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ABSTRACT. In this paper, we deal with the null controllability of semilinear functional
integrodifferential control systems under the Lipschitz continuity of nonlinear terms. More-
over, we establish the regularity and a variation of constant formula for solutions of the
given control systems in Hilbert spaces.

1. Introduction

Let H and V' be two complex Hilbert spaces. Assume that V' is a dense subspace
in H and the injection of V into H is continuous. The norm on V' (resp. H) will
be denoted by || - || (resp. |- |) respectively. Let A be a continuous linear opera-
tor from V into V* which is assumed to satisfy Garding’s inequality, and generate
an analytic semigroup (S(t));>0. We study the following the semilinear functional
integrodifferential control systems :

(1.1) {m/(’f) - Ax(t) + [y k(t — s)g(s, 2(s))ds + Bu(®),

Here, a forcing term k € L?(0,T;V*), zg € H, and g : R* x V — H is a nonlinear
mapping as detailed in Section 2.. The controller B is a bounded linear operator
from L?(0,T;U) to L?(0,T; H), where U is some Banach space of control variables.

The existence of solutions for a class of semilinear functional integrodifferential
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control systems has been studied by many authors. For example, one finds parabolic
type problems in [3, 17, 18], hyperbolic type problems in [11, 18], and linear cases
in [4, 5, 7, 13, 14]. The background of these problems is to serve as an initial value
problem for many partial integrodifferential equations which arise in problems con-
nected with heat flow in materials, random dynamical systems, and other physical
phenomena. For more details on applications of the theory we refer to the survey
of Balachandran and Dauer [2] and the book by Curtain and Zwart [7].

In recent years, as for the controllability of semilinear differential equations,
Carrasco and Leiva [6] discussed sufficient conditions for approximate controllability
of parabolic equations with delay, Mahmudov [15] in the case that the semilinear
equations with nonlocal conditions with condition on the uniform boundedness of
the Frechet derivative of nonlinear term, and Sakthivel et al. [19] on impulsive
and neutral functional differential equations. As for some considerations on the
trajectory set of (1.1) and that of its corresponding linear system (in case g = 0) as
matters related to (1.1), we refer the reader to Naito [16], Sukavanam and Tomar
[22] and references therein.

In [2, 10] the authors dealt with the approximate controllability of a semilinear
control system as a particular case of sufficient conditions for the approximate
solvability of semilinear equations by assuming that

(1) S(t) is compact operator, and

(2) the linear operator ST := fOT S(t—s)u(s)ds has a bounded inverse operator.
The paper [15] replaces the above condition (2) with
(2-1) The Frechet derivative of nonlinear term is uniformly bounded, and

(2-2) the corresponding linear system (1.1) in case ¢ = 0 and zy = 0 is approxi-
mately controllable.

In [22] and [23] they studied the control problems of the semilinear equations by
assuming conditions (1), (2-2), a Lipschitz continuity of the nonlinear term, and a
range condition of the controller B with an inequality constraint.

In this paper we replace the condition (1) by the compactness of the embedding
D(A) C V, and instead of (2.2) and the uniform boundedness f the nonlinear
term, we require the following inequality constraint on the range condition of the
controller B: for any p € L?(0,T; H) there exists a u € L?(0,T;U) such that

STp = ST Bu.

In Section 2, we will obtain that most parts of the regularity for parabolic lin-
ear equations can also be applicable to (1.1) with nonlinear perturbations. The
approach used here is similar to that developed in [8, 9, 13, 15] on the general
semilnear evolution equations. Moreover, in Section 3, we establish the null con-
trollability of semilinear functional integrodifferential control systems (1.1) under
the Lipschitz continuity instead of the uniform boundedness of the Frechet deriva-
tive of nonlinear term. It is useful for physical applications of the given equations.
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2. Regularity for Solutions

If H is identified with its dual space we may write V. C H C V* densely and
the corresponding injections are continuous. The norm on V, H and V* will be
denoted by ||-||, || and || -||«, respectively. The duality pairing between the element
vy of V* and the element vs of V' is denoted by (v1,v2), which is the ordinary inner
product in H if vy,v, € H. For the sake of simplicity, we may consider

lull« < Jul < lull, weV.

For | € V* we denote (I,v) by the value I(v) of [ at v € V. The norm of [ as
element of V* is given by

|[l]+ = sup
T ey ol

Therefore, we assume that V has a stronger topology than H and, for the brevity,
we may regard that

(2.1) lull« < lul < lull,  VueV.

Let a(-,-) be a bounded sesquilinear form defined in V' x V and satisfying
Garding’s inequality
Re a(u,u) > col[ul]® - ciful?,

where ¢y > 0 and ¢; is a real number. Let A be the operator associated with this
sesquilinear form:
(Au,v) = —a(u,v), u, vevV.

Then A is a bounded linear operator from V to V* by the Lax-Milgram theorem.
The realization of A in H which is the restriction of A to

D(A)={u€eV:Auc H}

is also denoted by A. Moreover, for each T' > 0, by using interpolation theory we
have
L0, T;V)nWt2(0,T;V*) c C([0,T); H).

From the following inequalities
col[ull* < Rea(u,u) + c1ful® < [Aul |u] + c1]ul®

< (|Au| + erful) Jul] < max{L, c1}[ul[palul;

where
lullpay = (|JAul* + [uf?)"/?

is the graph norm of D(A), it follows that there exists a constant Cy > 0 such that

1/2
(2.2) l[ul] < Collul [y lul /2.
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Thus we have the following sequence
(2.3) D(A)CV CHCV*C DA

where each space is dense in the next one which is a continuous injection.

Lemma 2.1. With the notations (2.1)-(2.3), we have

(V,V*)i1j2,0 = H,
(D(A),H)1/22 =V,

where (V,V*)1/2,2 denotes the real interpolation space between V' and V*(Section
1.3.3 of [21]).

It is also well known that A generates an analytic semigroup S(¢) in both H
and V*. For the sake of simplicity, we assume that ¢; = 0 and hence the closed half
plane {A : Re A > 0} is contained in the resolvent set of A.

Lemma 2.2. Let T > 0. Then

T
H={zeV": / || Aet x| |2dt < oo}
0

Proof. Put u(t) = etz for x € H. Then,
u'(t) = Au(t), u(0) = =.

As in Theorem 4.1 of Chapter 4 of [14], the solution u belongs to L2(0,T;V) N
WL2(0,T;V*), hence we obtain that

T T
[ lac iz = [l 2ds < oc.
0 0

Conversely, suppose that z € V* and fOT [|AetAz||2dt < co. Put u(t) = et“x. Then
since A is an isomorphism operator from V' to V* there exists a constant ¢ > 0 such

that
T T T
/ ut)|Pd < ¢ / [ Au(t)|[2dt = ¢ / | ActA ] 2dt.
0 0 0

From the assumptions and u' () = Aet4z it follows
ue L*0,T;V)nWh2(0,T;V*) c C([0,T]; H).

Therefore, z = u(0) € H. O

By Lemma 2.1, from Theorem 3.5.3 of Butzer and Berens [5], we can see that

(V,V*)1/2,2 = H.
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Consider the following linear system

x'(t) = Az(t) + h(t),
24) {x(O) = xp.

By virtue of Theorem 3.3 of [4](or Theorem 3.1 of [9]), we have the following result
on the corresponding linear equation of (2.4).

Proposition 2.1. Suppose that the assumptions for the principal operator A stated
above are satisfied. Then the following properties hold:

(1) Let V = (D(A),H)1 /2,2 where (D(A), H) /2,2 is the real interpolation space
between D(A) and H (see [ [21]; section 1.3.3], or Lemma 2.1). For xqg € V
and h € L?(0,T; H), T > 0, there exists a unique solution x of (2.4) belonging
to

L*(0,T; D(A)) N W"2(0,T; H) € C([0,T]; V)

and satisfying
(2.5) [zl 22(0,m;p(ay) w2075y < Cr([|2ol| + ||l L2(0,7;m))
where Cy is a constant depending on T.

(2) Letxo € H and h € L*(0,T;V*), T > 0. Then there erists a unique solution
x of (2.4) belonging to

L*(0,T;V)n W20, T; V*) c C([0,T]; H)
and satisfying
(2.6) 17]| 20, 7v) w2 0,75v+) < Ci(lzol + [|RllL20.1:v ),

where Cy is a constant depending on T .

For the sake of simplicity, we assume that solution semigroup S(¢) generated by
A is uniformly bounded:
ISl <M t=o0.

First, we consider the following inequalities.

Lemma 2.3. Suppose that h € L*(0,T; H) and x(t) = fot S(t — s)h(s)ds for 0 <
t <T. Then there exists a constant Cy such that

(2.7) 2]l z2(0,73p0a)) < CillbllL20,7;m)
(2.8) (| 200,71y < CoT'||R||L2(0,7: 1),
and

(2.9) 12|22 0.7v) < CoVTIRl| 20,7 m1)-
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Proof. The assertion (2.7) is immediately obtained by (2.5). Since

T t T, (t

lelliz.remy = Jo [ Jo S = 9)h(s)ds|*dt < M [ (fy [h(s)|ds)?dt

<M [t [ n(s)Pdsdt < MT [T |n(s)[2ds

it follows that
2[|L20,m5m) < T/ M/2(|h||L20,7;H)-
From (2.3), (2.7), and (2.8) it holds that
2|2 0.7y < Cov/CT(M/2) 4|l 20, 7:00)-

So, if we take a constant Cy > 0 such that

Cy = max{\/M/2,Co\/C1(M/2)"/*},

the proof is complete. O

Consider the following initial value problem for the abstract semilinear parabolic
equation (1.1). Let U be a Banach space and the controller operator B be a bounded
linear operator from U to H.

Let g : R™ x V — H be a nonlinear mapping satisfying the following:
(F1) For any = € V, the mapping ¢(-, z) is strongly measurable;
(F2) There exist positive constants Lo, Ly such that

|g(t,l‘) _g(tv‘i” < LIHJ"_'%”’
|9(,0)] < Lo

forallt € R, and z,2 € V.

For x € L%(0,T;V), we set

t
ft,z) = / k(t — s)g(s,z(s))ds,
0
where k belongs to L?(0,T).
Lemma 2.4. Let x € L*(0,T;V) for any T > 0. Then f(-,z) € L*(0,T; H) and
(2.10) (15 @)lz20m) < Lollkl L2 0,0 T/V2 + 1kl 20,0 LV T 2| 120,730 -
Moreover if x, & € L*(0,T;V), then

(2.11) 1/ (o) = FC )z, < Kl 20,0 LV T e = 2| 220,709
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Proof. From (F1), (F2), and using the Holder inequality, it is easily seen that
G o)z, < NFCOI G 2) = £, 0)

T 1/2
< (/O |/0 k(t — 8)g(s, 0)ds| dt)

T 1/2
2
4 ( / | / Kt — 5){g(s,2(s)) — g(s,0)}ds| dt)

< L0||k||L2(O,T)T/ﬁ+ HkHLQ(o,T)\FTHQ(HI) - 9('70)HL2(0,T;H)
< L0||k||L2(O,T)T/ﬁ+ HkHLQ(mT)Ll\/THJU||L2(0,T;V)~
The proof of (2.11) is similar. O

Theorem 2.1.Under the assumptions (F1), and (F2) for the nonlinear mapping f,
as given by

o) = [ ke s)gto.s)ds,
there exists a unique solution x of (1.1) such that
z € L*0,T;V)nWh2(0,T;V*) c C([0,T); H)
for any xo € H. Moreover, there exists a constant Cs such that

(2.12) (| L2 0,7 )w 2 0,75v+) < Ca(|zol + [|ullz20,10))-

Proof. Let us fix Ty > 0 satisfying
(2.13) CoLiTol|kl 20,1y < 1
with the constant Cy in Lemma 2.3. Let y be the solution of
t
y(t) = S(t)xo + / S(t— s){f(s,z(s)) + Bu(s)}ds.
0
We are going to show that @ ~— y is strictly contractive from L?(0,Tp; V) to itself.

Let y, 4 belong to V' with the same initial condition in [0, Tp]. Then from assumption
(2.9), (2.11) and

y(t) — §(t) = / S(t — s){f(5,2()) — f(s,7(s))}ds
we have

lly — dllz20,10:v) < CoV/Tollf () — f(2) | L2 (0,10: 1)
< CoLi o[kl 20,10 12 () — 2() 1| 22(0,70;v)-

247
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So by virtue of the condition (2.13) the contraction mapping principle gives that the
solution of (1.1) exists uniquely in [0, 7p]. Let x be a solution of (1.1) and z € H.
Then there exists a constant C7 such that

(2.14) I[S(t)wollL2(0,10:v) < Chlol

in view of Proposition 2.1. Let

xﬂﬂ:iA S(t — $){f(s,2(s)) + Bu(s)}ds.
Then from (2.11), it follows

(2.15)  [l1llz2(0mv) < Cov/Toll £ (- 2) + Bull2(0,m:)
<CoVTo(Liv/To| |kl 2(0,m0) 1211 L2 0.105v) + [1£(+50) + Bul|L20/0:m1))-
Thus, combining (2.14) with (2.15) we have
2]l 220,103y (1 = CoLnTol[kl|22(0,1)) " (Cilo]
+ Co/Toll £(-,0) + Bul| L2(0.10m))-
Hence, (2.12) holds. Now from
To
|lz(To)| =[S (To)wo + | S(To — s){f(s,x(s)) + Bu(s)}ds|
<Mlao| + MLy /Tol k]| 220.10) |12l 22 (0,707
+ M/Tol| f(-,0) + Bul|r20,10: 1),

since the condition (2.13) is independent of initial values, the solution of (1.1) can be
extended to the interval [0, nTp] for every natural number n. An analogous estimate
to (2.12) holds for the solution in [0,n7Tp], and hence for the initial value x,7, in
the interval [nTy, (n + 1)Tp]. O

3. Null Controllability of Semilinear Systems

Let S(t) be the analytic semigroup generated by the principal operator A. We
define the linear operator S from L?(0,T; H) to H by

T
ﬁp:A S(T — s)p(s)ds

for p € L?(0,T;H). Let z(T; f,u) be a state value of the system (1.1) at time
T corresponding to the nonlinear term f and the control u. Then the solution
x(T; f,u) of (1.1) is represented by

a(T; f,u) = S(T)xg + ST f(-, ) + ST Bu.
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Definition 3.1. Equation (1.1) is said to be null controllable at time T' > 0 if for
a given ¢ € H there exists a control u € L?(0,T;U) such that (T; f,u) = 0.

Let GT = STB. Here, we remark that G is a bounded linear operator(see
Proposition 2.1 or Theorem 2.1) but necessary one-to-one. Denote the orthogo-
nal complement in L2(0,T;U) by [ker GT]t. Let G : [ker GT]* — Im GT be the
restriction of GT to [ker GT]*. Then we know that G is necessary a one-to-one
operator.

For any (x,h) € H x L*(0,T;V*), define

N(z,h) =S(T)xo + /OT S(T — s)h(s)ds : H x L*(0,T;V*) — H,

T
W(z,h)=(G)"'N = (G)~* (S(T)xo + /O S(T — s)h(s)ds) .

First, we consider the following linear control equation with a general forcing term

h:

51) {x'(t) = Az(t) + Bu(t) + h(t),

z(0) = xo.
The following is immediately seen from Definition 3.1.

Lemma 3.1. The linear system (3.1) is null controllable at time T > 0 if
ImG(=57B) > Im N.

We need the following hypothesis:

(A) Let us assume the natural assumption that the embedding

D(A) C V is compact.
(B) For any p € L?(0,T; H) there exists a u € L?(0,T;U) such that
STp = ST Bu.

Remak 3.1. Denote the kernel of the operator ST by N, which is a closed subspace
in L2(0,T; H), and its orthogonal space in L?(0,T; H) by N+. Let B be defined by
(Bu)(-) = Bu(-). Denote the range of the operator B by R(B) and its closure by
R(B) in L?(0,T; H). As seen in [9, 16], it is easily known that the hypothesis (B)
is equivalent to the following condition: L?(0,7;H) = R(B) + N.

Lemma 3.2. Let us assume the hypothesis (B). Then we have
D(A) c ImG.
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Proof. Let 29 € D(A) and put p(s) = (x¢ — sAzo)/T. Then p € L?(0,T; H) and

T
xTg = /0 S(T — s)p(s)ds(= STp).

Hence, from (B) we can choose a control ug € L?(0,T;U) satisfying
ng = STBuO7
which implies D(A) C Im G. O

Theorem 3.1. For u € L?(0,T;U), let v, = GTu with ,(0) = 0. Under As-
sumption(A), we have the mapping GT : u — w, is compact from L?(0,T;U) to
L2(0,T;V) C L(0,T; H).

Proof. 1If u € L?(0,T;U), with the aid of Proposition 2.1 (or Lemma 2.3), we have
xy € L2(0,T; D(A)) N WH2(0,T; V*) and satisfy the following inequality:
1@l L2 (0,75 D0a) w2 0,10y < Crllullp2(0,m50),

where Cj is the constant in Proposition 2.1. Hence if u is bounded in L?(0,T;U),
then so is @, in L(0,T; D(A))NWY2(0,T; H) by the above inequality. Since D(A)
is compactly embedded in V' by assumption, the embedding

L0, T; D(A) nWh2(0,T; H) ¢ L*(0,T; V)

is compact in view of Theorem 2 of J. P. Aubin [1].
Therefore, if we define the operator z, = GTu , then GT is a compact mapping
from L2(0,T;U) to L%(0,T; V). O

The following lemma is obtained from the proof of Lemma 3 of [8].

Lemma 3.3. Under Hypothesis (B), we have

W(z,h): H x L*(0,T;V*) — L*(0,T; U).
is bounded and the control
(3.2) u(t) = =Wi(xg, h)

transfers the linear system (3.1) from xo € D(A) to 0.
Proof. By the definition of G, let

G : [kerGT]* — ImGT

be the restriction of GT to [kerGT]L. G is necessarily a one-to-one operator. Here,
we remark that by Lemma 3.2, S(T)zo € Im G since S(T)xo € D(A) for xo € D(A).
Define

Wiz, h): Hx L*(0,T;V*) — L*(0,T;U)
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by W(z,h) = (G)"'N(z, h). From Theorem 3.1, it follows that ImG7 is closed and
[ker GT]* is obviously closed. Hence, the inverse mapping theorem says that G~!
is a bounded linear operator, and so is W. O

Since the operator BW is bounded, for the sake of simplicity, we assume that

[BW (0, f) < [[BWI[(Jzo| + [f1)-

Lemma 3.4. For x € L*(0,T;V), we set

K(s,x) = —BW (zo, f(s,2(s)) + f(s,z(s)).

Then we obtain the following:

T
I ol < 1+ LBWID ) { Zo 7 + v lellizorar |

+ 2| BW|| |20
and
1K (-, 21) — K (-, @) L2050y < (14 [|BWIDIEl L20,m) L VT |21 — 22| p2(0, 750

Proof. From (2.10), (2.11) it is easily seen that

Gy )l 20,0y < N0 + (K 2) = K 0)]
< |l =BW(zo, f(-,0)) + f(- 0)]]
+ || = BW(zo, (-, ) + BW (20, f(-,0)) + f(-,2) = f(-, 0]

T T
< ||BW xo| + Lollkll 72 — ) + Lollkll72 J—
< ||(| ol + Lol . mﬁ) olllzzom 75
+11BWI| (lwol + Lullkllz20m) VT el 20,151
+LlHkHLQ(O,T)\/T”xHLQ(O,T;V)

T
< (1 +[IBWI[) Hk\lm(o,T){Lo\ﬁ + LiVT|al| 2 0,mv) } + 2l BW || o)

Moreover, we obtain

K Gy 21) = KC22)l|20,mm)

= || = BW(xo, f(s,21(5))) + f(s,21(5)) + BW (w0, f (s, x2(s)) — f(s,22())l|2(0,7:m)
< IBWIIIf (s, 21(s)) = f(s,22()| 20,750 + 1 (5, 21(5)) — f (5, 22(5)) | 2(0,75)

< (L+IBWIDIIKI 20,y L VT ll21 = 22l 120,31 )- o
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Theorem 3.2. Assume the assumptions (F1-2), (A), and (B) be satisfied. Then
for the initial data xo € D(A) the system (1.1) is null controllable at time T > 0.

Proof. Define the operator F on L?(0,T;V) by

Faft)y = § ST /0 S(t = $){=BW (w0, f) + f(s,2)}ds, 0<t<T,

Zo, if t=0.

Let us fix Ty > 0 so that
T8 12
(3.3) Co(ﬁ) LiM(1+ ||BW|| |kl z20,1)) < 1,

where Cj is constant in (2.3). We are going to show that x — Fx is strictly
contractive from L?(0, Tp; V) to itself if the condition (3.3) is satisfied. Let Fxq, Fao
be the solutions of the above equation with z replaced by z1,75 € L?(0,Ty; V)
respectively. From (3.3) it follows that

[[Fa1(t) — Fra(t)]|12(0,10;D(A)nW2(0,70;:H)
To

< S(To — s){K (s,71) — K(s,72)}ds||
0

< MVTo||K (1) = K (- 22)l [ 12 (0,10:)
< (A +[[BWI)MTo Ly ||kl| 22 0,0 121 — 2|l 22 0,105v)
and hence in view of (2.3) we have

(3-4) [|[F1(t) = Fao(t)]|L2(0,10:v)
< CollFara(£) = Fara(0)ll oo sy || F (8) = Fea ()] ¢

L2(0,To; L2(0,To; H)
1/2 Ty 1/2
S COHFxl(t)7FxQ(t)||L/2(O)TO7D(A))(E)1/2||F‘T1(t) 7Fx2(t)||uél’2(0,To;H)

T
< 00(7%)1/2”}7’331@) — Faa(t)]| 12(0,10; D(A)nW2(0,T0: H)

T
< 00(7%)1/2MT0L1(1 +IIBWINDIEl L2 0,10) 171 — 22| 22(0,10;v) -
Here we used the following inequality
To
[[Fz1(t) — Fr2(8)|| 220, 10;:0) = {/ |y (t) — Faa(t)*dt}/?
0
To t . To o .
- {/ \/ (Fz1(7) — Fao(7))dr)?dt}? < {/ t/ |Fz1 (1) — Fao(r) | drdt}'/?
0 0 0 0

To
< 72||F331(t) — Faa(t)|lwr.2 0,790
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Hence, by virtue of (3.4) the contraction mapping principle gives that the operator
F has unique solution in [0, Tp], that is, x is the solution of the following equation:

t
gy 40 =SOnt [ SE-9-BWE ) + o) < T
: 0
z(0) =xo, if t=0.
Next we establish the estimates of solution. Let z(-) be the solution of (3.5) in the

(0,Tp) and y(-) be the solution of (3.1) with the control u(t) = —W(x,k) as in
(3.2), i.e., the solution y of (3.1) is represented by

t
y(t) = S(t)zo —/ S(t — s)BW (xo, f)ds, t>0.
0
Thus, the arguing as in the proof of Lemmas 2.3, 2.4, we have

1z — yllL20,10;v)
To

=l St = s{=BW(xo, )+ f(s,2)} = Bult)bdsllr20,m0:v)

To
SHA S(t = {F(ox) — F(.0) + £ 0 dsl o)

< Czﬁoﬂf('a x) — f(-,0)||L200,10: 1) + 02\/T0Hf('7 0)|]22(0,70;H)
3/2

T
< CoTollkl| 22 0,10) Ll ]| 2 0,100y + Ca \0@ Lol|k|| 20,10
< CoToLa |kl z2(0,10) 12 = YllL2(0,70;v) + C2ToLallEl| L2 0, 70) 1Yl | L2 0, 70:v)
73/2
+Cs \O/i Lollk]|£20,10)-

Therefore, we have

||« —y||L2(o,To;V)

CQT0L1H1C||L2(07TO) {||y|\ . + \/QTOLO}
—1- CQT()L1||k||L2(O7TO) L2(0,To5V) 204

and hence with the aid of Lemma 2.3, or Theorem 2.1

|z 20, 10;v)

! iyl 1 V2ol
2 . —_—
S 1= Gl |kl oo, |0 OTV) T T
1 V2Ty Lo

< Cs(|zo| + ||ul|L2 . + )
1—02T0L1\|]<;HL2(0’T0){ 3(|zol + [|ullz (o,TD,U)) 5L, }
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Thus, there exists a constant Cy such that

|2[|z20,m5v)nwr20,m5v+) < Ca(l+ |zo| + [ullz20,150))-

Now from
To
lz(To)| = [S(To)zo| + | | S(To — s){=BW (xo, f) + f(s,2)}ds|
0
< (M + 2||BW|))|zo| + M (1 + [ BW|[){Lo| Kl 2 (0,1 T/ V2
+ |kl 20,y LivVT |2 20,7 )
since the condition (3.3) is independent of initial values, the solution of (1.1) can be
extended to the interval [0,nTp] for every natural number n. That is, an analogous
estimate to (3.6) holds for the solution in [0,nTp], and hence for the initial value

ZnT, in the interval [nTp, (n + 1)Tp], which means that the system (1.1) is null
controllable at time T > 0 with the control u = —W (zo, f). O

Theorem 3.3. Let the assumption (F1), (F2) be satisfied and (xo,u) €
V x L2(0,T;U), Then the solution x of the equation (1.1) belongs to = €
L?(0,T; D(A) N WY2(0,T; H) and the mapping

V x L*(0,T;U) 3 (x0,u) — x € L*(0,T; D(A)) nW'2(0,T; H) c C([0,T); V)

18 Lipschitz continuous.

Proof. Tt is easy to show that if zg € V and f(-,x) € L?(0,T; H), then = belongs
to L2(0,T; D(A)) N W12(0,T; H). Let (x},u;) € H x L?(0,T;U) and z; be the
solution of (1.1) with (xg,u) in place of (z,u;) for i = 1,2. Then

(z1—22) (t) = Az — z2)(t) + f(t,21(t) — f(t,22(t) + Blus — ua)(t), t >0,
(r1 —22)(0) =} — 3.
Hence in view of proposition 2.1 and lemma 2.4, we have

(3.6)
|21 — 22||L2(0,7:D(A)) W2 0,111
< C{|lzg — o3l + [Jur — wol|r20,m0) + 1F G w1) = FC@2)|| 220,70 }
< Cv{llzt — 23|l + |lwr — wollz2 .m0y + 1kl 20,0y L1 VT |21 — 2|l L2070}

Since
x1(t) — xo(t) = o — 22 + /0 (21(s) — &2(s))ds

We get

T
|1 — @2 20,701y < VT |ah — 23] + ﬁﬂl’l — xa||lw12 0,1 1)
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Hence arguing as in (3.4) we get
(3.7)
|21 — z2|| L2 (0,73v)

1/2 1/2
< Collas — ””2||L/2<07T;D(A))Hm1 - “72HL/2(0,T;H>

1/2 T 1/2
< Cpllz1 — x2||L/2(07T;D(A)){T1/4|x(1) T (E)I/QHJH - zzllmﬁl,z(oj;m}
< CoTY*||zy — $2||1L/22(0,T;D(A))|wt1) — zp|'/?

i

+ Co(—=)"?|lz1 = w2l 12 (0,750 ( Ay w2 (0,3 8)
V2

_ T
<27 4Colap — xf| + 200(5)1/2”561 — 22| 220,73 D(A)) W2 (0,75 H) -
Combining (3.6) and (3.7) we obtain
(3.8) w1 — 2|[z2(0,7:D(A)) W2 0,1 H)

< Cuf{llzg — a3l + 1kl 2 0,0y La VT (2774 Col g — |

T
+ 200(\—@)1/2”;“ — z2||z2(0,1;D(A) w2 0,138)) + w1 — u2llz2 0,150 }

= (C1 + 27 "*Collkl| 20,1 L1VT) 2§ — 23| + Chllur — uallr20.70)
+ 24 CoT L k|| 220,y 121 — 2]l L2 (0,75 D(A) AW 20,73 00) -

Suppose that 2 — o in V and let z,, and « be the solution (1.1) with «f and zo
respectively. Let 0 < T} < T be such that

24T Ly||k|| 22 0,7y < 1.
Then by virtue of (3.8) with T replaced by T we see that
z, =z in L*0,T;D(A)NWY0,T; H).
This implies that (z,,(T1), (zn)7,) = (2(T1),27,) in V x L?(0,T; D(A)). Hence the

same argument shows that

T, —x in LTy, min{2Ty,T;}; D(A)) N WY2(Ty, min{2Ty, T, }; H).
Repeating this process we conclude that x,, — 2 in L?(0,T; D(A)) " W1H2(0,T; H)
for any T > 0. a

Remark 3.2. Let us we assume the following hypothesis:
For any € > 0 and p € L?(0,T; H) there exists a u € L2(0,T;U) such that
{ |Sp — SBu| <,

(B1)
||BUHL2(O,t;H) < q1||p||L2(O,t;H)7 0<t< T7
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where ¢; is a constant independent of p.

Then, as seen in [12], we note that for every desired final state z1 € H and € > 0
there exists a control function u € L?(0,T;U) such that the solution x(T;u) of
(1.1) satisfies |z(T;u) — x1| < €, i.e., the system (1.1) is said to be approximately
controllable in the time interval [0, T7.

Example 3.1. We consider an application of the results obtained in the preceding

sections to a class of partial functional integrodifferential systems with delay terms
dealt with by Naito [16] and Zhou [23]:

%u(x, t) = A(z,Dy)u(zx,t) + fot k(t — s)g(s,u(z, s))ds + Baw(t),
(3.9 (2, ) e QA x (0,7), 0<a<T,
u(z,0)  =up(x),

The boundary condition attached to (3.9) is given by Dirichlet boundary condition
ulpgo =0, 0<t<T,

and k belongs to L2(0,T). Here, Q C R" is a bounded domain with smooth bound-
ary 0Q. We set H = L*(Q2) and V = H} (). Let b(u,v) be the sesquilinear form
in H}(Q) x HE(2) defined by

- ou Ov - ou _ _
a(u,u) = ‘/Q Z aijaixi% + ;ﬁlaidjzv + cuv d.’E

ij=1
Here, we assume that a;; is a real—valued_and smooth function for each i,j =
1,---,n, and a;;(z) = a;;(z) for each x € Q and {a;;(x)} is positive definite uni-
formly in €, i.e., there exists a positive number ¢ such that

n

Z aij()&&5 > colé?

ij=1

for all z € Q and all real vectors €. Let b; € L®(Q) and ¢ € L®(Q). As is
well known this sesquilinear form a(-,-) is bounded and satisfying the Garding’s
inequality (2.2)(see e.g. Tanabe [20]. Let

"9 B i B
(3.13) Az, Dy) = — ;1 az(aij(x)%j) + ;ﬂi(a:)axi +c(x), z€Q

be the associated uniformly elliptic differential operator of second order. Then the
realization of —A(z, D,) In L?(2) under the Dirichlet boundary condition is exactly
A, ie.,
D(A) = W*2(Q) N Hy (),
Au = —A(z, Dy)u, Yu e D(A).
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It is not difficult to verify that Au = —A(z, D,)u for v € H}(Q) in the sense of
distribution and u|sq = 0 for u € H(£2) also in the sense of distribution(see Lions
and Magenes [14]), and

(Au,v) = —a(u,v), wu, ve H(Q).
We consider the nonlinear term g given by

g9(t,u) = y(O{||Daulz, )| + ¢(ulx, 1))}, 7€ C((0,T]), ¢ € C(H).

Then g is not uniformly bounded and satisfies hypotheses (F1)and (F2). Let U = H
be the space of control variables and let us define the intercept controller operator
Bo(0 < a<T)on L?(0,T; H) by

B,w(t) =

0, 0<t<a,
w(t), a<t<T

for w € L?(0,T; H). For a given p € L?(0,T; H) let us choose a control function w
satisfying

w(t):{ 0, 0<t<a,
p(t) + 72550t — 725 (- a)p(725(t - a)), a <t <T.

Then w € L2(0,T; H) and Sp = SB,w, which is that the controller B, satisfies
Assumption (B). Hence, for the initial data ug € W22(Q) N H} () the system (3.9)
is null controllable.

Acknowledgements. Authors would like to thank the referees for their useful
suggestions which have significantly improved the paper.
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