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MODULAR MULTIPLICATIVE INVERSES OF FIBONACCI
NUMBERS

HyuN-JONG SONG

ABSTRACT. Let F,,n € N be the n — th Fibonacci number, and let (p, q)
be one of ordered pairs (Fpni2, Fn) or (Fp1,Frn). Then we show that
the multiplicative inverse of ¢ mod p as well as that of p mod ¢ are again
Fibonacci numbers. For proof of our claim we make use of well-known

Cassini, Catlan and dOcagne identities. As an application, we determine
_ (@P1-1)(t-1)

the number Nj, 4 of nonzero term of a polynomial Ay 4(t) = =D i=1)

through the Carlitz’s formula.

1. Preliminaries

Motivation of problems dealt in this paper arose from two intriguing observa-
tions made for a torus knots ¢(p, ¢) in knot theory where p, g are relative prime
positive integers. One is that for each triple of consecutive Fibonacci numbers
Fri2, Foy1, Fn, twisting F,, 11 -parallel strands of a torus knot ¢(Fy, 2, Fy,), we
have a trivial knot. For more details see [2]. The other is that in 1966 an em-

inent number theorist Carlitz [1] provided a method of computing the number
I G DI ()
- (tr—-1)(t1-1)
be the Alexander polynomial of ¢(p, ¢). Indeed the Alexander polynomial A, ,
is ®,4, the pg—th cyclotomic polynomial if p, ¢ are distinct primes [3]. Explicit
knowledge of N, 4 is useful for a certain topological construction of ¢(p, ¢) dealt
in [5].

Ny, q of non-zero terms of a polynomial A, , , which turns out to

Definition 1. Let (p,q) be an ordered pair of relative prime positive integers.
Then an ordered pair of positive integers (x,v) is said to be a pairwise modular
multiplicative inverse of (p, q) if and only if

(1) zg=1modp (1 <z <p-—1)and

(2) vp=1mod q (1 <z <-1).
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Note that a pairwise modular multiplicative inverse of (p,q) is uniquely de-
termined.

From [4, Proposition 2.1] we have.
Lemma 1.1. Under the notations in Definition 1.1, the following statements
are equivalent.
(1) (z,v) is the pairwise modular multiplicative inverse of (p,q)
(2) there exists a uniquely determined quadruple of positive imtegers u, v,z and
y such that

(1) zv—yu=1
(2) p=r+y
(3) g=u+tv

Remark 1. In Lemma we can replace equation (1.1) by one of following equa-
tions.

(4) qr —pu =1
() pv—qy=1
From[4, Corollary 2.6] we have.

Lemma 1.2. The number , denoted by Np 4 , of all non-zero terms of A 4(t)
18 equal to v + uy = 2vx — 1.

For simplicity we assume that p > q.
We recall three well known identities which naturally reveals modular mul-
tiplicative inverse of a pair of Fibonacci numbers.
A: Cassinis identity
Fo1Fpp — F} = (-1)"
is divided to two subcases: for each k € N
(6) Fop1Fopy1 — F3 =1
(7) F3iq — ForFopyn =1
B: Catalans identity
Fp = FpoFpo = (-1)""
is divided to two subcases: for each k € N
(8) 3 — Fop_oFop 0 =1
(9) Fop 1 Fopys — Fayq =1
C: dOcagnes identity
Fn+2Fn+1 - FnFn+3 = (_1)71
is divided to two subcases: for each k € N
(10) FopyoFopt1 — Foplogis =1
(11) Fop1Fopyo — Fopp1Fop =1
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2. The main results

The following theorem shows intriguing applications of the three well known
identities among a sequence of Fibonacci numbers to detecting a pairwise mod-
ular multiplicative inverse for a suitable two Fibonacci numbers.

Theorem 2.1. For each k € N we have:

(1)(Fog—_1, For_1) is the parewise multiplicative inverse of (Fogy1, For)-
(2)(Fogs1, Fok—1) is the parewise multiplicative inverse of (Fogyo, Fok+1)-
(8)(Faor, Fog—1) is the parewise multiplicative inverse of (Faogta, Fo).
(4)(Fogto, Far—1) is the parewise multiplicative inverse of (Fogts, Fak+1)-

Proof. (1) For (p,q) = (Fap41, Fax) and (z,u) = (Fok—1, For—2), applying the
d’Ocagne’s identity (10) to equation (4) we have the pairwise multiplicative
inverse (Fag—1, Fog—1) of (Fopq1, Far). In this case equation (5) corresponds to
the Cassinis identity (6), since

(For — For—2)Fopy1 — (Forg1 — For—1)For, =1,
Fop1Fopy1 — F, =1

(2) For (p,q) = (Faorqa,Fory1) and (z,u) = (Fart1,For), applying the
Cassini identity (7) to equation (4) we have the pairwise multiplicative in-
verse (Fagy1, Fog—1) of (Fagt2, Fop+1). In this case equation (5) corresponds to
dOcagnes identity (11), since

(Faorg1 — For) Fogyo — (Fokyo — Fopg1) Forp1 =15
Fop_1Fopqpo — FopFopy =1

(3) For (p,q) = (Fai2, For) and (z,u) = (Fak, Fog—2), applying the Cal-
tatans identity (8) to equation (4), we have the pairwise multiplicative in-
verse (Fok, For—1) of (Fapto, For). In this case equation (1.5) corresponds to
dOcagnes identity (1.11), since

(For — Fop—2)Fopyo — (Foggo — Fop)For, = 1;
o1 Fopio — Fopy1Fo, = 1.

(4) For (p,q) = (Fok+s, Fort1) and (z,u) = (Foria, Far), identifying the
dOcagnes identity (10) to equation (4) we have the pairwise multiplicative in-
verse (Fogyo, For—1) of (Fapts, Fopy1). In this case equation (5) corresponds to
the Catalans identity (9), since

(For41 — For) Fopgs — (Fokys — Fopyo) Fogp1 =15
Fop_1Fopps — F3 =1

O

As an application, we determine the number N, , of non-zero term of the
_ @7-1(=1)

= D= of a torus knot ¢(p, q) as follows:

Alexander polynomial A, ,(¢)
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Corollary 2.2.

(1) NF2k+1,F2k- = 2F22k—1 -1

(2) Nryyo Fopyn = 2Fpp1For1 —1
(3) NF2k+2;F2k = 2FFop 1 -1
(4) Nryys Fapyn = 2Fop42For1 —1

Applying the method introduced in [5] to the Corollary 2.2 , we shall deter-
mine (1,1)-diagrams of torus knots ¢(F,, F,,y2) for each n > 3.
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