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A Study on Development of Teaching & Learning Materials
related to Coding for Convergence Education Integrating
Mathematics and Information

Gicheol Shin - Boeuk Suh!*

Korea National University of Education - !Chungnam National University

Abstract : This study, as an attempt to integrate mathematics and information for convergence
education, was conducted to develop teaching-learning materials on mathematics education
combined with coding education, which has recently been emphasized. We chose the subject of
digital signature for coding education, and used SageMath as a coding program. In this study,
we overview mathematics used in the elliptic curve digital signature algorithm, one of the
many methods for digital signature, and developed the teaching-learning materials on the
algorithm for mathematics education integrated with information education based on coding.
The elliptic curve digital signature algorithm utilized in transactions of Bitcoin, which many
people recently are interested in, is a good example, showing students that mathematics is
applied to problem-solving in the real world and provides an optimal environment for
implementation by coding. Accordingly, we expect that a class on algorithm will provide a
specific teaching-learning program to achieve the goal of integrated mathematics education. By
comprehensively considering the opinions of mathematicians, mathematics teachers and
mathematics education experts, we expect that the teaching-learning program will be realized

as a meaningful class in science high schools, high school’'s math clubs, and ‘number theory’
class in colleges.

keywords : mathematical modeling, convergence education, mathematics and information
subject, coding education, mathematics teaching & learning materials, digital

signatures
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Table 1. Sub-component and meaning of information processing ability
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ole] RSES Frh o] SAlo|EoA Sage
WorksheetZ2 *A35t11 SageMath T =2 734
2 o]&g 4 ok

- SageMath= <IAto| E(http://www.sagemath.
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1%*% et g Adsts FEe} 2ot s¥UY A WA SAEA
dofl shyoA Aot HIERQ, EEAS gt Aol of

arfatet,
AR A8 £oE AT,

O =94 O g8t digt 57150 7] (EQFA) AAZoxe] Fol= HIER
259 7fde a7t ol'o] Boiolx] Zteks] Eojsti, o]F E
- 28 Huo| gatel MAMY ozt aks 2 'g=Al0] 23ysfol & 71502 7|
715 Fost7] st FE55 AVt & & Qe Aol RORIR] RANSHAL, £
Table 5. Basic syntax of SageMath
¥ T ELE
}&I def/return _ = def Y (OP7HH-)
B def ARBAP} 348 BiS 1 ojgele oot S lies
felse fof elsels ZORA! 27429 3 F310] Uiz} A3 U2 FYY U A
1if <_._?_%>: else
<HE 1> << W B2
for fork 2j2E9] BE 248 A2 OSiol £ U FHL U A8 for2e] 71 7
for (H4) in (2|AE)
S oem . Sy e
while Whie® 2071 27100 B9l 59 A HEE] 20Y % 55T 1 19
while <ZHE
<0H=|' LH)El>
append ™ 2 3]'J"¢ #2 A=0| YEE B AE(ist)2 ot 2AEF HO|| “append((R7fe 84)
L = [1, 2, 3] _
£ QRSP MTL AAES A 7§02 SAYHCCE OfF SOl wppesa s B YOI
£ L0l= 2|2E [1, 2, 3, 47F HilEn
(H£EF) QIS (indexing)2 2| 2Bt FOIRS [ 5 92| 245 7[2)7|= A= TeH. 05 5
[(£220] FYL o o, g Sof WE Lo XS 10 25 3 OlsH i e, B
L12) & YOIR 22 04, 19, 288 IR(0f Qi 10, 25, 330] S,
import/from o] A= Eg(module)ol °|EH import (Egm)j D8 832 4 it 259 EX
5l40t 312 HOO|S Chlf 2T]. fron (258) import (B2
SageMath I:  point pointE= £ (o, 1) 2 U W0} ZEEH lo] I F (o 0)S A OB Ft OIS 5
Q= Of posmc (2, 23} 20| =fEr 4 9k
plot plote &%+ 7(x) 2 HOI Y2 ol WEM 9I9] = /()2 I2LE Zif Zf0= =
o1& %01, 2ozt L 1oM g y=2’9  OYPTE Q7] 5hM
plet(x~2, (x, -1, 1))% ?zlqul'ﬁ %EI’
list_plot list_plot2 #AMUSS 842 7A|= BAES U QIOf 2170 8 40| i3k|= HEFH
O HES ZUF 10 Zr} o2 £0f £ A (2,3), (1, 5) 1ist plor([2, ), (1, B
= o|E1 rcq =it
implicit_plot lmpllut_plotﬁ T oy AN Ao, y) =01 29| Y, 49| HAT U WO XHY
B Qo £(y.y) =09 TYEE AT Z{OR ELp S 5Of, WA . +79 IHEE
%7| -?—'3”*" implicit_plot(y~2 == x°3 + 7, (x, -3, 3), (y, -6 6))% ?:r"-'j‘?_rq'
parameiric_plo parametric_plot OPfefEl =4 @' Uf OIGEILH OfE S0, Tieie @] shiie Tig
t = var(’t’
.l_f”':l' parametrlc plot ((cos(t), sin(t)), (t, 0, 2#%pi))
SageMathll:  Integers Integers ()2 QUGIH ZL ZICZ H[field)Q LZE IR Z,E U=Cf FHH,
RS Tategers O 5 QBB A4 HAE PEC
inverse_of_unit & = Integers(5)E YHSIY W4 rO| Z, 5 IYSH H ra) S YURSHH Zu} 7oz 7.9
-r:J/\ 30 EE:IH"LL—_I' O|[[|‘| R(3).inverse of _unit () _|_I' 7|'O| 7. 0 ol__/‘\_ -I|:-{O" |nVerse Of u

nit)2 ot 1§40 el Ciet XS FI 0= EAFL

EllipticCurve

EllipticCurves 2l & 74| +2 4H 2|AES UF WOF EiEIHdS 754 UOE =2
q'. |E E EllipticCurve(Integers(5), [1, 3])% %}Ejﬁﬁ q
y' =2 toi3g Ziglos FO
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- ARGl tist o5 AAlRHCE.
AlAiErol A ‘A H(signature)’ &

249 7

$HBSS Y3 AYL AAF B4sts A2 Ay A 29

st9ee Ustgtd ol8sh] st o
AAHE Ao AREAY 2o A A

AP el AW’y A o]t}

- AR QaelzEo) Rl ol e wick
RMALA ™ (digital  signature)9]

1976@ ¢oj(W. Diffie)} 3UHM. Hellman)

of ofs AU 15 FHAAY Ll

e WA ARl gherAler JlRAe

e AT BAAYe AA 1Ee

A(integrity)2 1 wAol MY AREC] 19774  2fo[H|AE(R. Rivest), AFI]2(A.
Aol osto] FHshe Yoz o] gl Shamir), of5%HL. Adleman) Al ol °s}
wrepxd  ARRZAOIA AARA T (digital o|folFt}. ‘RSA Lue]F’oltt. o]% thek

signature)’ & Udgt &

s g paslel Bk

SXoA AHo] Trdst

Sejutet AR

st ARIMY 7ol AZfEQITh 1984 A7}
9HT. ElGamal)of] <Jst A]®H7]¥H(El-Gamal

(ME A14839%)0l= AAANFGE MBAE signature scheme)at Z THpA(S.
shelstal A PAZE Goll JAAEAol MY Goldwasser), 0]Z2|(S. Micali), 2lo|HAE
#31) v=2"+7% ZE ol (o9 5 FEFUH| HEIHA Q.
(B9) v =2"+79 BE 5l 2.y 5 FrrPUo| UERH offf 2yut 22 A4S 42 4 Utk o] =
M2 ‘eI (elliptic curve)' Q] £ ofjojct.

y

¥ =a+17
VT ./////

ol-gsto] thz FAAY BE 3l (@y)E AT TYAL.
=0

(291) SageMath ==z 7282

@D 20—y=0 ®@ 22> —3z—3—y ® P =2+7
(ZHIHA) F W4 29} ¢y A3 H, ‘implicit_plot’ 55 o] &3le] Fox WA o TYPILE A
=t} ©] e ‘implicit_plot(INPUTl INPUT2, INPUT3)'$} 2ol Al 719 99 #& HXe &
FE A MA 949 fomE A, T oA A WA Y e Re A7 g 29 yo 7k W
A& 7HTh
sage: x = var(’x’); y =

var(’y’
implicit_plot (2*x - y ==

S5} ol et 3 WA WA aezE
SRR TS 27t Al F
X

sage:

sage:

o
s
4
)
i
1 e
-
5

implicit_plot (2%¥x"2 - 3%

sage: implicit_plot(y~2 == x"3 + 7, (x, -3, 3), (y, -6, 6))

Figure 3. An example of Activity 1 and Coding 1
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(R. Rivest)o] 2]s] A|¢tel GMR A 7|®H2

A Q1 ofjo]t}.

- HEFQl ARAMY Fu2jEo] High stEe
sty

CEARA AR Fmese] A A

sta, gzog EfUdIAMOl Jjns Ich
BN 2 =20 +72 Y] ETQ19] #afolA]

curve digital signature algorithm,
ECDSA)o] Qlt}. AlA|2& ECDSAE: B|EFQI
(bitcoin)9] #2fj(transaction) =A{of AA}
AEe st gAo2 AEs

O A7) @A & 23AMY JEUYE 2
olg 7152 F 28R WalE ashaTt
- BURY 2RYFLS olsfely] A 2aA

71 ZYES ShEEt

WA v =2 +72 o8t Ald Co Aot

A ColA FAALS 7 oJgict

A oz YA =2 +79] sl AA9 A
goz Aozttt &, c={@yly=2"+7}9]
o AY s YA =2 +799 A2 d
A2 o1, GAALS O3 F 7HA9 &
2 o] gojstt.

AR, Awr 2R Y4 & A
P(zp, ), Qlag,y)ECO] Tt & o &

P+Q+ et At
(i) &= & p., @8 Aye= AMdR IFA
y=2+72 Al A p, Q, ROIA TRATE
(i) & rRE 25 UAAA ¥ & RS
oAl 34y =2"+7 Y9 Aol
ojmf, p+QE rROZ AO3ic}.
SR/, 4 =020 A pla,y)eco] Th5}Ho]
P+ thaat 2o
(i) A pollM J4d ¢ =2"+79] XA =
A oyp=s+72 F A p, rROIA TR
c}.
(i) A RS 27 OIAAA 22 A RS

ChAl B4 =t +7 9] FHolck,

o, p+rE R2=E 7Jolstct.
F3rdAe] Ao, A= AY 2 AY
]/\1 CIAAALS. A o]stct

=]
© e we el o A o)
| gl PUQR(ERES. point at

af
D3YA 12 o]&sto] YoA AHort
K] ok P+t P+PE FHYT 4 Tt
1) <57t 22 Mz o & A
P(z,y),Q(z, —y)eco] Tt} p+qQ=1
2 o3
(i) p=v7,00] disto] p+p=12 7|t
.
(i) 999 & pecol ot} p+i=p,
1+p=p2 7JoJ3tct.
(iv) 1+1=12 AoJgict.
et ol Fojet Aol sty dvhA
o= (IPWP)"'(J?Q»Z/Q)=(33P+IQ,yP+yQ)O] A=

stA et

olFl REUH 19 WA p=a'479] B
£ 8 ey THY AT £ eyt
%, p=cullet dck ol yE ohewt 2
o ghamel HUe AT 2 oAk

do]o] pepo] 5] p+=Q+p= 101
QEEZl FYsttt. ol p+Q=Q+pP=1
ol Q% -pE UEHdCh Lo
(z,y)eco] st (z, —y)=CO|H

(z,y)+(z, —y) = (z, —y) +(z,y) =10]C}. &,
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Tpip =

J2) SageMath L2113 o]&sto] A | + %

O riqs %Eﬂo}b 4ot olg Jme LER

@

E3F, 2, =2, F A Pl ) Qlag,y ) ECO] TS} 1
o P+QT (M’ —xzp—xq, mlz, —z,, o) —1,)OlTF. 7] 1 ff ‘

) AY A T A Plapy) Qlagyy) ol TSt p+oAAY p+pst AutS Tz RIASHA
Q. ESH 2, =0, F A Pl ) Qlag.y,) Ol THEHY] P+Qet P+pP-& 15HA| L.
Y oMo QAL T2 mHstH ofefiet Aot

m Az =m' oz, —x 0lth. 221 V

R
(o] = (o] z
vy =091 A Pl.y)eco]  Olstd  p+pe K /K
a R=P+0Q a
2

32?2
=2y, m(a, —p . p) —yp) oltt. 714 m= PO]_’

1{'\= P+P
m° — 2z, o|tc}.

(nEn)
o
$
H
2
§
é
)
ol
ok
.
o
glo
o
glo
=
e

StA] 2

P(V2,3)2F Q(=v2, v5)oll it p+qQ9] 3= ot
7

o]

= =
g p . ¢ o - A
o] 712710 mE e 5 AUk
sage: x = var(’x’); y = var('y’)
sage: def sum(P, Q)
if P 1= Q:
= (Q[1] - P[1])/(qQ[o]l - P[0])

‘sager’ & A ZehE & ‘sager Hol ollj%
(e

s m = (3 % P[0]"2) / (2 % P[1])
P x = m"2 - P[0] - Q[0O]

st y =m * (P[0] - x) - P[1]

i return (x, y)

ge: def graph(P, Q):

ol C = implicit_plot(y~2 == x"3 + 7, (x, -3, 3), (y, -6, 6))
e A = point(P, color=’'red’, pointsize=30)

S B = point(Q, color='red’, pointsize=30)

v if P != Q:

osind m = (Q[1] - P[1]) / (Qlol - P[OD)

gl else:

. m = (3 = P[0)"2) / (2 % P[1])

sanih L = plot(m*(x - P[0]) + P[1], (x, -3, 3), color=’gray’)

s S = point(sum(P, Q), color=’green’, pointsize=30)

returnC+A+B+L+S

A, sk 2ol Aele = g4 sum's graph’E °]&3to] 5o A & 3o
sage: sum(P, Q)

(1/8+2°(1/3)*(sqrt(5) - 3)°2,

1/32#2°(2/3)«(2°(1/3)*(sqrt(6) - 3)°2 - B#27(1/3))=(sqrt(5) - 3) - 3)
sage: graph(P, Q)

sage: sun(P, P)

(-3/2+27(1/3), -1/2)
sage: graph(P, P}

AHEATL AT AL svlaha, BT F (18427 (1)

o)
3o 3 ol ‘sagel  AAAA BT 2L A g owdh

Figure 4. An example of Activity 2 and Coding 2
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(B53) AT A T A Pl Q) TIStO] proE +BHIE 2] Ytk &7, prpolAls
w=00l2 E710] WRF olfE UYL,
(4%) BB} 2 HZ U2 £ A pey)al p=cd 3 A% 22 WHo2 prog YT
Qo 5 4 b, 02 Al AT BH =7 028 £ A b, oolM 2] gheol

123 o192 A P V709 A9 prpE U0k T WHOR PAT & gk HAO) 4

1} 55j0]7] Ttk

e
T
olt

\ \

(ZF3) p(v2,3)2 Q(v2.—3)0l| tisto] (ZLF2)0lA

o
o gho] FHEEA] st o] F¥E 1

£ 4

o

(ZYAA) P(V2,3)9F Q(¥2,-3)° diste] ‘sum(P, Q& 4Esd th&3 2 oy WA} &4

=l
~ T
sage: P = (2°(1/3), 3)
sage: Q = (27(1/3), -3)
sage: sum{(P, Q)
ZeroDivisienErrer Traceback (most recent call last)

<ipython-input-8-cf47e3Tcae30> in <module>()
-==-=-> 1 sum(F, Q)

<ipython-input-1-b2becc43e852> in sum(P, Q)
1 def sum(P, Q):
if P = Q:
m = (Q[Integer(1}] - P[Integer (1}])/(Q[Integer{(0)] - P[Integer(0}])
ulse:
m = {Integer(3) & PlInteger(0)]+sInteger(2)) / (Integer(2) * P[Integer(1)])

2
mmm=3 3
4
5

. odEn
ZeroDivisionErrer: Symlmlif division by =zere _
T 3 polk Qe «FHiTF V] ol me Toke WAl 002 Ui ARke Edehy] gdolth
o

] olle] WAX 9] wlx]= Fof ‘ZeroDivisionError' &
sh, g5 o] JEstH o] J8Es agZE 1dd ¢ 9l

sage: P = (27(1/3), 3)
sage: Q = (2°(1/3), -3)
sage: y = var(’y’)
sage: C = implicit_plot(y~2 == x°3 + 7, (x, -3, 3), (y, -6, 6))
sage: A = point(P, color=’red’, pointsize=30)
sage: B = point(Q, color=’red’, pointsize=30)
sage: L = parametric_plot ((2°(1/3), y), (y, -6, 6), color=’gray’)
sage: C + A + B + L
Figure 5. An example of Activity 3 and Coding 3
—(z,y)=(z, —y)o|t}. EJt 1=£0] Tfs} BESA ARMTE duioMde A
o +1=10]88 —1=1°0]C}, pero] Ot p,  P+P,  P+P+P,
FESE ohgo] Rl ZA Qo P+P+P+P, - T A4to] AT HO
(v) 499 p,qrerol Histo g Fd A w0l WISt prpt4pS P2

n A

(P‘¥(Q) +R= P‘k(cl4’fg)()][:*- LJ‘E&¥141E:f



—

ASHZ
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HY 2 WOl 7ol s §

Zp0ﬂ1\1 p= _I_T(prlme number)o]
S Z,={0.12 - p-1y2tl Fogtt
A0l 4o Sl AL olgstol A
bz Qo9 sl gAlS cheat ol
ojg 4 glt.

) wbe2,0 Thstod aro=(F 34 a2k b
o §L p2 UrAe T oA
i) absZ, 0 THot] a=(F d o2t b9
v p2 URAS ° YHA])

, oA Aole a3 of
re SHIE 4 ook
i) 499 a.bce 7, 0] o5}

(a+b)+c=a+(b+c)O]T},

i) 9499 aEZpOﬂ ot a+0=0+a=a

J[=3
(iii) 4o} a=z o t5t] atb=b+a=0
ol 1ez,7t EARfETE oY 12 a2

_ﬂ
8
)

glo N
oS-

ox

zl
nol'

(vi)

UER D o a0 RAo] Tt ol
olgf ettt olE =9 Z,9M
—0=00]1 —3=140|C} BtH  TiAlo
B ddg ol gsto] WAL HoF
2 Qo KISl A, aye 2z,

th5to] w—y—r+(p) @ HOJ3ITY

(iv) 429 apeZ O Eﬂo}Cﬂ a+b=b+aO]C}.
(v)

Q1919] wne=z,0] Thoko] (o=l
o},

Q1019] abee7,0] chsto]
alb+c)=ab+acO]2L (a+b)e=ac+bcO|TF.
Q19]9] aEZPOH 5t a-1=1-a=a
o},

Aol9] apez,o] TSI ab=1aO|T}.
doJo] aeZ,—{o}o] Hist] ab=ta=1
N vz, —{op7t X ol »E
o' 2 UEHIL o] 5 o9 FAlo] et
ol it

g54) p-1rd O, ¥ 7,2 7L

FoAl L

l:tc:)‘) Zn :{07 1,2, -

0 1 2 3 i » 6 7 & O 10 11 12 13 14 15
0 1 2 3 ) 5 G T i 9 10 11 12 13 14 15
1 2 3 1 5 [ 7 8 9 1m 11 12 13 14 15 16
2 3 1 5 6 T 8 }olo11 12 13 M 15 160
3 4 5 G 7 -] 9 10 11 12 13 14 15 16 0 1
i 5 6 7 8 9 10 11 12 13 14 15 16 0 1 2
1 [ T 8 9 1 11 12 13 14 15 16 0 1 2 5
G 7 8 9 1w 11 12 13 M4 15 16 0 1 2 3 1
7 -] 9 10 11 12 13 14 15 16 0 1 2 3 i -
8 9 W 11 12 13 14 15 16 1] 1 2 3 1 5 6
9 1 11 12 13 M 15 16 0 1 2 3 5 607
w 11 12 13 14 15 16 0 1 2 3 1 5 G T 5
11 12 13 14 15 16 1) 1 2 K i 5 [} 7 B a
12 13 1 15 16 o 1 2 k] 1 1) G 7 ] 9 10
3 14 15 16 0 1 2 3 4 5 6 7 & 9 10 11
4 15 16 0 1 2 3 1 a [ 7 8 9 1 11 12
15 16 0 1 2 3 i 5 i 7T 8 9 10 11 12 13
b 16 0 1 2 3 1 5 G T -1 9 10 11 12 13 |

16}01Ur Y Z,,004 Fod

. 910 Aol e}

o

10
11
12
13
14
15

16

J4) SageMath T2 7308 o]835to] A3 7 oA

g Z,00M Fod S8 wAY] ditrE

S el e B Lol 22 4 Ak
i
]

0

5 67T 85 9 W0 11 12 13 14 15 16
0 0O 0 0 0O 0O O 0O 0 0 0 0 0
3 1 o G 7 5 9 1w 11 12 13 M4 15 16
G 8 10 12 1

(Z934) EE(module) ‘sage.matrix.operation_ table’oﬂ
o]% o]-&-3H Z, 01]1\-] Aoy tiAdml FAle] AAT
ageMathol] W3 % Z#:W2(class)BA Z,, & 5o,

sage: from sage.matrix.operation_table import OperationTable

sage: R = Integers(17)

sage: OperationTable (R, operation=operator.add,

1 P61 3 5 7T 9 11 13 15
6 9 12 15 1 4 7 0 13 16 2 5 & 11 14
& 12 16 3 7 11 15 2 6 10 14 1 5 9 13
I 15 3 8 13 1 6 11 16 4 9 14 2 7 12
12 1 7 13 2 8§ 14 3 9 15 4 10 16 5 11
4 4 11 1 8 15 5 12 2 9 16 6 13 3 10
6 7 15 6 M4 5 13 4 12 3 11 2 10 1 9
1 10 2 11 3 12 4 13 5 M 6 15 T 16 8
3013 6 16 9 2 12 5 15 & 1 11 i 47
5 16 10 4 15 9 3 M4 8§ 2 13 7 1 12 &
7T 2 14 9 i 16 11 @6 1 13 8 3 1% 0 &
9 5 1 M 10 6 2 15 11 7 3 16 12 § 4
18 2 16 13 1w 7 4 1 15 12 9 & 3
13 11 9 7 5 3 1 16 14 12 10 8 6 4 2
15 4 13 12 11 1w 9 & 7 6 5 4 3 2 1
SR A9 AMEE F¥sHA L

o)¥l ¥4 ‘OperationTable’ES &8
3 4= 9t} o7]A ‘Integers(17)

names=’elements’)

Figure 6. An example of Activity 4 and Coding 4



34 w71 - e

(2%) Znoﬂj\i 39] ?5"3:.]01] :'_?_} @l% 312 &7] 93 <m 2>2 o|8&3F & 9lth ‘3EoA 12 ‘6
o] Yepe g 3.6=1, & 3 ' =60|C}.

d5-1) SageMath T2 7282 o]83510] 7z oA 39] FAlo] Bst A 312 L3R Q.
5-2) AlA] H]EIQ] RMAPAY A= A 225022 90 98 97 96 2471E o] &sItt SageMath
T2 88 O]85F0] 2296932 9028 9T 96 9! 1.8 ARHOZ LIEHHA] Q.

(29 7H4) SageMathell g%l F&l~(class) ‘Integers(17)'3} o] F& 2 <ol TH# vA = (metho
d) ‘inverse_of_unit'& ©|&3tH Z oA 39 FAlol &3 U A F Tt

sage: R = Integers(17)

sage: R(3).inverse_of_unit ()

5
“WH =olA 39 wAlol #3 GAE AF AAC JF Z7F obd 7 oA nefgthe on]el A
o] obdd ‘R(3) = JgafoF & Fogte] Fhrt.
Elig]_ 9296 932 90 o8 9T _of ol 12 e}y
sage: 27256 - 2°32 - 2°9 - 278 - 2°7 - 276 - 274 - 1
11679208923731619542357098500868790785326998466564056
4039457584007908834671663

Figure 7. An example of Activity 5 and Coding 5

2
fujru
ujn
-2
b
4>
W=
I

3
19
o,
Ho
)
glo
i)
My
Ne)
S
=
()
=IO=
N
N
Pi
=
ol
£

. -
*

0
(156) SageMath =z 1385 0] 835t0] Z oA B ¢ =2"+79] SIUYS ZF Lot 21 A4
s FtmE Lo LERAL L.

(319344) forah ifE-g o4 & AArh 49l A% () (&, ,y=7,)7k WY =o' +79] 3

Q1A Weksle] QG ot
sage: R = Integers(17)
sage: S = cartesian_product_iterator ([R, R])
sage: C = []
for P in §:

if P[1]"2 == P[0]"3 + 7:
C.append(P)

sage: 1list(C)

[Cr, 8). (1, 12). (2, 7). (2, 10),

+ WA = 'S = cartesian_product_iterator_iterator([R, R1)'= SE {(z,y) |z, yEZ ,} 02 &t}
= ot} ‘list_plot’ 42 o]83te] WS FuFHd Jebd & ok

sage: list_plot (C)

Figure 8. An example of Activity 6 and Coding 6



434 STIEE Y3 YL AT B4sks A2 g @7 35

- BT due)E2 HAAe R aeitt A B HolA A o33 Zo] A9
= m, AE z,9olMel gl & 4 qlch
y2=I3+79] aﬂﬁé“:}-% ;6}% Hohﬂ% (__)—.]I-%é_} (1) IP¢IQC\)_] OH Pirpv'l,/p IQ UQ Oﬂ q
ot 5o P+QT
z, oA 7gelgt St FAlo] st (m? =y =g, mlz, =5, o) —yp) 2 73S
YRA v =2"+79 Bl (x,y) (2,9€2)5 B2 o 714 m=(y, —yp)ag —2,) 1O AL
& 2 Qo xPJrQ:mQ*xP*J:QO]E‘]'.
15} o 5 i
A 5ol oot gl ALkE Zgelo sl (i) y, =091 & Ple, )0l ChSIO] pepi
Stas
= H?—}q' t i . N (m —Qmp, m(.v;p—a:P+P)—yP)§ 7%]4 ?_]'E]'
]?01—7%]}4 y2:17i+794 aff ‘(33721) A9l At o] 7] A m:3$§(2yp)7loli
2EAH 17 271 AYY £ Yol QA o w20 0lTH
_ — P+P P .
T AYsth oNe A"
E ={@ylf =2 +7 2,y Z JU{} 2 F|SIc}.
(@57) AT 5.0 &5t RE P42 P, P66 7SO Hok: Aoz FoAle.
(AW) a4 p=179 ZQ ch3at o] 1w7h9] 7t EAfRIC 5,914 p6.6)S A5t Hshe &5
S oW, 2, 90049 B4 QULEE Lol olefe} 2o ZuE g 2 Ak
1p (6,6), P = (15,4), 13P = (10,2)
2P = (1,5), P = (12,1), 1P = (2,7)
3P = (8,14), 9P = (3,0), 15P = (8,3)
4P = (2,10), 0P = (12,16), 16P = (1,12)
5P = (10,15), 11P = (15,13), 17P = (6,11)
6P = (5,9), 12P = (5,8), 18P = 1
(Z97) SageMath 27383 o]&sto] AT 7.0 &ot= B YAS Fote P 1 205 &
L. EG 5,014 P62 AE3e] Hshe Ane FYAIL
(ZEHA) 1A ZQHOM yzfx_w«l RE g9 v 12 A% E,S B3R} SageMath
of We H71AE o] &3t A flolAe AitH £, A9 AE & 5 QT
sage: F = Zmod(17)
sage: E = EllipticCurve(F, [0, T7])
sage: E
Elliptic Curve det;ned by ¥y°2 = x°3 + 7 over Ring of integers modulo 17

‘liSty ?:}')I:% O] O]‘Oq E 4 J_T: ‘L_LE ﬂr J’]’ 7]—0] o—]o )\ O)]\

EL o] ALk ool o] A5 = Sk A& 5ol (6,6)% (5,99 F, 12(6,6)2 U 2t

olwf 1, A9 AN S HehiZl ALE (6, 6)Fo] ohd E(G, 6)FE Qesol G Fol5
o Sep A (6 6) 4 (5 9y e (6 b 5 96 Lb AL Tt ol HA(+)
= ?ﬂ@(concatenahon) OVPOE ol A al7] wio|t}.

olAl ‘fort e o 83te] (6,65 At HE AWe AL = vk

sage: lnst{BJ

[¢o : 1 :0), €1 : 8 : 1), (1 : 12 : 1), (2 : 7 : 1), (2 : 10 : 1),
(3 :0:1, (5 :8:1), (56 :9 :1), (6 :6: 1), (6 : 11 : 1),
(8 : 3 :1), (8 : 14 : 1), (10 : 2 : 1), (10 : 156 : 1), (12 : 1 : 1),

(12 : 16 : 1), (15 : 4 : 1), (15 : 13 : 1))

sage: E(6,6) + E(5, 9)
(15 : 4 : 1)

sage: 12:E(6 6)

(5 : 8 :

sage: for k in (1..18]:
print k+E(6,6)
(6 : 6 : 1)
(1 : 6 : 1)

Figure 9. An example of Activity 7 and Coding 7
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Qrof Aot T IA| 2 §4% F2ol+= o
=1t o] Agojstrt.
(1) «&=87F 22 A2 g & 35
P(z,y),Qlz, —y)ol TSI p+Q=12 7
ol gttt
(i) A oy =2"+79] Sl p(ap,0)00 THS}
o p+p=12 A9t
(i) H7A v =2"+79] 9] 5f po Of
5lo] p+1=p, 1+p=pP& AoJ3tr}.
(iv) 1+1=12 & 9JstT}.
- 71/l o7t FClQIX] AAlstaL, HER

o AHgE= ZAAR ol & ettt

A4 po] diste] E9] HAo JiHE
n(5)2 JEHIRL 4% 7 a(5)2 U 0
o0& 248 HEA7I= 5o ¥4 7t &£
Atk Abdo] delA Qi)

(1) gg=10]C}.

(i) N9 ¥A B, 2B, 3B, - (¢—1)B, B A

2 2ot

Q] AMAlL FAFO4sHabstract algebra)
oAl ‘ZA|(Cauchy)q] Ael'2 Eaje AR
oity. Y 2HUE WEAI|= Y A BE
71%7d(base point)o]ztal str}.

Certicom(2000)0f]+= H|E I Q19 e}jof A
AFRSH= A p=220-9%2 90 98 9T 96 ot ]
of tiste] 7z, YoMl EfdFA o =2 +70]
UAY W(parameters)5Ql 24 ¢, 71X
A B 52 AIAGHL o] AIAE "secp256kl’
ojg} B2t} o] AAAN A4 o=

11579208923731619542357098500868 79078528
37564279074904382605163141518161494337

o= Zojzltt,

E, A P(6.6)

o
=
Y22 AL 4 Utk 2% 30] n(5,) =18
5

tlo r|n

2B=(5,8), 3B=IC|22 B(59+ £,Y 7|XNd
ojc}. ojmfj o] &g &5 &

v EFQIS]  AzZfo]  AMEE:= A
‘secp256k1’of|A] Certicom(2000)0] A

— I ——
-l I/ \-!— B
|
\

4
(5,9)
N S
- _+B _~

Figure 10. The multiples of

—
o
0~ -

the base point B

p=220 987 99 o8 9T _of ol 10| T}j5}0] B
o] 71M A Blay. g, )& Tk 2ot

(IB = 55066263022277343669578718895168534:32625060
3453777594175500187360389116729240
yp = 326705100207588169780830851305070431844712733
80659243275938904335757337482424)

Fe A9 st 284 o] Z HiYgoR
HAXIA Yo AAE A7k, 52 A
=g
RAAE S A B|E B2t Z7ld4]e] o]
S AYsta, 7|2 d2E AAIgT.
RAFEA O] AR Y-S of¥ H|U G2
(secret key, private key)”7} T Q3stH, &
AL AGEE AdSst2d Bld a2 o
&=l= F7/1E2l(public key) 7} HQst
O A4 pt n(B)E Uhre &5 ¢ 1Y
SHAE B4 AR Y dal] oA v
g2et /B2 = o2 ol ofsto] A3
‘gt

Ir

(1) BlZEA ke Z,-{0}9] ¥25 '
Jetet.
Pk=skB=B+B++B
Itk "L = ske
HOSNEY e
= 5 7h9 Aol

A =
q - =
7,9 928l ARl Zojsix.

Lrrar
ol

—_—

rk
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7H1e] vldEal = BRI =EEA] o function)g ©]&35t0 7z 9] AL ZA] msgof
L5 HQto] Fosfiof st TISE AJHEO] sigste W2 A=t
chouh BALHE A U BE AlE U ot AT B me2RE] o
o] FZ7hsst Kol & 2 o2t ARATY (ns)E BT
- AAAES o3t AYEAE Moetn, A9 (i) 7,~0)olA 919) 2(randomly)” @4
dAlRIA ke dY= AEshHs olRE AlA FE BT

stk

) i ) Ao g nog

AR S 99 AAAtE Aot seuseur |

AHE EAE nsgetil SHAF. O[T msg= Al s B 1000 s s l!.mmsf \ui,n:?]:u,r”!un
7,9l Y942 st AR2 " EFQ A 34517591873384933730369367
2 AANM = A9 Ug =2 Wi o Figure 11. An example of a transformation
BS SHA2560]2t1 ®2+ siA|gt(hash with SHA256

(Zs

(B9) ARAEY 497 1t
a9 2 ol
msgQ} SA| A X}A

8) AAIMY (r,5)E B WIS TAER BISIAL

= (flow chart)2 UERJH T
%HE% AR FAE E2 AFEOA
A Bt

[7, — (0}elH Q2l2 ¢ Y4 ke Wtk |-_

oX
M- ©
>
H‘l

ol
5
rulm

L

(298) SageMath =2 T18& ] 5hod E'”Oﬂ/\‘] JIRALS B9 2
stgS o), AAIMY G, At &= 21AS 4388 3]__]—,_‘
a2 AaE AAISHA L. 0]“41 H|UA27} sk=2, 27/1L2]7}
Pk=25=(5,8)Q1 Algo] ZA] msg=70| MANPL st AR

Vgt

(79 3}4) whiles o] &ato] AAAES Artsls 34 ‘ECDSA'S Aol 4= 9l
sage: R Integers (17)
sage: S Integers (3)
sage: E = EllipticCurve(R, [0, 7])
sage: Z = Integers ()
B = E(5, 9
def ECDSA(sk, Pk, msg):
k 0
r

nonon
o

s 0
while 8 == 0:

while k ==
k = S.random_element ()}
A = Z(k)*B
r = A[0]
s = k.inverse_of_unit() * (S(msg) + S(r) * S(sk))
..... print(r, s)
35p o) Joll @4 BCDSA'S ol-gshel mma sk EAGLTL 242} 2, (5,991 Abge] BA 1]
die A e e gl
sage: ECDSA(2, E(5, 8), 1)
(5, 2)

o

Figure 12. An example of Activity 8 and Coding 8
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(i) orolA EH2 k2} 7IAE BS ©] &5}
of A%t 2 Cha ol Holgit,
A=EkB, r:(AQJ rﬁ‘:ﬁ:)

(iii) r=00]H THA] [1GA]2 Zota,
r-0018 AW B4 wsso} vL A
sk5 ©]-&sto] s5 oSt 2ol A9
gict.

s=k Y(msg+rsk)
(iv) s=00]H EV\] [19All2  Zol7hal,

s=00|H (r,5) 5 S
A% WA 4 Yole Adst 088
A3t

AANES & gojet [NE- 1A 1A 12

odojz Mesfof st ol cheat 2t
(i) % 7§l 42 oh2 24 neg,} nsg,
of thste} Ze kS ol &stel FAHA

He Aty stal SAIXPZE o] Af
A& otchu 71ASEAT.
(i) AL 2 o]8slgonma = Ti

AT A WA R )
2k msg, 0} nsg,9] MANHS 7}

7‘81

N orlo 1o

—

rys,) 2kl SHAL

. (
k- l(msg +r sk) s, =k 1(m5g2+7'sk)E

(iii) s,

TE SA 5,—s, =k '(nsg, —msg, )7} /3
g & 4 At 3G s, s,

msg,, msg, W E= AR & Q)

+ dHo|B=® o]F o|&sto] £AIAf
= 9 S I 2 UM AF=
k=(s, —s,) (msg, —msg,)O|C}.

a2 ko] o] 4
sk=r"'(ks, —msg,)

ojzolct.

AR SRR S
PE BYEL )]

S

ol
el

uju
i

uz]
[e}

=

- AR G2 Her ASEAL o
AR fleh SRS dETith
Bl AZO] ARG (r,s) T T msg D

W2 Atg Bdl AR SHE prt msg
2EE 2" 2A9 ARG ()7t AD

T T
gl QEsof Sk thgo] WY Eato] A

A e A5 4 ok

=

(i) msgQt DALMY (r,5)2 0] &3t o1}
ws et Zol Aottt
u, =5 'msg, u, =5 r
(i) 7148 B, ARMPT AHEY 370
2 pcof A UM AE w, v, E O
&sto] o8 that Zo] g
Q=u,B+u,Pk
(i) r=(Q9 2Zt;)o|H AFET =

8]'_11, r#

2 3
ARARS ofst laAxtel Agsinge
Attt
15zt of

U572 oM oS &Rlst=S oIt

SRR LAIRLO] H]UG2] ot AT ERL)

0] A o] Zte mt wagx]

P ox whixte] R peot 24 msgu}
= acind] FHE 2 7Y 4 Uk

UA
K3
>

O,
1o
Hu
-
1
ro
ol

x| stolsteg i),
Q = uBtu,Pk = u,Bt+u,skB

= (u1+ust)B = (silmSngs’lrsk)B
= s '(msg+rsk)B = kB = A

- AT AR Qe Ajolde
Eojste 2 gick
(=Sl AN e sjolo]
QAR Tk THOIA =CltA 2.

SAAZE 24 wssOf HAME (r5) B
LM HS 0, £AAHE LR
NE ()8 CH2 MO LAIfel Ay
3 £0f AF8Y 4 U7
o 20| ofsto] Crd e g2 %g
QUTE. MY HAMY (s =
YL WL TR BN U
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(Z39) oA AARE ARMTE (r,6)7F SBREA] 150t S E
SNEZ B L _
_ uy 4 L :'m.sg
(49) RANRE UFGE B SAER Yo g Jun L =
¥ .
7‘51:’]— Q « mB+ usPk
= |
. - ohie
(299 £oA 7IXAAZ BG.9OZ IS T, F/HAR7T pr=(5,8) " @
O‘ A O2RE FA msg=12} AAMY (.2)5 WAL . .
A% ANE &9
JeIAT. SageMath T2 1%E olgstol QA 7t ¢ L |
A 2885k, J710] L8] EOI5IA]Q.
(43) 99 go= e e B, A, A P G ey & 6 29l
9
sage R o= Integers (17)
sage: 3 = Integers(3)
sage: Z = Integers()
sage: E = EllipticCurve(R, [0, T7I)
sage: B = E(5, 9)
sage: def Verify(Pk, msg, r, s):
..... ul = S§(s).inverse_of_unit () * S(msg)
..... u2 = S(s).inverse_of_unit() * S(r)
Q = Z(ul)*B + Z(u2)#*Pk
..... if r == Q[0]:
..... print QI Mz
..... else:
..... print QIS Ay
H9‘r 2ol AoH s ol &3t MAAMEE AT + AU
sage: Verify(E(5, 8), 1, 5, 2)
s 43
Figure 13. An example of Activity 9 and Coding 9
V.42 4 =9 A, AHE »UE-S(After-Class) EA 2 2519
2BYe AUt
B ojjo] BHo 3dp gl wWaio] 7S A ilﬂﬁ_} >4 ééoﬂ EUrEJr; 43%1} _917110} L
W nle} 2sto] 93kt wasta xpao] Au sts Aol dish /iE ¥de AR5kt AA,
3 s@mao] Auolch o2 ojaf, #A) gw  AAEN WAL e T, w=eq AblE X
sopolA] A olah wa g weamer  JMEdl HiE Fuell sl yge dgst,
(bitcoin)y o] wEzQle] FAZAY e pg =M 2GS A A&ehs xEAsY Wl
FAE Agstol, B9 ARt cshge map % 2E HOlES EAetel Ayder dul.L
o] 93t 1= AshslAC}, Ab, A¥HAl 9 apetuEstw Sy SO AAst
2 oA 2ata Auo] 9o Alg Hgo]l W 9 &S AAste] 2588 )
517] 98 DAlglolof & Aoz AR FYS otar, AR, w4-stEol Ae A 724
olgt mz Mol ofs), SAl, §¥LE Ao ff  $BN olwd REAMY U8} dolwF A
st 28t" olsf W o]2 sulo @ &t EX AW 2sto] AxIMdog Astsh= Zow A5t
. 3 _ _ 3 A o] Thr] Ashu
FAlG o g 2E, A, edne g U S AAARe @11 e on
_ ) o spl2 7%
AAA Zgoz AL of A spxjo) yg o SageMath ZEI® IJdE  S0IS I
A = = =
g Al 2A sqmdez AW sqms T HES HOIRS TN T Ahade
a1 EIgnReXy = ®AZ 7ol qprstpSsty ©
(Pre-Class) T, A 4#U&S(n-Class) @  THLFH 7IE Aee dol, fealssid 3
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we-of50] A, S/, PERCO| wad wa-of coding class (Master's thesis). Korea
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