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ON THE STABILITY OF A GENERAL QUADRATIC-CUBIC
FUNCTIONAL EQUATION IN NON-ARCHIMEDEAN
NORMED SPACES

YANG-HI LEE

ABSTRACT. In this paper, we investigate the stability for the functional
equation

fl@+ky) —kf(z+y) +kf(@—y) = fle—ky) = (> = k) f(y) + (> = k) f(~y) = 0
in the sense of M. S. Moslehian and Th. M. Rassias.

1. Introduction

In 1940, Ulam [18] proposed the problem concerning the stability of group
homomorphisms. In 1941, Hyers [6] gave an affirmative answer to this problem
for additive mappings between Banach spaces. Subsequently many mathemati-
cians came to deal with this problem [5, 15].

Recently M. S. Moslehian and Th. M. Rassias [13] discussed the Hyers-Ulam
stability of the Cauchy functional equation

flx+y) = f(z)+ fy)

and the quadratic functional equation

flz+y) + fle—y) —2f(x) —2f(y) =0

in non-Archimedean normed spaces. The following definitions and terminologies
were introduced by M. S. Moslehian and Th. M. Rassias [13].

Definition 1. Let K be a field. A function |- | : K — [0,00) is a non-
Archimedean valuation if the following conditions hold:

(7) |r] = 0 if and only if r = 0,

(1) |rs| =|r||s|, and

(#2) |r + s| < max{|r|,|s|} for all r, s € K.

A scalar field K with a non-Archimedean valuation |-| is called a non-Archimedean
field.
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Clearly 1| =] —1] and |n| < 1 for all n € N.

Definition 2. Let X be a vector space over a scalar field K with a non-
Archimedean non- trivial valuation |- |. A function || - || : X — R is a non-
Archimedean norm (valuation) if it satisfies the following conditions:

() ||z|| = 0 if and only if z = 0;

(i) [rall = Irlllz] (r € K,z € X);

(#i7) the strong triangle inequality (ultrametric); namely,

[l +yll < max{||z[], lyll} (z,y € X).
Then (X, | - ||) is called a non-Archimedean space.
Due to the fact that
0 = 2ll < mas{ 21 — 2yl s < j <n—1}n > m)

a sequence {x,} is Cauchy if and only if {z,4+1 — x,} converges to zero in a
non-Archimedean space. By a complete non-Archimedean space we mean one
in which every Cauchy sequence is convergent.

A solution of the quadratic functional equation is called a quadratic mapping
and a solution of the functional equation

flx+2y) =3f(x+y) +3f(x) — fl —y) —6f(y) =0.

is called a cubic mapping [7, 12, 14]. A mapping f is called a general quadratic-
cubic mapping if f is represented by sum of a quadratic mapping, a cubic
mapping and a constant mapping. A functional equation is called a general
quadratic-cubic functional equation provided that each solution of that equation
is a general quadratic-cubic mapping and every general quadratic-cubic mapping
is a solution of that equation [2, 3, 10, 11, 12, 17, 19]. Now, consider the following
functional equation

fx+ky)=kf(z+y) +Ef(x—y) - flo—ky)
(1) — (K = k) f(y) + (* — k) f(~y) = 0.
It is easy to see that the mapping f(x) = ax® + bz? + ¢ is a solution of the
functional equation (1), where f : R — R and a, b, ¢ are real constants.
When £k is a fixed rational number such that k # 0, £1, the functional equa-
tion (1) is a general quadratic-cubic functional equation.

In this paper, we investigate the general stability of that functional equation
in non-Archimedean normed spaces.

2. Stability of the quadratic-cubic functional equation

Throughout this section, assume that V and W are real vector spaces, X
and Y are non-Archimedean normed spaces over K with |k| < 1, and k is a real
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number such that & # 0,£1. For a given mapping f : V — W, we use the
following abbreviations:

fo(x) — f(l') _2f(_$)7

1) = f(@) +2f( ) _ f(0),
Qf(z,y) =f(x+y) + flx —y) —2f(z) — 2f(y),
Cf(x,y) :=f(r+2y) = 3f(x+y) +3f(x) — flx —y) —6f(y),
Dy f(z,y) =f(x+ky) —kf(z+y) +kf(x—y) — flz—ky)

(
— (K= k) f(y) + (K — k) f(—y)

for all x,y € V.
We need the following particular case of Baker’s theorem [1] to prove main
theorem.

Theorem 2.1. (Theorem 1 in [1]) Suppose that V' and W are vector spaces
over Q, R or C and ag,Bo, ..., &m, Bm are scalar such that ;B — oqf; # 0
whenever 0 < j<Ii<m. If f{ : V > W for0<I1I<m and

> flonz + Biy) =0
1=0

for all z,y € V, then each f; is a generalized polynomial mapping of degree at
most m — 1.

We easily obtain the following theorem from Theorem 2.1.

Theorem 2.2. Let k be a rational number such that k # 0,£1. If a mapping
f V. — W satisfies the functional equation Dy f(x,y) = 0 for all x,y € V,
then f is a generalized polynomial mapping of degree at most 3.

Suppose that f,g : V — W are generalized polynomial mapping of degree
at most 3. It is well known that if the equalities f(kz) = k%2f(z) and g(kx) =
k3g(x) hold for all z € V and any rational number k such that k # 0, £1, then
f and g are a quadratic mapping and a cubic mapping, respectively.

In the next theorem we will show that the functional equation Dy f =0 is a
general quadratic-cubic functional equation when k be a fixed rational number
such that k # 0, £1.

Theorem 2.3. Let k be a fized rational number such that k # 0, +1. A mapping
[ satisfies the functional equation Dy f(x,y) =0 for all xz,y € V if and only if
11 is quadratic and f, is cubic.
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Proof. If a mapping f satisfies the functional equation Dy f(z,y) = 0 for all
x,y € V, then the equalities f,(kz) = k3f,(x) and f.(kz) = k*f/(x) are ob-
tained from the equalities

foll) — K2 () = 2:0L0:0)

2 )
kxr x kr =x

fitke) ~ 12 5200) =5 (ut (5.5 ) 4 our (- 53

for all z € V. Since f, and f. are generalized polynomial mappings of degree
at most 3, f, is a cubic mapping and f! is a quadratic mapping.

Conversely, assume that f, is a cubic mapping and f! is a quadratic mapping,
i.e., f is a general quadratic-cubic mapping. Notice that f, satisfies the equality
folkw) = Bf,(x) and fo(w) = —fo(—a). f. satisfies fi(kz) = kf!(z) and
fiz) = fi(—z) forall z € V and all k € Q, and f(z) = fo(z) + f.(z) + f(0).

The equalities Dy f(z,y) = 0 and D3 f(x,y) = 0 follow from the equalities

Ds fo(z,y) = Cfo(z,y) + Cfolz — y,y),
Dofo(z,y) = Qfc(z +y,y) — Qfc(r — y,y),
Dsfo(z,y) = Cfolz —y,2y),

Dsfo(z,y) = Qfi(x +y,2y) — Qfi(x — y,2y),
D5 £(0,0) =0,

D5f(0,0) =0

for all z,y € V. If the equality D;f(x,y) = 0 holds for all j € N when
2 < j <mn-—1, then the equality D,, f(x,y) = 0 follows from the equality

Dy f(x,y) =Dn-1f(x +y,y) + Dn-1f(x —y,y) = Dn-2f(z,y) + (n — 1) D2 f(x,y)
for all z,y € V. Using mathematical induction, we obtain

Dy f(z,y) =0
for all z,y € V and any n € N. If £ € Q is represented by either £ = > or

k = ==& for some n,m € N with m # n, then the desired equality Dy f(z,y) =0
follows from the equalities

le(xay) =Dy, f (x; g) - Eijf (xa E) )
m m m m
D f(z,y) == Dax f(z,y)
for all z,y € X and n,m € N. O
Theorem 2.4. Let ¢ : V2 — [0,00) be a function such that
k™ax, k™
@) i PR k)

n—oo |k|3”

=0
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for all z,y € V and let (x) be the limit

(3) lim max{gpj(z),goj(fx) 0<j< n}

n— oo

for each x € V, where

_ i . i1 .
(,O(O,ij) (p(kj2 x?%) (p(_kJQ mﬂ_kJTx)

oi(e) = max{ Gy S T
iy kg iy iy
o1, 55E) <P(—kTv—kT)}
IR RRE S

Suppose that f :' V =Y is a mapping satisfying f(0) =0 and
(4) [1Drf (2, y)ll < o(x,y)

for all x,y € V. Then there exists a unique general quadratic-cubic mapping
T:V =Y such that

(5) 1f(z) =T (@) < ¢(x)
for all x € V. In particular, T is given by

/ kn / _kn kn _ _kn
T(m)znli_)rr;of( x);kén( A I)Qk*’;f ") 4 4(0)

for allz € V, where f' : V =Y is a mapping defined by f'(z) := f(x) — f(0).
Proof. Let J,f:V — Y be a mapping defined by
/(n / n n n
Jof(z) = [Tk )J.rkJ;n(—k z) fé—kérg—k x)
for all x € V and n € NU {0}. Notice that Jyf(z) = f(z) and
175.f (2)=Tj1 f (@)
_H —Dif(0,kx)  Dif (555, 5) + D (= B2, k)

+ £(0)

9. k333 2. k2i+1
J+1, J+1, Jx
Dkf(k >+Dkf( Boe —kr)
2. k27+2
< Dkf((),kjlﬂ) Dkf(’“;l"”,%) Dkf( kJ+1 ’_k;x)
= max 9. k3it3 ||’ 9. k2j+2 ’ 2- k:23+2 ’
Dkf %,%) )
’ 2. ]<;2J+1

(6) <@J

for all z € V and j € NU {0}. It follows from (2) and (6) that the sequence
{Jnf(x)} is Cauchy. Since Y is complete, {J,, f(x)} is convergent. Set

T(x):= nILH;O Inf(2).
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Using induction one can show that
(7) [Jnf(x) = f(2)]] <max{p;(x):0<j<n}

for all n € N and all x € V. By taking n to approach infinity in (7) and using
(3) one obtains (5). Replacing = and y by k™z and k™y, respectively, in (4) we
get
Df(k"z,k™y) — Df(—k"z, —k™y)
[DJnf ()l = 3n
2-k
n Df(k™x,k™y) + Df(—k™x,—k™y)
2. k.2n

o(k"x, k"y) p(—k"z, —k"y)

20 [k 2] kP
p(k"x, k"y) o(—k"x, —k"y) }

2] [k 7 2] kP

<max{

for all z,y € V and n € NU {0}. Taking the limit as n — oo and using (2)
we get DT(xz,y) = 0 for all z,y € V. If T} is another general quadratic-cubic
mapping satisfying (5), then the equality

T1 (m) — JnTl (l’)

follows from the equality

)

n—1 i Ko ko Kz a
—DyT1(0,k7z)  DpTi (555, 55%) + DTy (— 555, 5=
T (z) — J,Th(x) = Z ( 5 13513 - 9. L2j+1
§=0
DTy (B2, 52) + Dy (- Be, ke
a 2. k242

for any n € N and so we have
IT(@) - Ty@)] = lim |1, 7(x) — JuT3(2)]
<l mas{[L,T(@) — Ju (@) [ Jaf(2) — T3 (@)}

| [T (ma) — fkma)]| | T(—kma) — f(—ka)]|

SJE@OM{ PICE PG ’

1f(k2) — Ty (k") [ F(—k"2) — T3 (—k"a)] }
DI 2]l

{@j(k"x) pj(—k"z)
2[[k[3n 7 |2]|K[3n

< lim lim max
n—o0 m—0oo

=0

:0§j<m}

all z € V. Therefore T' = T;. This completes the proof of the uniqueness of
T. O
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Corollary 2.5. Let X and Y be non-Archimedean normed spaces over K with
|k| < 1. If Y is complete and for some 3 < r, f: X =Y satisfies the condition

1D f (@ y)l < O(zlI” + llyll")

for all x,y € X. Then there exists a unique general quadratic-cubic mapping
T:X —Y such that

(®)
1 (@) = T(@)| < 0 max{|2] 7 k[, 27177 (1 + [k[7) %] 72, 20207 [k M|

forallx € X.
Proof. Let o(x,y) = 0(||z||” + |ly|I"). Since |k| <1 and r —3 >0,
lim [k|~* (K", k"y) = lim (k""" Vp(z,y) =0

for all z,y € X. Therefore the conditions of Theorem 2.4 are fulfilled. It is easy
to see that @¢(x) = @-max{|2| k| =3, [2] 717" (14 |k|")| k| =2, 22| 7"|k[ L 2"
By Theorem 2.4 there is a unique general quadratic-cubic mapping 7' : X — Y
satisfying (8). O

Theorem 2.6. Let ¢ : V2 — [0,00) be a function such that
9) i [k[* (k™" k) = 0

for all x,y € V and let for each x € V the limit

(10) lim max {1 (2).p_yor(~2) : 0 < j <}

denoted by ¢(z), exists, where @; is defined as in Theorem 2.1. Suppose that
f:V =Y is a mapping satisfying f(0) =0 and

(11) 1D f(z,y)ll < ¢(,y)

for all x,y € V. Then there exists a unique general quadratic-cubic mapping
T:V =Y such that

(12) If'(z) = T ()] < &(x)

for all x € V. In particular, T is given by

k2 T —x E3n x —x
r@ =t (5 (7 ()~ (7))« 5 () 7 (5))) =70
forallz e V.
Proof. Let J,f:V — Y be a mapping defined by

i = (1 () + 1 () + 5 (1 (&) -1 (F)) +0)
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for all x € V and n € NU {0}. Notice that Jyf(z) = f(z) and
15 (@)= Jjs1 f ()]

FIDLf(0, ) | K v —x
- ) T < f(Q Ik .kj+1>+Dkf(2 Ik -kj+1>
X X —T
+kaf(2 ki+1’2-kj+1>+kaf(2 Kitl 2. ka+1>)H

k% v | K .
<
—max{ 2] HD’“f( kjﬂ) o [P\ T ka 2 kitt

|K|%7 -z —x |k|2I+1 x x
2] Del\ 5 31 ) || 2| Def\ g 3
|2+

2] Dl 37 kﬂ+1’2 kﬂ“

(13)  =pj(x)
for all z € V and j € NU{0}. It follows from (13) and (9) that the sequence
{Jnf(z)} is Cauchy. Since Y is complete, {J,, f(x)} is convergent. Set

T(x):= nh_}rr;o Inf(z).
Using induction one can show that
(14) [Jnf(2) = f(2)]] < max{p_;j_1(x): 0 <j <n}

for all n € N and all z € V. By taking n to approach infinity in (14) and using
(10) one obtains (12). Replacing z and y by k™" and k™ "y, respectively, in

(11) we get
E3n Ty E3n —x —y
Y pr(= 2 _ Y prl = 2
2 f(k”’k”) 2 f(k”’k")
2n 2n

() o (7))

2
— n z ) —Z Yy
<max {271k (570 5 ) S 1217 K (Qn, 2n)}

for all n € N and all z,y € V. Taking the limit as n — oo and using (9) we get
DT (z,y) = 0. If Ty is another general quadratic-cubic mapping satisfying (12),
then the equality T3 (x) = J,Ti(x) follows from the equality

Tl(.’E)—J Tl(x)
]{,‘3] Dle (0, kﬂ%) k2j x X —T
DT, : DT, :
; ( 2 2 ( F 1(2 ki’ 2-kJ+1)+ ¥ 1(2 ki’ 2-kﬂ+1)

T xr —Z
+kD’“T1<2-kJ’H’2~kH1>+kaT1<2 b kﬂ“)))

1D ()] =}

'M'

Il
<
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for any k£ € N and so

IT(x) = Ti(@)]| = lim [JuT ()~ Ju T3 ()]
< Jim max{[JT(@) T f @), | f ) = T T3 ()]}
2n _
< tim Bt | (5) = ()] | (5) -7 (F)|
I G) -7 G I () - ()l
Snll)n;o | ||2n T&gnoo max {(p,j,l(k_”x),(p,j,l(—k:_"x) 0<j< m}
=0
for all x € V. Therefore T'= Ty. This completes the proof of the uniqueness of
T. O

Corollary 2.7. Let X andY be non-Archimedean normed spaces over K with
|k| < 1. If Y is complete and for somer < 2, f: X =Y satisfies the condition

1Dy f (2, )| < O(]l]" + [lyl")
for all x,y € X. Then there exists a unique general quadratic-cubic mapping
T:X —Y such that
(15)
£ () = T(2)|| <6 - max{[2] k[, 217177 (1 + [k|77), 2027 7"k Y ||
forallxz € X.
Proof. Let p(z,y) = 0(||z||"+]|y||") for all z,y € X. Since |k| < 1 and 2—r > 0,
lim |k (k™ "z, k™ "y) = hm |k;|”(2 " cp(a:,y) =0
n—oo

for all x,y € X. Therefore the conditions of Theorem 2.6 are fulfilled. It is easy
to see that

P(a) =0 - max{ |2/~ &[T, 12771+ K77, 2027 TR |

for all x € X. By Theorem 2.6 there is a unique general quadratic-cubic map-
ping T : X — Y satisfying (15). d
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