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ON SUFFICIENT CONDITIONS FOR CARATHEODORY
FUNCTIONS WITH THE FIXED SECOND
COEFFICIENT

OH SANG KwON

Abstract. In the present paper, we derive several sufficient con-
ditions for Carathéodory functions in the open unit disk D :=
{z € C: |z| < 1} under the constraint that the second coefficient
of the function is preassigned. And, we obtain some sufficient con-
ditions for strongly starlike functions in D.

1. Introduction

For 0 <r <1, let D, ={z € C:|z| <r}andlet D; =D be the
open unit disk. Let H denote the class of analytic functions in . For a
constant a € C and a fixed positive integer n, let H[a,n| be its subclass
consisting of function p of the form

(1) p(2) = a+ppz" + P12V 4

Let A, be the class consisting of analytic functions f defined in D of the
form

f(2) =2+ an12" +apgoz" T 4
and A := A;. The class S§*(0) of strongly starlike functions of order §
(0 < 6 <1) consists of functions f € A satisfying the inequality

arg{z}cég)}‘ < gé (z e D).

More specially, S§*(1) is the class of starlike functions which will be
denoted by &* throughout this paper. That is, the function f in S&*
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satisfies the following inequality:

%{Z;;S)} >0 (zeD).

Let P denote the class of functions p € H which satisfy
R{p(z)} >0 (zeD).

It is well known that the function p € P is called a Carathéodory func-
tion. These functions have been studied extensively by various authors
(e.g. [4, 5, 6,8,9,10, 11, 12, 13, 16, 19)).

In this paper, we derive several sufficient conditions for Carathéodory
functions in D under the constraint that the second coeflicient of a func-
tion is preassigned. It is remarkable that the second coefficient plays
an important role in the univalent function theory. Accordingly, many
researchers have found various properties of univalent functions with the
fixed second coefficient. One can refer to [2, 3, 7, 14, 17| for the works on
univalent functions in this direction. In the present paper, we find suf-
ficient conditions for Carathéodory functions associated with the fixed
second coefficient. Especially, we find some conditions, which are related
to the following functionals, for Carathéodory functions p € Hgla,n|:
(2)

, 2p'(2) 1 zp/(2)
b+ PEE, o)+ 2w (o + T 1)),
for a suitable function P defined in ID. Here, and throughout this paper,
Hpla,n] means the subclass of #H[a,n] consisting of functions p of the
form given by (1) with p, = 5. We remark that the functionals defined
by (2) are dealt with by means of the first-order differential subordina-
tion in [4, 8, 18].

We say that f is subordinate to F' in D, written as f < F, if and
only if, f(z) = F(w(z)) for some Schwarz function w(z), w(0) = 0 and
lw(z)] < 1, z € D. If F(z) is univalent in D, then the subordination
f < F is equivalent to f(0) = F'(0) and f(D) C F(D).

We denote by Q the class of functions ¢ that are analytic and injective
on D\ E(q), where

E(q) = {C €D : ;LH}Q(Z) = OO}

and are such that ¢/(¢) # 0 for ¢ € dD \ E(q). Furthermore, let the
subclass of Q for which ¢(0) = a be denoted by Q(a).
To prove our main results, we need the following lemmas.
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Lemma 1.1. [1, Lemma 2.2] Let g € Q(a) and let p € Hgla,n| with
p(z) # a. If there exists a point zg € D such that p(zp) € q(0D) and
p(D)5)) C q(D), then

2P (20) = mCoq'($o)

and " (20) Cod(Co)
ZopP (20 0q 0
”{“%pwm }Zm”{1+<ﬂ@>}’
where .
¢ (p(z0)) = Go = &
wnd 2O = 1Bl=ol 14O =18
q - 20 q -
Mz ) 1Bl " 1 (0) 18]

Lemma 1.2. [15] Let q(z) = >_,° | Bpz" be analytic and univalent
in D and suppose that ¢ maps D onto a convex domain. If p(z) =
Y one Ap2™ is analytic in D and satisfies the subordination p < q in D,
then

Al < [Bi| (neN).

2. Main Results

With the aid of Lemma 1.1 and 1.2, we can obtain the following
results.

Theorem 2.1. Let a be a real number such that 0 < o < 7/2 and
let P: DD — C with

R{P(z)} >T{P(2)}tana >0 (z € D).
Let p be an analytic function in D with the form given by
(3) p(2) =1+ B2" +ppy12"H 4+ (neN).
If p satisfies
R {p(z) + P(2)2p'(2)}

(4) 1 :
> A (2uA 4 cos ) sin® o — p? A% cos a} (z € D),
where
(5) A=R{P(2)}cosaa —T{P(z)}sinc
and
() p=pln,a ) =nt 2,

2cosa+ B T
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then -
arg {p(:)} < & —a (z€D)

Proof. First, let us define functions ¢ and h; : D — C by

(7) q(2) = “p(z)
and
Q M) = S

respectively. Then we see that ¢ and h; are analytic in D with
q(0) = hy(0) =¥ e C
and
hi(D) = {w € C: R{w} > 0}.
That is, it holds that ¢ € Heiagle!®,n] and hy € Q(e'*). We also note
that h)(0) = 2cos a.

Now we suppose that ¢ is not subordinate to h1. Then by Lemma 1.1,
there exist points z; € D and ¢; € 9D\ {1} such that

(9) q(z1) = hi(G1) =ip (p€R)
and
(10) z1q (21) = mGhy(G)  (m > p),
where p is defined by (6), since h)(0) = 2 cos a. Furthermore, we have
2 _2psina+1
11 By (G) = -2 —: a1
(1) G (@) matl o

Using the all equations above and by letting

By =R{P(z1)} cosa+ TJ{P(z)}sina,
we obtain

R {p(z1) + P(z1)z19'(21) }

=R {e7*h(C1) + P(z1)e *mGih' (G1) }
(12) = psina + mo1 B;

< psina + po1 By

= QCisasO(ﬂ),
where ¢ : R — R is the function defined by

o(x) = —puB1x?® + 2sina(cosa + uBy)x — pB;.
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Since By > 0 and p > 0, ¢ takes its maximum at p* on R, where

«  sina(cosa + uBi)

P B '

Therefore, by (12), we get
R{p(z1) + P(z1)210'(21) }

< *
< Seosa )
13 1
(13) = B (2uB1 + cosa)sin® o — pBf cos ar}
< m (2uA1 + cosa) sin® v — ,UQA% COs Oé} )

where A; is defined by
Ay =R{P(z1)}cosa — TJ{P(z)}sina.

Hence, (13) is a contradiction to (4) and we obtained ¢ < hy in D. Thus,
it holds that

(14) R{ep(z)} >0 (2€D).
Next, we define the functions r and hs : D — C by

(15) r(z) = e p(2)

and

e—la’ _|_ elOéZ

(16) ha(z) = S0
respectively. Then we see that r and hy are analytic in D with
7(0) = he(0) =e @ € C
and
hg(]D)) = {w e C: %{w} > 0} = hl(]D)).
We also see that h}(0) = 2cos a.

Suppose that 7 is not subordinate to he. Then, by Lemma 1.1, there
exist points zo € D and (2 € D \ {1} such that

r(z2) = ha(G) =ip (pER)
and
201’ (22) = mG2hy(G2) (M > p),
where p is given by (6). We also note that
p? +2psina + 1 _
B 2cos B

Cahs(G2) =

. 09.
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Then applying the equations above, we get
R {p(22) + P(z2)22p'(22) }
= R {eh(C2) + P(z2)e“mGh/ (G2) }
(17) = —psina + mogyAg
< —psina + poo Ao

! ¥(p),

" 2cosa
where ¥ : R — R is the function defined by

Y(2) = pAgx® + 2sin a(cos a + pAs)x + pAs,
and where
Ay = R{P(22)} cosa — I{P(z2)}sina.
Moreover, we have

2a(cos o+ pAs)?

pA2

sin

(18) Y(z) = ¥(p™) =

where

+ pAs,

sin a(cos a + pAs)
pA2

*k

From (17) and (18), we get
R {p(22) + P(22) 220 (22) }

1
< _ kk
- 2 cosozw(x )
- {(2pAs + cos @) sin? a — pu? A2 cos o}
2MA2 2 )
which is a contradiction to (4). Therefore we obtain
(19) R {e_io‘p(z)} >0 (zeD).

Hence it follows from (14) and (19) that
T
larg {p(2)}| < 5 —a (2 €D).
Finally, the inequality in (6) comes from Lemma 1.2, since ¢ (0) = §-n!

and 1) (0) = 2cos . This completes the proof of Theorem 2.1. O

By putting P(z) = v > 0 in Theorem 2.1, we obtain the following
result.
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Corollary 2.2. Let o and 7y be real numbers such that 0 < a < 7/2
and v > 0. Let p be an analytic function in D with the form given by
(3). If p satisfies

R{p(2) + 759/ (:)} > gl + D2 sinta =) (2 D),
where 1 is the quantity defined by (6), then
jarg {p(2)}| < 5 —a (2 €D).
By putting & = 0 in Corollary 2.2, we have the following special
result.

Corollary 2.3. Let v > 0 and let p be an analytic function in D
with the form given by (3). If p satisfies

n+1)+(n—-1)|8)

, 7(2(
R{p(z) + 720/ (2)} > - 202+ |8])

(z € D),

then R{p(z)} > 0 for all z € D.

Example 2.4. Consider a function p : D — C defined by
. 2+ ¢z 15 134
20 = =1 z z e
(20) Pe)=5— =1+z+52+ 2%+
We see that p belongs to the class Hi[l,1]. Moreover, using Maximum
principle for harmonic functions, we can check the following relations
are true for all z € D:

R {p(2) + 20/ (2)}

o, 444z — 22
(2 —2)?
444 i .i26
(21) > min{%{w}:ﬁemﬂw)}
. 8cosf —1
= mln{(5_2c()80)2:96[0,27r)}

= min{¢(0) : 6 € [0,27)},
where ¢ is the function defined by

8cosf — 1
)= —= (0 2m)).
9(9) (5 —2cos )2 (6 € [0,2)
Furthermore, we can see that
9 2
(22) ¢(0) = ¢(m) = == > —=.



234 Oh Sang Kwon
Combining (21) and (22) lead us to get (see Figure 1 below)
2
R {5(:) +20/(:)} > > (z€D),

and it follows from Corollary 2.3 with v = 1 that R{p(z)} > 0 for all
z e D.

-4k 1 I 1 1 1 1 L

00 05 10 LF 20 15 30 35

FIGURE 1. The image of p(z) + zp/(z) on D

Now, we find another sufficient conditions for Carathéodory func-
tions.

Theorem 2.5. Let « be a real number such that 0 < o < 7/2 and
let p be a nonzero analytic function in D with the form given by (3). If

3 {p(z) + Zp/(z)}‘ <L

p(2) cos v

( (2cos? o+ p)p — ,usinoz) (z e D),



On sufficient conditions for Carathéodory functions 235
where p is the quantity defined by (6), then
e
(23) larg {p(2)}| < 5 —a (2 €D).

Proof. We define the functions ¢ and hy by (7) and (8), respectively.
If ¢ is not subordinate to hi, then there exist points z; € D and (; €
0D \ {1} satisfying (9) and (10). By using the equations (9) and (10),

we have
- 219 (21)
J{P(Z1)+ () }
21 o feen) 4 M G)
. e + M )
== COS«x — @
= P

where m > p, p € R with p # 0 and o1 < 0 is given by (11).
For the case p > 0, since 01 < 0, using (11), we obtain

moi
pcosa — ——
1%

o
> pcosa — HIL

1
= [(20082a+u)p—2usina+u]
)

2cosa
1
CoSs &

By (24) and (25), we have
/
1
) {P(Zl) + 2 (Zl)} >
p(z1) cos o

which is a contradiction to the assumption of Theorem 2.5.
For the case p < 0, using (11), we have

v

{ (2cos? a+ p)p — usina} )

{ (2008204+,u),u—,usina} ,

maoy
pcosq — ——
p

o
< pcosa — KoL
p

1
=— [(20052a+,u)ﬁ+2,usina+/pf]

cos «
[\/(2 cos? o + p)p + usina} ,

1
S —
Cos o
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where p = —p > 0. And this is also a contradiction to the assumption
of Theorem 2.5. Hence, we have ¢ < hy in D and
(26) R{ep(z)} >0 (2€D).

We next consider the functions r and hs defined by (15) and (16),
respectively. By using a similar method as the above, we obtain

(27) R {e_io‘p(z)} >0 (zeD).
Therefore making use of (26) and (27), we have (23) and this completes
the proof of Theorem 2.5. O

Let n € N and consider a function f € A, which has the expansion
(28) f(2) =24+ B2" +an102" %+ apyg2" P4
If we define a function p : D — C by p(z) = zf'(2)/f(z), then we have
p(z) =14npz"+---.

Therefore, we get p € Hyp[1,n|. Hence, for given 6 € (0, 1], by putting
p(z) = 2f'(2)/f(z) and a = w(1 — §)/2 in Theorem 2.5, we can obtain
the following corollary.

Corollary 2.6. Let n € N and let § be a real number such that
0<d<1. Let f € A, be of the form given by (28). If

- 2f"(2)
{1+ 57 )
< csc (gé) [\/<2 sin? (gé) + [L) [l — fi cos (gé)] (z € D),
where
~ 2 sin 16) —n|p|
(29) M:n+251ngzé)+n|ﬁ| =

then f € SS*(5).

More specially, by putting 6 = 1 in Corollary 2.6, we have a sufficient
condition for starlike functions as follows:

Corollary 2.7. Let n € N and let f € A, be of the form given by
(28). If f satisfies

3{1 + Z;,/;g)}‘ <Vi2+ i) (zeD),
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where

2w
2+n|p] —

then f € S*.

Theorem 2.8. Let a be a real number such that 0 < a < 7/2 and
let p be a nonzero analytic function in D with the form given by (3). If

po)+ 2E 1| < (14 i)l osa (€ D),

where 1 is the quantity defined by (6), then
T
jaxg {p(:)} < 5 —a (€ D)

Proof. Let q(z) = €®/p(z) and let h; be the function defined by
(8). If g is not subordinate to hj, then there exist points z; € D and
¢ € ID\ {1} satisfying (9) and (10). By using the equations (9) and
(10), we have

p(z) + 22EU i i
p(i)l) = [e7h(C) + e MG (G) — 1

(30)

)

where m > p. And we have
—ia —ia 2
e 7R (C1) + e mGi R (Cr) — 1
(31) = (p —sina)? + (moy — cos a)?
> (moy — cos ),
On the other hand, by (11), we have

2 . 2 9
(32) moj — cos = p° —2psina+ 1+ — cos” «
2cos m
and by squaring (32), we get

(moy — cos )?

m2

9 2
_ i )2 2
(33) = Teoa [(p sina)” + (1 + m) cos a]

2
1 2
> <1 + 2m) cos” a.
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Therefore, by combining m > p, (30), (31) and (33), we have
p(z) + 22— 1
p(z1) > <1+2m> COS (v

p(z1)
1
> (1 + 2u> Cos «,

which is a contradiction to the assumption of Theorem 2.8. Hence we
have

eia
34 R >0 (zeD).
e Gf 7o e
Next, we consider the function r defined by r(z) = e™%/p(2) and the

function hg defined by (16). Using a similar method as the above, we
obtain

e—ia
35 R >0 (z2eD).
b L} > ¢
Therefore by virtue of (34) and (35), we have the conclusion of Theo-
rem 2.8. O

Corollary 2.9. Let ¢ be a real number such that 0 < § < 1 and let
f €A, (n € N) be of the form given by (28). If

zf"(z) < 1~> zf'(z)
7 | <\ R T
where [i is the quantity defined by (29), then f € S§*(9).

Corollary 2.10. Let f € A, (n € N) be of the form given by (28).

(z €D),

2f"(2) 2n + 6 + (n2 +n)|B|\ | zf' ()
) ( 22+ nlf) > iy | e
then f € S*.

Example 2.11. Consider a function f : D — C defined by

f(z) = zexp </O M)C 1dg>

3 1
:z+22+1z3+§z4+~-,

where p is the function defined by (20). We see that
1 £
zf'(z) 24z and sz (2)222(1—1—2).

o) = flz) — 42
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Therefore we have
)\ (@) i)
(3 (f%z) >/ ( ) ) BRCES A

Putting z = el with r € [0,1] and § € R, we get

B 2rv/1 + 2rcos @ + r2

37 Ips(2)] =

(37) pf(z) 4+ 4rcosf +r?

We now define a function ® : [0,1] x [-1,1] — R by
2rv/ 1+ 2rx + 1?2

38 P = .

(38) (r.z) 4+ 4rx + r?

Then (0®/0z)(r,x) = 0 occurs when x = —3r/4 € [—1,1] and therefore
we obtain the inequality

(39)
O(r,z) <P <T, —ir) = ﬁ < ? (relo,1],z € [-1,1]).
—2r
By combining (37), (38) and (39), we have (see Figure 2 below)
2
b <2 (zed).
Hence, from (36), we obtain
@) V2G| 3G ()
f'(2) 20 f(x) | 3] f(

Thus, by Corollary 2.10 with n = 1 and 8 = 1, it follows that f € S*.

3. Concluding Remark

In this section, we investigate a connection between the result already
obtained by Kim and Cho [8] and the new one obtained in this paper
by considering the fixed second coefficient. For this, we recall that the
following result due to them [8, Theorem 1].

Theorem 3.1. Let P : D — C with
R{P(2)} > T{P(2)}tana >0 (0<a<7/2).
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FI1GURE 2. The image of pfFon D

If p is an analytic function in D with p(0) = 1 and
R {p(2) + P(2)zp'(2)}

40 1
“0) > 57 (cosa +2A4)sin®a — A*cosa} (2 €D),
where A is defined by (5), then
™
(41) larg {p(2)}| < 5 —a (2 €D).

Keeping in mind that p > 1, we can check the following inequality
holds:
1
S (2uA 4 cosa) sin? o — p? A% cos o}
(42 :
< o {(cosa +24) sin? a — A? cosar} .

Hence, if p € H with p(0) = 1 satisfies the inequality (40), then, p €
Hs[l,n| for some B € C and n € N. And, from the inequality (42),
the function p satisfies the inequality (4). Therefore it follows from
Theorem 2.1 that the inequality (41) holds. Conclusionally, the following
relationship holds:

Theorem 3.1 =— Theorem 2.1.
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