = /OZ @dz € V3 (b).

In particular, for n =1, 77 =1, A=0, b =1 and k = 2, Theorem 4.1 proves
that if f; € 8*, then foz @dz € XK. This is the famous result found by Alexander
[4].

Theorem 4.4. Let f; € V(b) for 1 < j <n with k > 2, b € C — {0}. Also, let
A be a real number with [\ < 5, v; >0 (1 < j < n). Then the integral operator
Gy, € V¥ (u) for each positive integer n, where yu = bZ;;l V-
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Proof. In view of (4.2), we have

GI(z) () £7(2)
a) e T TRy

or equivalently
) G//(z) ) n ) f// n
A n A A
e (1+ZG;1(7:) =e +j§:17je 1+ E 'y]

Subtracting and adding (1—b) cos A Z?Zl ~y; on the right hand side, taking real part
on both sides, and simplifying, we get

(4.5) Re<ei*(1+zg§8) - (1—bi1vj)cos)\—isin)\)
_ ‘:%R < (1+ Zé;) —(1—b)cos)\—isin)\>.

Since f; € V(b) for 1 < j < n and by using (1.4), we obtain

(4.6) /0 "

Therefore letting p = bZ?:I v;, (1.4), (4.5) and (4.6) give

2m
/0

It now follows from (1.4) that G,, € Vi (u) for each positive integer n. a

zf] (Z)> _(1_b)cos)\—isin)\

<1+ e
Re(

5 )‘d@gkﬂcos)\.

ei’\(l +zg§:g2> — (1 —p)cos A —isin A
Re(

7

)‘d@ < kmwcos .

Remark 4.5. For n = 1 and 7; = 1, Theorem 4.4 proves that f; € V3(b) with
k > 2, then the integral operator

-/ fl(2)dz € VA,
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scholarly guidance to improve the results in the present form.
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