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GENERALIZED BIPOLAR FUZZY INTERIOR IDEALS
IN ORDERED SEMIGROUPS

MUHAMMAD IBRAR*, ASGHAR KHAN, AND FATIMA ABBAS

Abstract. This research focuses on the characterization of an or-
dered semigroups (OS) in the frame work of generalized bipolar
fuzzy interior ideals (BFII). Different classes namely regular, intra-
regular, simple and semi-simple ordered semigroups were character-
ized in term of («, 8)-BFII (resp («, 8)-bipolar fuzzy ideals (BFI)).
It has been proved that the notion of (€, € Yq)-BFII and (€, € Yq)-
BFT overlap in semi-simple, regular and intra-regular ordered semi-
groups. The upper and lower part of (€, € Yq)-BFII are discussed.

1. Introduction

The membership degree of elements in traditional fuzzy sets ranges
over the intervals [0,1], which defines relationship between scale of be-
longingness to elements of a fuzzy set, where, 1 represents complete
belonging of an element to its corresponding set and 0 represents non-
belongingness to the fuzzy set. Partial membership of an element to a
fuzzy set is represented by the membership degree on the intervals (0,1).
The membership degree also aptly explains the satisfaction level of an
elements to some important property related to fuzzy set (see [1], [2]).
When dealing with satisfaction level, the membership scale 0 is sanction
to an element which does not fulfil some property. So the element with
membership scale 0 is usually meant for containing the same features in
the fuzzy set representation. Incidentally, among these elements, some
possesses unrelated features to the property related to a fuzzy set and
the some have opposite features to the property. The weakness with
usual fuzzy set representation is that they cannot tell apart opposite
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and unrelated elements. Similarly, with membership degree ranged on
the intervals [0,1], its hard to comprehend the difference of the unrelated
elements from the opposite elements in fuzzy sets. In order to overcome
these difficulties, Lee [3] established the idea of Bipolar fuzzy sets (BF'S).

Bhakat and Das [4] firstly gave the idea of (a, 3)-fuzzy subgroup
and use the combine concept of belongingness and quasi-coincidence of
fuzzy points and fuzzy sets [5, 6] which is a commodious generalization
of Rosenfeld’s fuzzy subgroups [21]. Later Davvaz bring-in the idea of
(€, € Yq)-fuzzy sub-near-rings of a near ring and came up with some
attractive features [22]. Additionally Jun and Song [24] talk about the
generalized form of fuzzu interior ideal (FII) of a semigroup. The idea of
(€, € Yq)-fuzzy generalized bi-ideals of a semigroup was first initiated
by Kazanci and Yamak [25] and gave some features of fuzzy bi-ideals
in terms (€, € Yq)-fuzzy bi-ideals. Khan, Jun and Shabir [14] intro-
duced the notion of fuzzy generalized ideals in OS. Other researchers
also added their part by using the concept of generalized fuzzy sets
and gave tremendous results in different branches of algebra (e.g. see
[18, 26, 27, 28, 38, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42]).

This research work is divided into the following sections, Section 1
explains the literature behind our hypothesis. Section 2 deals with some
basic definitions and lemmas of BFII (resp bipolar fuzzy ideals) of an
OS. In sections 3, we proved some basic theorems related to the concept
of («, 8)-BFIL. In section 4, we proved that the notion of (€, € Yq)-BFII
and (€, € Yq)-BFI coincide in regular, semi-simple and intra-regular OS.
The lower and upper part of (€, € Yq)-BFIIs are discussed in section 5
and gave some important results.

2. Preliminaries

An OS is a semigroup (5,.) as well as poset (5, <) such that for all
a,b,xr € S, we have a = b = ax = br and xa < xb.

An OS S is said to be regular if for every a € S, there exists x € S
such that a < axa. An OS S is called intra-regular if for every a € S
there exist =,y € S such that a < za?y. An OS S is called semisimple if
for every a € S there exist x,y, z € S such that a < zayaz.
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Definition 2.1. A BFS p = (S} fin, itp) defined over S is a mapping
of the type

p=A{(, p, (@), p, (7)) = @ € S}
pn(x): S — [—1,0]
ppl): 8 — [0,1]

where p,(z) indicates that how much x satisfy some property and ju, (x)
indicates that how much x satisfy some implicit counter-property.

For a BFS p = (S; pin, ptp) in S and (s,t) € [—1,0) x (0, 1], we define

N(iss) i= {2 € § | (@) < s} and P(ust) i= {w € S | ppl(a) = ),

which are called the negative s-cut and the positive t-cut of u =
(S; tn, pp) respectively.

The (s,t)-cut of p = (S;pn, pp) is denoted by C(u;(s,t)) and is
defined by C'(p; (s,t)) = N(p; ) N P(u;t).

If o= (S; pn, ptp) and v = (S; vy, 1p) are two BFSs in S. Then

p = vifand only if (V x € S)(un(x) = vp(z) and py(x) < vp(z)),

u=vif and only if y < v and v < p,

pNv = (S;un Y vy, Hp )\Vp)v

pUv = (S5 tn A Un, fp Y Vp).

For an OS S, bipolar fuzzy subsets 0 = (S;0,,0,) and 1 = (S;1,,1,)
are defined as follows:

On(z) = 0 = 0p(x), 1p(x) = —1 and 1p(z) = 1 for all z € S. For
x €S, define A, ={(y,2) € S x S|z < yz}.

For bipolar fuzzy subsets p = (S; pin, ptp) and v = (S;vp, 1) of S,
define the product as pov = (S5, 0 Vp, pip 0 Vp), Where

(tn 0 Vi) () = { Nalt) Y () 1 A 2
and
(11p 0 vp) () = { Vo) L 1p(e)) T A 20

Definition 2.2. A BFS u = (S; jin, ptp) is called BFII of an OS S, if
(I1) (Vo1,22 € S)(21 2 22 = pn(®1) 2 pin(22) and pp(21) = pp(22)),
(I2) (Vz1,22 € S)(pn(z122) 2 V{ptn(21), pin(z2)} and pp(z1z2) =

Mitp 1) 1p(22))).
(I3) (Vor,a,3 € §)(n(w1022) = in(a) and gy (z1azs) = pp(a)).

Definition 2.3. [10] A BFS p = (S, pin, ptp) is called a bipolar fuzzy
left (resp. right) ideal of an OS S if
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(1) (Va,y € S)(x 2y = pn(x) =2 pn(y) and py(x) = pp(y),
(2) (Vz,y € S)(un(zy) = pn(y)(resp. pn(zy) 2 pn(z)) and py(zy) =
tp(y)(resp. pp(zy) = pp(z)))-

In regular (intra-regular and semisimple) OS, the concept of BFI and
BFII coincide.

Theorem 2.4. Let 1=(S; pin, ptp) be a BFS in S. Then p=(S; pin,, f1p)
is a BFII of an OS S if and only if the non-empty (s,t)-cut C(u; (s,t)) of
p = (S; fin, tp) is an interior ideal of an OS SV (s,t) € [—1,0) x (0, 1].

If ) #1 C S, then the characteristic function of I denoted by x; =
(S, X.15X,1) Where X, 1 and X, are defined as

—1 ifzel 1 ifrel
Xt (@) =3 g gppgr AI@ =0 g7

3. («, B)-bipolar fuzzy interior ideals in ordered semigroup

Let (s,t) € [-1,0) x (0,1], then an ordered bipolar fuzzy point is
defined by

sif y € (], tifye (xf,
pnly) = { 0 ifZ ¢ E:J Hply) = { 0 ifgy; ¢ ((x]]
and is represented by ﬁ
For a BFS p = (S; tn, tp) in S and an ordered bipolar fuzzy point
, we say that
(St) € pif pn(z) = s and pp(x) = ¢,
(St) q pif pp(x) + s < =1 and py(x) +t > 1,
( )EYqulf( )Guorﬁqu,
4 (st) Ekqulf(st) Guand( 7
Let p = (S; pn, ptp) be a BFS in S such that p,(z) > —05 and
pp(x) 205V 2 € S. Let (st) € Aq u, then ﬁ € u and (St) q f,
that is, un(z) < s, pp(x) = t, pn(xz) +s < =1 and py(x) +¢ > 1. So
—1 = pp(x)+s = 2u,(x) and 1 < ,up( )—i—t = 2pp(z), thus p,(z) < —0.5
and pp,(z) > 0.5. This mean that { \ D € Aq} = (0. Hence we skip
the case @ =€ Aq.

Definition 3.1. A BFS p = (S; fin, ptp) in S is said to be («, f)-
bipolar fuzzy left ideal (BFLI) (resp. («,3)-BFRI) of an OS S where
a #€ Aq if it fulfil the following conditions. For (s,t) € [-1,0) x (0, 1]

o
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(1) (Vo1 2 € S)(21 =2 2o, (o = 556n) (2)
(2) (V1,22 € 9)(FFyan = Sﬁﬁﬂ)(reSp o 1= T8

Definition 3.2. A BFS p1 = (S; ptn, ptp) in S is said to be («, 3)-BFII
of an OS S where o #€ Aq if it fulfil the following conditions. For
(s,t) € [-1,0) x (0,1]

(1) (vxl,LUQ € S)(:Ul = To, (?215)&:“ — %/BH)
(2) (Vor, 22 € S)(Grmyon and = on = St rman P
(3) (Vl‘laCL,HTQ S S)((S O _— xgzgc)zﬂu)

Theorem 3.3. Let p = (S;pin,pp) be a BES in S. Then p =
(S; tn, pip) is a BFII of an OS S if and only if for all (s, t) € [—1,0) x ( 1],

we have

(1) (V1,22 € S)(a1 < a0, 25 € p = &4 € p),
(2) (Vor, 22 € S) (G € v and G35 € b= St ommy € M)
(3) (Va1 a, 70 € 5)(( S )

Proof. Suppose p1 = (S; tn, p1p) is a BFII of an OS S. Let 1,22 € S

_ZT2

with 21 < z9 and G € M then py,(z2) = s and pp(z2) > t. Since

= (S5 pin, ptp) is a BFII of an OS S, we have py,(z1) < pn(x2) and
pp(x1) = pp(x2). This implies that pn(x1) < s and py(z1) = t and so
x—l) € p. Let z1,29 € S such that ("”1 € M and (552@) € . Then

EX s1,t1

/(Ln(l‘l) = 51, pn(x2) = s, pp(z1) = t1 and pp(x2) = to. From defi-
nition of BFII, we have p,(z122) = V{tn(x1), pn(x2) = VV{s1,s2} and
pp(r122) = N{pp(21), pp(22)} = A{t1, t2}, so that {51, sﬁxf{tl Ly € M
Let x1,a,22 € S such that ﬁ € p. Then py(a) < s and py(a) = t.
This implies that p,(z1ax2) < pn(a) < s and p,(xi1az2) = ppa) = t, so

r(laz)g € .
Conversely, let x1, 29 € S with 21 =< z2. Let p,(22) = s and pp,(x2) =

t. Then (;”Qt) € u, this implies that (:i) € p and so pp(r1) X s and

pp(x1) = t. Therefore pp(z1) =< pn(z2) and py(x1) = pp(x2). Since

m € pand G ey € for all 21,22 € S, so by (2), we
e

TG i @)} T e ey € e This implies that, iy (172) 2
\/{Mn(évl) pin(z2) and pp(z122) = A{pp(1), pp(22)}. Let z1,a, 22 € S.

T1aT2

Since Gy € # for all a € S, so by (3) we have raBey €

p. This implies that i, (z1az2) = pn(a) and py(xi1az2) = pp(a). This
complete the proof. O
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Clearly a BFS po = (S pn, pip) is an (€, €)-BFII of S if and only if the
non-empty (s,t)-cut C(u;(s,t)) of = (S; pin, ftp) is an interior ideal of
an OS S for all (s,t) € [—1,0) x (0,1].

4. (€,€ Yq)-BFII

Lemma 4.1. A is an interior ideal of an OS S if and only if x4 =
(S, Xn4,X,4) is (€,€ Yq)-BFII of an OS S.

Theorem 4.2. [8]A BFES pu = (S fin, tp) in S is an (€, € Yq)-bipolar
fuzzy generalized bi-ideal of S if and only if it satisfies

(1) (Vor, 22 € 5) (w1 2 w2 = pn(@1) 2 V{pn(22), —0.5} and pp(z1) =
NMup(22),0.5}),
(2) (Vx1,z2,23 € S)  (n(ziz223) < V{tn(x1), ttn(x3), —0.5} and
pp(z1z2w3) = Npp(r1), pp(23),0.5}).
Theorem 4.3. A BFS p = (S; pin, p1p) in S is an (€, € Yq)-BFII of
an OS S if and only if it satisfies:

(1) (Vor, 22 € 5) (w1 2 w2 = pn(21) 2 V{pn(22), —0.5} and pp(z1) =
A{Mp(xQ)vo's})7

(2) (Yo, 22 € 5) (pn(2122) X V{pn(21), pn(22), —0.5} and pp(z122) =
/\{:up(xl)aup(xQ)’O'E)})v

(3) (Vo1,a,22 € S) (pn(zraw2) 2 V{pn(a), —0.5} and pp(ziazs) =
Nup(a),0.5}).

Proof. The proof follows from theorem 4.2. O

Proposition 4.4. Every (€,€ Yq)-BFI of an OS S is an (€, € Yq)-
BFII of S.

Proof. Proof is straight forward. O

From example 4.5, it is clear that the converse of proposition 4.4 is
not true.

Example 4.5. Consider an OS S = {0,1,2,3} whose multiplication
table and order relation are

Table 1

W= O -
(en)] Nen] Nl Nen) Nan]
[en) Hew] Nan] Naw)

[zl es] Han] Nan] § N}
N~ OO W
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=:={(0,0),(1,1),(2,2),(3,3),(0,1)}. Let p = (S; ptn, ptp) be a BFS in S
defined by
Table 2
S 0 1 2 3
im | 08| 03| —0.5| —0.1
iy | 07 | 04 | 0.6 | 0.2
Then clearly p1= (S} fin, ptp) is an (€, € Y q)-BFII of S, but ji = (S} fin, ftp)
is not an (€,€ Yq)-BFI of S. Because if xyz = 0, then un,(ryz) =
pin(0) = =0.8 = pin(y) Y —0.5 and pp(zyz) = pp(0) = 0.7 = pp(y) A 0.5.
If xzyz = 1, then pp(ryz) = pn(l) = —0.3 = —0.1 = u,(y) Y —0.5
and p,(xyz) = pp(l) = 04 = 0.2 = pp(y) A 0.5. If zy = 0, then
pn(2y) = pn(0) = 0.8 2 pn(2) Y pa(y) Y —0.5 and pp(xy) = pp(0) =
0.7 = pp(x) A pp(y) A 0.5. If zy = 1, then p,(zy) = pp(l) = —0.3 =<
2
v

—0.1 = pin(2) Y pin(y) Y —0.5 and up(wy) = pp(1) = 0.4 = 0.2 = pp(x) A
tp(y) A 0.5. If zy = 2, then py(zy) = pn(2) = —0.5 = —0.1 = pp(z)
pn(y) Y —0.5 and pp(zy) = pp(2) = 0.6 = 0.2 = pp(z) A pp(y) A 0.5. Let
z,y € S withx <y, then pin(x) = pn(y) Y —0.5 and pp,(x) = pp(y) A 0.5.
But p,(2-3) = pp(1) = 0.4 < pp(2) A 0.5. Therefore, p = (S, pin, f1p)
is not an (€,€ Yq)-BFLI of an OS S. Hence p = (S} fin, ptp) is not an
(€,€ Yq)-BFI of an OS S.

Proposition 4.6. Let S be regular OS, then every (€,€ Yq)-BFII
is an (€,€ Yq)-BFI of S.

Proof. Let = (S; pin, f1p) be an (€, € Yq)-BFII and a,b € S. Then
a =< axa for some x € S, so
tn(ab) < pp((aza)b) Y —0.5 = py((ax)ab) Y —0.5
= (pn(a) Y —=0.5) Y —0.5 = pyp(a) Y —0.5
and
pp(ab) = pp((aza)b) X 0.5 = pp((ax)ab) A 0.5
= (pp(a) L 0.5) XL 0.5 = pp(a) A 0.5.

Similarly, we can show that p,(ab) < ,(b) Y —0.5 and pp(ab) = g, (b) A
0.5. Thus p = (S5 pn, ptp) is an (€, € Yq)-BFI of an OS S. O

The following corollary is obtained from proposition 4.4 and 4.6.

Corollary 4.7. The concept of an (€,€ Y q)-BFI and (€,€ Y q)-BFII
coincide in regular OS.

Proposition 4.8. Let S be an intra-regular OS, then every (€, €
Yq)-BFII is (€, € Yq)-BFI of an OS S.
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Proof. Let = (S5 pin, ftp) be an (€, € Yq)-BFII and a,b € S. Then
a = xa’y for some z,y € S. So
fin(@b) < in((2a2y)b) Y —0.5 = pin((z0)a(yh)) ¥ —0.5
= (pn(a) Y =0.5) Y =0.5 = pp(a) Y =0.5
and
pp(ab) = pip((2ay)b) X 0.5 = puy((za)a(yb)) A 0.5
= (pp(a) L 0.5) X 0.5 = pp(a) A 0.5.

Similarly, we can show that fi,,(ab) < pu,(b) Y —0.5 and pp,(ab) = py(b) A
0.5 for every a,b € S. Thus p = (S; ptn, itp) is an (€, € Yq)-BFI of an
OS S. O

The following corollary is obtained from proposition 4.4 and 4.8.

Corollary 4.9. The concept of (€,€ Yq)-BFI and (€,€ Yq)-BFII
coincide in intra-regular OS.

Proposition 4.10. Let S be a semipimple OS, then every (€, € Y q)-
BFII is (€,€ Yq)-BFI of an OS S.

Proof. Let = (S; i, f1p) be an (€, € Yq)-BFII and a,b € S. Then
a =< zayaz for some x,y,z € S. So
tn(ab) = pn((zayaz)b) Y —0.5 = pu,((zay)a(zb)) Y —0.5
= (pn(a) Y =0.5) Y —0.5 = pp(a) Y —0.5
and
tp((zayaz)b) X 0.5 = ppy((xay)a(zb)) L 0.5
(p(a) A 0.5) & 0.5 = py(a) & 0.5.

Similarly, 5, (ab) < pn(b) Y —0.5 and pp(ab) = p,(b) A 0.5 for every
a,be S. Thus p = (S; fin, pp) is an (€, € Yq)-BFI of an OS S. O

pplab) =
=

The following corollary is obtained rom proposition 4.4 and 4.10.

Corollary 4.11. The concept of (€,€ Yq)-BFI and (€,€ Yq)-BFII
coincide in semismple OS.

Let u = (S;fin, ptp) be a BFS of an OS S, then I, C S and its
definition is
Ion={be S| pn(b) = pn(a) Y =0.5 and pp(b) = pp(a) A 0.5}.

Proposition 4.12. Let p = (S; pin, itp) be an (€,€ Yq)-BFRI of S.
Then for every a € S, 1, is right ideal of an OS S.
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Proof. Let p = (S; pn, ptp) be an (€,€ Yq)-BFRI of S and a € S.
Then I, # (), because a € I,. Let b € I, and z € S. Since pu = (S} fin, fp)
is an (€, € Yq)-BFRI of S, we have p, (bx) < pn(b) Y —0.5 and py,(bx) =
tp(b) A 0.5. Since b € 1,, we have p,(b) < pn(a) Y —0.5 and g, (b) =
pp(a) A 0.5. Thus py,(bx) = pn(b) Y —0.5 < (pn(a) Y —0.5) ¥ 0.5 =
fn(a) Y —0.5 and gy, (bx) = g1, (b) L0.5 = (pp(a) A0.5) L0.5 = pp(a) A0.5.
Hence bx € I,.

Let y € I, and z < y. Since p is (€,€ Yq)-BFRI of S, we have
pn(z) = pin(y) Y —0.5 and pp(z) = pp(y) A 0.5. Thus pn(2) = pnly) ¥
—0.5 = (pn(a) Y —=0.5) Y =0.5 = py(a) Y —0.5 and pp(x) = pp(y) L 0.5 >
(1p(a) L0.5) L 0.5 = pp(a) A 0.5, therefore x € I,. Hence 1, is right ideal
of an OS S for every a € S. O

Proposition 4.13. Let p = (S; ftn, ptp) be an (€, € Yq)-BFLI of an
OS S. Then 1, is a left ideal of an OS S for every a € S.

From Proposition 4.12 and 4.13, we have:

Proposition 4.14. Let = (S} fin, ptp) be an (€,€ Yq)-BFI of an
OS S. Then 1, is an ideal of an OS S for every a € S

5. Lower and upper part of (€, Yq)-BFII

Definition 5.1. Let S be an OS and p = (S in, ptp) be BES in
S. We define the upper part u* = (S;ut, puh) of p = (S;pn, p1p) as
follows; p,t (x) = pn(z) A —0.5 and ) (x) = pp(x) Y 0.5. Similarly we
define the lower part p= = (S, , p, ) of pp = (S pin, p1p) as follows;

p (%) = pn(x) ¥ 0.5 and pu, (x) = pp(x) A 0.5.

Lemma 5.2. [8|Let = (S; pn, ptp) and v = (S;vp,vp) be BFSs of
an OS S. Then

(1) (pAv)” =(u" Av7).
(2) (wY V)" =(u" Yvo).
(3) (wov)” =(u ov7).

Lemma 5.3. [8|Let = (S; pn, ptp) and v = (S;vp,vp) be BFSs of
an OS S. Then the following hold:
(1) (pAv)* = (u™ AvT).
(2) (Y v)© = (u*yvh)
(3) (now)* = (utow).
If Ay # 0 then (pov)t = (ut ov™)
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Definition 5.4. Let A be a nonempty subsets of an OS S. Then
the upper part x} = (S; X:A, X:A) of the characteristic function x4 =

(85X, 45 X,4) of A is defined by
—lifzxe A lifrxre A
+ _ ) + _ )
X, A7) = { —05 ifx ¢ A, and x 'y () = { 05 ifz ¢ A.
Similarly we can define the lower part x; = (S;X_4, X;A) of the char-
acteristic function x4 = (5;x,4,x,4) of A by

@y [ OBHEEA Ly [05ifr e,
Xl =0 0ifega,  MENATT U 0ifz ¢ A

Lemma 5.5. [8]Let S be an OS and A, B are nonempty subsets of
S. Then

(1) (xa AXB)”™ = Xanp-
(2) (xa Y XB)™ = Xaup:
(3) (xa°XB)™ = X(ap:

Lemma 5.6. The lower part of x4 is an (€, € Yq)-BFII of an OS S
if and only if A is an interior ideal of an OS S.

Proof. The proof follows from Lemma 4.1. O

Lemma 5.7. The lower part of x, is an (€,€ Yq)-BFI of an OS S
if and only if A is an ideal of an OS S.

Proposition 5.8. Let u = (S; pin, itp) be an (€,€ Yq)-BFII of an
OS S, then p~ = (S; p,, , 1, ) is a BFII of an OS S.

Proof. Let 1 = (S pin, ptp) be an (€, € Yq)-BFIL of S. Then V 1,22 €
S, we get jin(2122) = (jin(21) ¥ f1n(22) Y —0.5) and py(z122) = (stp(1) X
tp(x2) A 0.5). So pip(x122) Y —0.5 = (tn(21) Y pn(22) Y —0.5) ¥ —0.5 =
(n (1) Y =0.5) Y (pn(22) Y —0.5) and pp(z122) 0.5 =2 (pp(x1) A pp(z2) A
0.5) 0.5 = (pp(x1) A 0.5) A (ptp(z2) A 0.5). Hence p, (z122) = py, (1) Y
fin (22) and p, (T122) = py, (21) A py, (22). Since pn(w1072) =X pn(a) ¥
—0.5 and pp(z1az2) = pp(a) A 0.5. So pp(ziaze) Y —0.5 < (pn(a) Y
—0.5) Y =0.5 = pp(a) Y —0.5 and pp(x1a22) L 0.5 = (pp(a) A0.5) L 0.5 =
pp(a) A 0.5. Hence p, (z1ax2) = 1y, (a) and p, (z1az2) = 1, (a). Let
x1,x2 € S with 1 < x9. Then py(z1) < pn(z2) Y —0.5 and py,(x1) =
pp(x2) A 0.5. Thus pp (1) Y —0.5 < (pn(x2) Y —0.5) Y —0.5 = i, (z2) Y
—0.5 and pin(21) L0.5 = (pp(z2) L0.5) L 0.5 = pp(22) A 0.5. This implies
that p,, (z1) 2 p, (v2) and py, (21) = p, (v2). Hence = = (S5, 1y, ) i
a BFII of an OS S. O
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Definition 5.9. If every (€, € Yq)-BFI in an OS S is constant, that
is for every x,y € S, we get u~(x) = p~(y) then such OS is called
(€, € Yq)-bipolar fuzzy simple.

Theorem 5.10. An OS S is simple if and only if it is (€,€ Yq)-
bipolar fuzzy simple.

Proof. Suppose p1 = (S; fin, ptp) is an (€, € Yq)-BFI of an OS S and
z,y € S. Then I, is an ideal of an OS S by proposition 4.14. As
we are given that an OS S is simple, so I, = S thus y € I,.. Hence
tin(y) = pin ()Y =0.5 and pp(y) = pp(2) L0.5, 50 41, (y) = pn(y) ¥ —0.5 =<
pn(z) Y =0.5 = pg () and p; (y) = pp(y) A 0.5 = pp(x) A 0.5 = py ().
Thus = (y) = p~ (). Similarly we get = (y) = p~(x). Hence p~(y) =
pu~ (x) and S is an (€, € Yq)-bipolar fuzzy simple.

Conversely, assume that S has a proper ideal I. Then x; is (€, €
Yq)-BFI of an OS S by lemma 5.7. Let a € S then x; is constant
function because an OS S is (€, € Yq)-bipolar fuzzy simple, So that is,
X7 (a) = x7 (b) for every b € S. Thus, for any = € I, we have x_;(a) =
X, ;(z) = —0.5 and X;[(a) = X;I(ﬂf) =05andsoae€l WegetS=1,
which is a contradiction. Hence, an OS S is simple. 0

Lemma 5.11. [19] For every z € S, we have S = (SzS] if and only
if S is simple OS.

Theorem 5.12. An OS S is simple if and only if for every (€, € Y q)-
BFII of an OS S, we have p~ (x1) = pu~ (x2) for every x1,x9 € S.

Proof. Let an OS S is simple and p = (S; pn, 11p) be an (€, € Yq)-
BFII of S. Now by Lemma 5.11, S = (Sx2S] because z3 € S. Also as
x1 € S, s0 x1 € (Sx9S]. Therefore x1 < axsb for a,b € S. As we are given
that p = (S5 pn, 1p) be an (€,€ Yq)-BFII of S, so we have py,(z1) =
fn(az2b) Y —0.5 = iy (22) Y —0.5 and py(z1) = pp(azab) L0.5 = py(x2) A
0.5. Hence p, (1) = pn(x1) Y —0.5 =< pip(z2) Y —0.5 = py, (22) and
i (1) = ip(1) X 0.5 = pip(2) 1. 0.5 = py (). Thus i~ (z2) = i~ (21).
In similar way, we can show easily that p~(x2) > p~(x1). Therefore
u (x1) = pu~ (x2) for every x1,z9 € S.

Conversely, assume that p = (S; pn, i) be an (€, € Yq)-BFII of S,
then by Proposition 4.10, p = (S; i, itp) be an (€,€ Yq)-BFI of an
OS S. As we are given that, u~(x1) = p~ (z2) for every z1,29 € S. So
by definition 5.9, S is an (&, € Yq)-bipolar fuzzy simple and hence S is
simple. O
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Theorem 5.13. For every (€, € Yq)-BFII p = (S; pin, p1p) of an OS
S, we get p~(a) = u~(a?) foralla € S if and only if S be an intra-regular
OS.

Proof. Let pn = (S pin, ptp) be an (€,€ Yq)-BFI of S and let a € S.
Then there exist x,y € S such that a < za?y. Therefore

pn(@) = (pn(wa’y) Y —0.5) = pn(a(a’y)) ¥ ~0.5
=< (pn(a®y) Y —=0.5) Y —=0.5 = pn(a?) ¥ —0.5.
So p, (@) = pn(a) Y —=0.5 = (un(a?®) Y =0.5) Y —0.5 = p,(a?®) ¥ —0.5 =
i (03) and i (%) = (jin (42) Y —0.5) = (jin(0) Y —0.5) Y —0.5 = pon (@) ¥
—0.5 = u, (a). Thus p, (a) = p, (a?). Also
pp(a) = (up(xa’y) A 0.5) = py(x(a’y)) L 0.5
= (up(ay) X 0.5) & 0.5 = pp(a®) A 0.5.
So p, (a) = pn(a) A 0.5 = (1p(a®) X 0.5) & 0.5 = pp(a®) L 0.5 = u;(aQ)
and g1, (a®) = (pp(a®) L 0.5) = (pp(a) L0.5) L 0.5 = pip(a) L0.5 = p; (a).
Thus p, (a) = p;, (a?). Hence p~(a) = p~ (a?).
Conversely, let us assume an ideal generated by x2, that is I(2?) =
(x2USx?2Ux?SU Sz%S). Then XI(z2) is an (€, € Yq)-BFI of an OS S, by
Lemma 5.7. Also by given information, we have X;(rz)(ﬂf) = X;(x2)(:p2).

Therefore we have z € I(2?) = (z2USz?Ux2SUS22S]. This implies that
if a,b € S then we have z < 22 or z < az? or < 2%a or & < ax?b. In all
cases we concluded that z € (S22S]. Hence S is intra-regular OS. [

Theorem 5.14. For an intraregular OS S, we have u~ (zy) = pu~ (yx)
for every x,y € S where ji = (S pin, pip) is an (€, € Yq)-BFI of S.

Proof. Let x,y € S. Then we have

po(wy) = p ((2y)?) = ™ ((2y)(zy)) = 0~ (x(ya)y) = p~ (ya)
by Theorem 5.13. By the symmetry, we have u~ (yz) > p~ (xy). Thus
u (xy) = p~ (yx) for every z,y € S. O

Theorem 5.15. If S is semisimple OS and p = (S5 pin, ftp) and v =
(S;vn,vp) are (€,€ Yq)-BFIIs of S. Then (pov)”™ X (pNv)~.

Proof. It A, = 0, then (u, ovy) (a) = (o vy)(a) Y =05 =0Y
—0.5=02> (i Yp)(a) Y —=0.5 = (un Y vp) (@) and (g, 0 1)~ (a) =
(povp)(a) A05=0A05=0= (up Avp)(a) L 0.5 = (1 A vp) (a).
Thus (pov)” < (pNv)™.
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Let A, # 0, then
(n o vn) ™ (a) = (pn o vp)(a) Y —0.5

= A (ay) Yvu(2)]| Y -05
(y,2)€Aa

= /\ (:un(y) Y Vn(z) Y _0'5)
(y,2)€Aa

= A ((gn(y) Y =0.5) Y (vy(2) Y =0.5) Y —0.5).
(y,2)€4q
Since S is semisimple and p = (S; pn, pp) and v = (S;vp, 1) are (€, €
Yq)-BFIIs of S, so by Proposition 4.10, we have u and v are (€, € Yq)-
BF1Is of S. Since a < yz, we have pn(a) = pn(yz) Y —0.5 < pn(y) Y —0.5
and vp(a) 2 vp(yz) Y —0.5 < vp(2) Y —0.5. Thus
(novm) (@ = A (ny) Y ~0.5) ¥ (va(2) Y —0.5) ¥ —0.5)
(y,2)€4a
> (pn(a) Y vp(a) Y =0.5) = (ptn, Y v)(a) Y —0.5

= (ttn Y vn)~ ().
In similar way, we can easily show that (u, o )" (a) = (up A vp) " (a).
Thus we conclude that (pov)™ < (pNv)~. O

Theorem 5.16. An OS S is semisimple if and only if for every (€, €
Y q)-BFIIs po = (S; pin, ptp) and v = (S; vy, 1) of S, we have (uNv)~ =
(nowv)™.

Proof. Let (uNv)” = (uowv)” for every (€,€ Yq)-BFIls p =
(S; tn, pp) and v = (S;vp, 1) of S. Let us assume that A be an in-
terior ideal of an OS S, then x is an (€,€ Yq)-BFII of an OS S, by
Lemma 5.6. We have x; = X4 N X4 = X1 °X4 = X(_AQ] using Lemma
5.5 (3). Thus A = (A?] and S is semisimple.

Conversely, let S is semisimple and p = (S fn, ptp) and v = (S; vy, 1)
are (€,€ Yq)-BFIIs of S. So for each a € S, there exist z,y,z € S
such that a < zayaz =< (zay))(zayaz?). Thus (zay, rayaz?®) € A, and
A, # 0. So

(tn o vn)™(a) = (un o vp)(a) Y =0.5 = ( /)\EA (1n(m) Y vp(n) Y —0.5)

=< pn(zay) Y vp((zay)a(z)?) Y 0.5
= (un(a) Y =0.5) Y (vp(a) Y —0.5) Y —0.5
= (tn Y vp)(a) Y —=0.5 = (un Y vn)~ (a).
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Also

(0 10) (@) = ()@ L 05 = V| (glm) & 4(0) 4.05)

= tp(way) A vyl(zay)a(z)?) £ 0.5
= (pp(a) XL 0.5) A (vp(a) A 0.5) A 0.5
= (p A vp)(a) L 0.5 = (pp A vp)~ (a).

Thus (pNv)” < (upowv)”. Also by Proposition 5.15, we get (pNv)~ >
(wov)™ and so we get the require result (uNv)”™ = (porv)™. O

By combining the result of Proposition 5.17 and remark 5.16, we get
the following:

Theorem 5.17. An OS S is semisimple if and only if for every (€
€ YQq)-BFII j1 = (S} fn, ptp) of S, we have (pop)” =p".
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