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Abstract

Extensive literature exists on how to estimate optimal thresholds based on various accuracy measures using
receiver operating characteristic (ROC) and cumulative accuracy profile (CAP) curves. This paper now
proposes an alternative measure to represented the specific partial area under the ROC and CAP curves. The
relationship between ROC and CAP functions is examined using differential equations of the new defined
partial area under curves. In addition, the relationship with the optimal thresholds under conditions of
various accuracy measures for the ROC and CAP functions is also derived. We assume there are two kinds
of distribution functions composing the mixed distribution as various normal distributions before finding
the optimal thresholds. Corresponding type 1 and 2 errors are also explored and discussed under various

conditions for accuracy measures.
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1. ME

T 3R Y EFEETL FolX A9 HAE7FH (optimal threshold)’& ool thgt 28 ¥ (power
of discrimination)& FHSIAAF= EFH(ZHA; threshold, cut-off point)o]t}. HAEFHES
AoHe AT AR o]Ro g A|F3Y \_%%7]'7 A<k, o)g, IARF 5 ohgS 2ok

3 At} (Swets, 1988; Irwin®} Irwin, 2012; Dodd2} Pepe, 2003). ¥ A= A8 71e] FAF A

F FREZ FETE 5 A= F = (default/bad/positive) 2} A/ (non-default/good /negative) X}=0f t
S EFRES HRoH A7) dajol AWSnA o,
T ERE 7Y FEe Al e Be3te 0 = {0a, 00} 2 7PEkAL, folo] A xoll thste] Z+
Zrol Rxo tist 2 AR FAREE Fu(z) = P(X < |0q), Fu(z) = P(X < z]0,)E B5HH oo
g BT e 2ol AT & Ao

F(z) = yFa(z) + (1 — ) Fa(2), (L.1)
o] 714 = HA =& (total probability of default) & ng$}t n, 7} 242 Lo} Aoz e g2
T Aol WA Fe&2 A AFolAl F= 429 v&Q v = na/(na +nn) 2 FATCE =3 H
AP e BE zof tsA Fu(z) > Fu(z)2 7143}
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F REYSE DL 9209 R QAW Fola volele] Beke] 5 (confusion ma-
trix) S BHE 4 o o]F 7|HkSZ true positive rate (TPR, sensitivity)3} false positive rate
(FPR, 1 — specificity) & th=3} Zro] A3t} (Pepe, 2003; Tasche, 2006).

o
N

TPR = Fy(z),  FPR = F, ().

Receiver operating characteristic (ROC) 3412 EF 23 (classification model) ¥ojo] EF3 W3}
o] w2 TPR3} FPR7ZFe] w3 (trade-off) #AE o]x-d o] vepd A3 (performance) 7|4k
A2 3ol £33 FAZS Fy(x), Fo(r)E YEPAY (Zweig@ Campbell, 1993; Fawcett2}
Provost, 1997, 2001; Pepe, 2000; Fawcett, 2006). ROC ZX-& AAZ3 moko] Z7ho|A] Jeh}
7] 2ol A5 A dS AAH LR FRlsty] o], o]y Fe BT ¢ Qe Yol viE
cumulative accuracy profile (CAP) =341e]m (Berry2} Linoff, 1999; Sobehart 5, 2000), CAP =41
o] 2% ROC FA47} 5 L3IA 0 3 Z& Alarm Ratez}yl s F(z)2 &gt

(Fn(z), Fa(z)) = (p, ROC(p)),  (F(x), Fa(x)) = (¢, CAP(q)),

o714 ROC(p) = Fu(F; Y (p)) L8131 CAP(q) = Fu(F~(g))°]th

ERRIOIA A1F LR A2E 05 242 BE T 25 B2 Aosehs AARSAL T3] 9
st thFsl ¥ = F 5 (accuracy measures)E°] AL I FoA tiEZFQ SEEZE maximum
vertical distance (MVD) (Krzanowski®} Hand, 2009), Youden index (J) (Youden, 1950), the closest-
to-(0,1) criterion®} the amended closest-to-(0,1) criterion (Perkins®} Schisterman, 2006), sum of
sensitivity and specificity (SSS) (Connel?} Koepsell, 1985), symmetry point (Moses 5, 1993; Pepe,
2003), accuracy area (Brasil, 2010), total accuracy (TA) (Lambert®} Lipkovich, 2008), true rate
(TR) (Velez %, 2007; Hong 5, 2010) 5¢] &t BE T/ Fg= S5 ROCS CAP 3=
== TPR3} FPR 2, Fu(x)9} Fo ()2 B2 9T},

ROCS} CAP =4l olgle] HWA-E area under the curve (AUC)2tx Aelsh=d], 24 ROC FAl o}
gle] WA YelE= area under the ROC curve (AUROC)E ©]& &3t CAP 341 olejje] W Z
9l area under the CAP curve (AUCAP)E th23 o] 212 Aol sit} (Bradley, 1997; Joseph, 2005;
Krzanowski®} Hand, 2009).

1 1
AUROC :/ ROC(p)dp, AUCAP :/ CAP(q)dg.
0 0

AUROC+ 0.59014 1 Atel9] 3h& 7HAH, 10 HIehe 3e 7T E 53 EREYoE Agd
= 99om 0.5 32 2t 232 randomdt EFE ozt sttt AUCAPE 0.58TH 2 32 7HAA]
P

1R 22 1 — /25 7HA Y o] FZdhe gk =t A3 (the accurate ratio) S 7HA4E 423
ngog ot 3t} (Engelmann 5, 2003; Vuk®} Curk, 2006). =4 of2fe] Ax] W& <l AUROCS}
AUCAP o4 EA3 REo WAL BB AUC(partial AUC)’E A9 sh=t], ROC2} CAP 34
ZoNA pos} p1 AtelS] g ofel] WAE thed o] Zhzt Ao ditt (Jiang 5, 1996). 4219 po<t py
(0 < po < p1 < 1)) thate],

P1 P1
AUROC(po, p1) = / ROC(p)dp, ~ AUCAP(po,p1) = / CAP(q)dg. (1.2)
Po Ppo

oF 54 TN EREFY A

B2 AUCE 2] 7700 ofd B4lo] 9l 23
v ol Aol7} 2|

= 2 A
Hw e of ARgE, AA oA BREY 45 #4 A

fr 4
H
>
2
>
1o
ox
ofr
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gk 4= Q7] wEof Ak, o]e Kok 5 thkdk Hofo A 2%} (Centor, 1991; Swetss, 2000; Zou,
2002; Fawcett, 2003).

ROCS} CAP F4€ vigo s 4L F8S F45H Be A7 #8 Fol4 Hongh Choi (2009)%
Hong 5 (2010)2 ROCS} CAP $45% thbst 33he S=of sdsie 90 449 44S 28
slo ARERHS FAE UG AL Yoost Hong (2011)€ B 7 FY= 55 5
AN HEAQ obF 44 ZEES 49T 4 ZEEe) BAS Fstn, JIE FE7} TS 2
RAFES] 2APSE fEste] Aol wek o] SR WFE TEAAT B AN oleid 4
WATES P BANA 2 AUCS %= 2550 HARRAA] BAS G2 F 02
HAe BEsel AARLRAL 25 WL Ara

ROCS} CAP 24 AUCS] 54 23 WA el 52 AUCE posh pr Aol = 3olat 4 (1.2)sh
S 979 28 00l Aete Rl B9 GUAd 42 AUCE A9EY. 2ol

AFREE 7Pgstel u}%ﬂ BiaEel A2ANs] AALFAE FEAT 1AL ojF] T7
T I N I P

2. Partial AUCS} z|HE2FH

B Ao AE A (1.2)o)A FolE B AUCOIA poE p1 Alo] thalell 03 u7bA] e BE AUCQ
AUROC(u)9} AUCAP(u) & t33} 2ol tieta oz Aot

9| 2.1 ROCS CAP at50f| Tt 212to| 22
Q19o|9] (0 < u < 1)01 THEHOA.

Hc

AUCQ! AUROC(u)2} AUCAP(v)2 C}S1} 20| FOJ5HC}.

AUROC(u) = / ROC(p)dp,
0

AUCAP(u) = / " CAP(g)da.
0

AUROC(u)9} AUCAP(u)E 9] 2.13%} o] A9jstd, ROCS CAP 53 thadt 22 T54S

2Ts 4 9}

A2l 2.1 AUROC(u)2t AUCAP(u)2| UX} 0|2S Sofl U2} 2L 44l 212t 2h=C}.
d _
“-AUROC(u) = Fu (Ft(w),
d _
@AUCAP(u) =Fy (F ' (w).
AUROC (u) 2} AUCAP(u)9] A2} u] &2 A 47} 242 ROC(p) = Fa(F, ' (p)) € CAP(q) = Fu(F~(qg))°l
3l

Bg 44 39t =3 AUROC(u)Sh AUCAP(u)2) o3 vl& 4 4g 53 27 thg3t 22 4
292 f=¥ 4 9tk

Aol 2.2 AUROC(u)2t AUCAP(u)2| 0|Al 0|22 ol TSt 22 ROCLF CAP &4 Zi2Ho|| tst ®A19] 7|
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Table 2.1. The second derivatives of AUROC(u) and AUCAP (u)
AUROC(u)9 o]x}u|& A4 AUCAP(u)9 o|xpn|& A% A= =
1 1 TR, J, SSS, MVD, 4
="/ 1/ TA
AUROC = area under the receiver operating characteristic curve; AUCAP = area under the cumulative
accuracy profile curve. TR = true rate; J = Youden index; SSS = sum of sensitivity and specificity;

MVD = maximum vertical distance; TA = total accuracy.

oX| k1

A (0, )7%

LAUROC( ) fd(Fn (u)) ;
du? Fn(Ft (w)
_ fa(F~(w)
wAUCAP(u) = 7)0(}7_1(“)) .
s
2 -1
4 AUROC(w) = L F, (Fy ' (w) = W) __d__p (Fi 't (w)

du? du du  dF;(u)

)
() ()
_ Ja(@) _ fa(Fr(w)

falz)  fu (Fa ' (w)’

AN Fyl(u) =z 283 dF,(z) = duo)th.

d? d dF~'(uw) d

S AUCAP(u) = - Fy (F~'(w) = o mFd (F~(u))
_(dF(z)\ " [ dF(z)
(%) (8Y)
_ Ja(@) _ fa(F7(w)
fle)  fFEW)’
A7 F~Y(u) =z 283 dF(z) = duo]Th a

AUCAP(u)9] |3 wu]Egto] =, ROC(u)% CAP(w)e] 23t migro] 1]
TR, J, SSS, MVD, =49 (0,1) 7] &l ﬂ@-ﬂ@%%@(the amended closest-to-(0, 1) criterion) o ©]
W, AUROC(u) 2t AUCAP (u)9] o]a}F m2gko] Zk2k (1 —v)/y = nn/nast 1/y = (nd—|—nn)/nd°] 7
$ Fohe o3t TAO 93t JAEFHOE 7T 5 Stk A7NA ng$t np-2 BE9F F4R2e] &
E4olth
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3. HR2ZMe HHLRH

FEgk AR F 2AF FELUEAS fa(@)S fo(2)E BFTH Bl A7 OE AEE
fa(@) = ¢(zlpa,04)2 fu(z) = ¢(z|pn,0n) 2 A3}, AUROC(U)E] 22 ol WA e
A4 e, B S0l TS A3} 20| (1—4)/y2 AR JHEEAL 23T} AN SEFFL BE
< =z

d—ZAUROC(u) _Jao) o <—(J:—ud)2 n (m—un)2> _ 17

2 2
20'd 2g'n

_(‘)__
N B R B R
v =P 20dan T 30203(0% —02) ) og 0

2 ) 5 d
(O'd_U%)Z ad—O'% o'd—o-% On O'd—O’,,%

B | (1) (s

_(‘)__
-9 ol — paon [n0d — [taos \ On
— >exp .- n ) %o 270 A
> e (B - ey ) e =

e [ W (1 (o)

2 2)2 2 3 5
(03 —02) 02 —o2 02— o2 202

AUCAP(u)9] A%, GolA 7488 fa(x) = ¢(x|pa, 0a)S EFEE f(z) = vfa(z) + (1 =) fn
tfate] 23 u)R W] HE theI} o] 1/29E AAsle] HAREAS i) AUCAP(u
o] HAREHL AUROC(u)oll XS] BANA fo(2)E f(z) 28]

Net ATk} SABIE R AJeksict

x) ol

(
)ellA]

d2 fd(x) —(.T — /_/,d) (x — ,U')Q 1
——AUCAP == ——
du2 (u) (@) ” exp 203 4 552 >
1) oa=0% 3%
2
g 1 B+ pa
x In — +
0 Hd — Hn 2’}/ 2
2-1) o4 < 0%l A5l
1 W — pgo’ pog — pao” o
2y S - — 9] A
2y exp ( 20’30’2 20’30’2(03 —0?) O'Li-/] of| A

o — | Wod = Hao®)?  pPof —pgo? | 2040 | (oa 1\ (poi = pao®
0= (02 —02)2 02 — o2 o2 —o2 "\ g 2y 02 — o2 '
d d d 2 d
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Table 4.1. Optimal thresholds

Mn
v 2.0 25 3.0 35 4.0 45 5.0
0.3 0.576 0.911 1.218 1.508 1.788 2.062 2.331
0.4 0.797 1.088 1.365 1.634 1.899 2.16 2.419
0.5(TR) 1.000 1.250 1.500 1.750 2.000 2.250 2.500
0.6 1.203 1.412 1.635 1.866 2.101 2.34 2.581
0.7 1.424 1.589 1.782 1.992 2.212 2.438 2.669

TR = true rate.

2.5

15

Optimal thresholds

0.5

Gamma: w03 mmme—a- 0.4

Figure 4.1. Optimal thresholds.

2:2) 04> 09 750

%
— > ex wos — pio” Hos — pao” o} A4
P 20202 20302(03 —02) )oq T T

_ _ wod = pao®)?  plog —pge® | 2050° | (oa LY (pod—pao’
To = (02 — 02)2 o2 o2 o2 _o2 "\ 5oy 3 _ 2 .
d d d Y 04— 0

Z fa(z) = ¢(2|pa = 0,05 = NZ 73 B4 AFEE
I fa(@) = ¢(alpn, o = 1)1 BF pas 2.088 50714 0.5 HF 202 WA 7|0 ZEAANE
1.0 7H43 ¢ AEE S5 TAS B 3ol W HHEFHS 73t Table 4.10] 2 A& 3

A H3E A5 R 7] 93] Figure 4.1 A3}
Table 4.17} Figure 4.1& E3t9] p, 9 o] 2 m] v > 0.59 AL HHEEZH Fho] v = 0.59 7
SET I 4 <059 F9 AL 2e FAsueh. 223 p, ol % 7hatell wet 4 = 0.59 TRel <&t
AARFRAY gow £YSHe FFol Atk EF PR T REo] Bato] $UY A TR o8 3

HEFAS un/29< FASHAT
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Table 4.2. Values of o, 8,0 + 8

193

Mn
v 2.0 2.5 3.0 3.5 4.0 4.5 5.0
«@ 0.077 0.056 0.037 0.023 0.013 0.007 0.004
0.3 (=0.7) B 0.282 0.181 0.112 0.066 0.037 0.020 0.010
a+ g 0.359 0.237 0.149 0.089 0.050 0.027 0.014
«@ 0.115 0.079 0.051 0.031 0.018 0.01 0.005
0.4 (=0.6) B 0.213 0.138 0.086 0.051 0.029 0.015 0.008
a+pf 0.327 0.217 0.137 0.082 0.047 0.025 0.013
@ 0.159 0.106 0.067 0.04 0.023 0.012 0.006
0.5 (TR) B 0.159 0.106 0.067 0.04 0.023 0.012 0.006
a+p 0.317 0.211 0.134 0.08 0.046 0.024 0.012
TR = true rate.
(a) Values of a+p (b) Values of « (¢) Values of 8
Figure 4.2. Values of errors.
Table 4.3. Optimal thresholds
On
K 1.0 15 2.0 25 3.0
0.3 0.576 0.442 0.502 0.654 0.812
0.5(TR) 1.000 1.087 1.238 1.377 1.492
0.7 1.424 1.605 1.759 1.879 1.973
TR = true rate.
4.2. 2EZQ| Yglof W2 7Sl Hat
17014 748 R AT BE ALF 27 (o)) A2F LF(P) 18D LFH(a+h)E Foke] 7
Stod Table 4.2 A2ISHAIL o, 9] Z7451e] Whek 71720] ©F WEHE 4w 1A S154o] Figure 4.2(a)-

()0l AZtAoz FATA}
Table 4.23} Figure 4.2(a)—(c) & A}l&<
JFsLdoz Za ].uq — () 509]

AR e ArEel
sl A5 A

0] Z7¥grel ufet 4

"‘;

Szttt Bl a%) § B
ek, 17141 ojul ol el

n% 2.022 7Hg3ta,
4 Zholl we HARFHL 7o) Table 4.30] A2lat
.x%iﬂ 213} Figure 4.3

ol thste] a, B, a+ 71 7]
Sty =052 B a = pgoH
z.}iéxﬂﬂ 7] el 73] ZaFA 7t

1 - yol A 7kt 2ok,

I‘

=R
LR=

2EHA o

< 1.0%¥ 3.0714 0.5

ZAsAT
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25

Optimal thresholds

0.5

g,

Gamma: e 03 05(TR) ----07
Figure 4.3. Optimal thresholds.
Table 4.4. Values of o, 8, « + 8

On
7 1.0 15 2.0 25 3.0

a 0.077 0.149 0.227 0.295 0.346

0.3 B 0.282 0.329 0.308 0.257 0.208

a+p 0.359 0.479 0.535 0.552 0.554

a 0.159 0.271 0.352 0.402 0.433

0.5 (TR) B 0.159 0.139 0.108 0.084 0.068

a+p 0.317 0.41 0.459 0.486 0.501

a 0.282 0.396 0.452 0.481 0.496

0.7 154 0.077 0.054 0.039 0.03 0.024

a+p 0.359 0.45 0.491 0.511 0.521

(a) Values of a + (b) Values of « (c) Values of 8
Figure 4.4. Values of errors.
Table 4.33%} Figure 4.3 &3to] B4 £x29] 0,0 S7HEFF BE yol thste] HAHEFH ] S718t
B,y > 0.5 ¢ pn o2 FHskE 22 AUt v < 0.5¢ Frolle AT 2F HaT
F oAl F7AskET ol ¢ < 0.59] Aol 3NN AF2R —Ino, o] Zilel etFeAoR 3
7Fek o] % ghekelA 7] wiEolth. g ol
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F3}o] Table 4.40 A 23} Figure 4.4(a)—(c)oll HASAA H3}E 4ujH gft}

7145 BE yoll 3t ast a + 3ol S7HHE
0.5¢1 TRl 9t groz st v < 0.5

A%l ghol AR SUMsE & thA] gadhet o)F AR 4.3- A AgEtgRel v < 0.59 4

24
- =

ot

rh

[

871, A%, ook, WARE 5 R BollA ¥ 55 U] EYEEN} 2017 39 BRE
S 733 ROCS2} CAP JA4& vlgo g HARRHES £ B2 A+ 78 FollA Hongd
Choi (2009), Yoo2} Hong (2011), 28] Hong & (2010)2 ROC<} CAP 53 st J3dx &

w0 AFsHe A HAY AL BEHl AARRAL 25 PES AT B Aol
£ ROCS} CAP 3419 AUCS] E43 32| B4 e ez, oekael 3

% AUCS} ROCS} CAP A48t #AE 44 v A ez f

ROCS CAP Ao A o] HAARFHENS] BAE FrEste] g AARFTHS F4517] AT 2
2oz oA Asitt. EREEE P F SR BRI OIS A2 E st A
TS skl ofol st Al Al2F L/7E 7513

HEot A4 S E 7T T Py 2] Wl whe HHLFAA ol et e/ W
32 gt AgE S5 FolA tjE®2 2 TR TA Wale) we} AgH gty AA3 F 2xo] 3
o Zpel7t S7heel mek H AR R g A4 ke, WA FEE0] 059 =, TR F¢2 41
g eyt =3 o] Aol e RFo] Vg sAor Fasty npE AR AR RELo] 0.5
TRQ A= $HTS BYck EFREZEY] HEHAL Apo|7} T7Hel whet A EFH o] Z7hahn,
AA FEEo] 0.5008k¢] Afolls AL FH SAFE A2 F oA S71Ee Fdsiith. 19
t ol BE Aol e/l S7HE AvE 5 A

ERote SRRYPIA AFE S50 uE HAAHEFHES FHske 2AldAE & AFolA Aldet
EaAloteiE A e] dapel o) af vl WA S o]8dt] HARFHY S aEHoR AT 9
S sttt wet ARt Fe 255 uusty old th JARFH Wil By
<= B8l oF sh= Aol ROCSH CAP F41e] ko) Ao HA2 53 43k 7€ ¥HsR
oF 2 AolA Alde WS B85k 2ol B Aol S Fssitt

B e AR BEl A 7)YS shEs ol sl AL B /AIE T P A4 S-S ERdof
st YAAEAE ol thete] & A HHAERALS 7ok 9ol 488 5 on], & A7l
A HE AUCE HHgez e Agd= s e AR 7He 7okl oo thd 54L
A ket 4 e Rl Aot

u=2

T
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we}A
2 —
Ty = g ln1 7+un+ud.
Hd — fin Y 2
2) o4 #ond B
2 2
—(r — _ 1—
falw) _ Lnexp( (o= )’ | (o= mm) ) _1-n
fn(x) gd 2Jd 207 v
2 2 2 2 2\2 _
(03— o2) (o (Mcitaon)) - Ut o)y (23— o) = 2oodm (22127).
05— 05 05— 0q On 7Y

o2 — 232 2.2 _ 2 2 20202 1— o2 — 2
Zo _\/(:u [P /Ldo—n) _ HnOg HgqOn 040n In (ﬂ ’Y) + <M (o] Ndo'n> )

2 2)2 2 2 2 2 2 2
(03 —02) 03— 02 03— 02 on Y 03— 02

-~ (Hnod — pao3)?®  pioj —piok | 20303 o4l—7 [nOgd — [1dTp
To = — In{ — + 5 5 .

2 2 p)
(03 —02)2 o3 —o02 o3 —o02 on o3 —o02

2 2 2 2 2 2
L=7 ¢ op (unad Ha%n  fin0g udan))@

20202 20202 (0% —02) ) 04

1 2 2 2 2 Lo — 2 .
7>exp(unad Padn  HnOg udan) on

20202 20202(0% —02) ) 04

o] z710] 4% shofof T},
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