Bull. Korean Math. Soc. 56 (2019), No. 3, pp. 745-756
https://doi.org/10.4134/BKMS.b180540
pISSN: 1015-8634 / eISSN: 2234-3016

CHARACTERIZATIONS FOR THE FOCK-TYPE SPACES

HonG RAE CHO, JEONG MIN HA, AND KYESOOK NaAM

ABSTRACT. We obtain Lipschitz type characterization and double inte-
gral characterization for Fock-type spaces with the norm

p  dV(z)

_ —alz|™
19y = [ |ree ot

where a > 0, t € R, and m € N. The results of this paper are the

extensions of the classical weighted Fock space F;a ¢

1. Introduction

For a fixed positive integer n, let H(C™) be the space of all entire functions
on the complex n-space C". For z = (z1,...,2,) and w = (wy,...,w,) in C",
we write

Zow=2W1 + -+ 20Wn, |2l = V]2 2+ F |22

For a > 0, t € R, and m € N, we define dG, q,; the t-weighted (m, a)-
Gaussian measure on C” by
dV(z)
L+ ]2
where dV is the volume measure on C" and Cy, o, is the positive constant to
be the normalized volume measure. For 0 < p < oo , we consider the Fock-type

space F}, , ,(C") consisting of all f € H(C"), the class of all entire functions
on C", where the norm is defined by
p o dV(z)

pp = Cm « Nt
1., = Conee [ (EaEY:

Then Fy ,,(C") = LP(dGm apt) N H(C"). When m = 2, Fy , ,(C") is the
classical weighted Fock space.

—alzl™
dan,(x,t(Z) = Cm7a7t6 =

fzeer”
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746 H. R. CHO, J. M. HA, AND K. NAM

In this paper, we characterize the Fock-type space Fy, ,,(C"). One of the
main results is Lipschitz type characterization for Ff,’%a’t (C™) stated in Theorem
1.1 as follows.

Theorem 1.1. Leta > 0,0<p<oo,s >0, meNandt € R. Then the
following statements are equivalent for entire functions f on C™:

(a) f € Fy . (CM).
(b) There exists a nonnegative continuous function g € LP (G, ap t—sp(m—1))

such that
W < ([ M (g(2) + g(w)

for each z,w € C™ with z # w.
For f € H(C™), we define
Lf(z,w) = f(z) = f(w).

Let m be an even positive integer and s € R. As a local type, we define

Lif(zw) = [f(2) = f)]e™) " xp, o (w),
where x g, (.) denotes the characteristic function in the Euclidean ball E,.(z) =

{w eC:lw—z < W} for r > 0. Hence, the other main result is the

double integral characterization for F}, , ; as follows.

Theorem 1.2. Let « > 0, 0 < p < 0o, and t € R. Let m be an even positive
integer. For s >0, let 5 = ”TO‘ Then the following statements are equivalent
for entire functions f on C™:

(2) f € Fa(CY).
(b) Lf S Lp(Gm7ap)t X Gm,ap,t)-
(¢) Lif € LP (G gp,s X Gm,p,s), where § = £ —n(m —1).

In Theorem 1.2, (a) and (b) are equivalent when m € N. On the other hand,
(a) and (c) are equivalent when m is an even positive integer. An even positive
integer m is necessary in order that the function L? f(z,w) is holomrphic with
respect to w.

Lipschitz type characterization for weighted Bergman spaces with standard
weights on the unit disc in the complex plane C in terms of the Euclidean,
hyperbolic, and pseudo-hyperbolic metrics was introduced by Hasi Wulan and
Kehe Zhu [5]. Moreover, they generalized these results to the unit ball in C™. As
an application, they proved the boundedness of the symmetric lifting operator
in [4]. Moreover, double integral characterizations for weighted Bergman spaces
in the unit ball in C™ were proved in [3] and [4]. Our results were motivated
by Lipschitz type characterization and double integral characterization for the
weighted Fock spaces Fy , ,(C") in [1]. Tt’s well known that Fy , ,(C") is closed
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in LP(Ga,ap,¢). In particular, F3 , ,(C") is a Hilbert space and the reproducing
kernel K, at z € C" for F221/2 o(C™) is given by

K. (w) =e"".

See [6]. In [1], the reproducing kernel K, was used to get a norm estimate for
Fga,t(C"). In this paper, we have the same norm estimate for the Fock-type
space F}, , (C™) without using K.

For nonnegative quantities X and Y, the notation X <Y means that there
exists a positive constant C such that X < CY. The constant C is independent
of the relevant variables. Furthermore, the notation X ~ Y means that X <Y
and Y < X. In this case, we say that X and Y are equivalent.

2. Preliminaries

In this section, we suppose m € N.
For r > 0, E,.(z) is defined by

T

Lemma 2.1. Let m € N and r > 0. For any w € E,(z), there exists a positive
constant C = C(m,r) such that

(2.1) B, (2)

m
w]

(2.2) cl< & _ <o

= e‘z‘m =

Moreover, there exists a positive constant C' = C(m,r) such that

. e 217 <

Proof. Note that the asserted inequalities are clear when m = 1. So, let m > 2.
For w € E,(z), we have

ol < T+ 1
so that
m m " /m z|m—k

ol < 27+ 3 () e
(2.4) < Jz|™+ (L 4r)™.
Similarly, we get
(2.5) LT+ w[™ < (L4 2™+ )™
which implies

T r(1+4r)m=1

< .
T S A el
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Thus, we have

(2.6) E7(Z) (- E2r(1+r)7n71(w)7 w € E7(Z)

Consequently, (2.4) and (2.6) give us (2.2). Moreover, (2.5) and (2.6) imply

(2.3). The proof is complete. O
We denote a multi-index M = (myq,...,my) which is an n-tuple of non-

negative integers and use the following notation |M| =m; + -+ + m,, M! =
mi!---my!and OM = 97" ... 9 where 0; denotes partial differentiation with
respect to the j-th component.

Lemma 2.2. Letr >0, m € N and a,t € R. Given a multi-index M, there is
a positive constant C = C'(a,m,r,t, M) such that
0" ()" el e~oll”

__<cC wIlP
(1+|Z|mfl)P|kﬂ+2n+m = 5. (2) lg(w)] 1+ [w])

dv(w), ze€Cm,

for0 <p< oo and g € H(C™).

Proof. Let 0 < p < oo and g € H(C™). Let z € C". By subharmonicity we
have

pe L w)|P w
9 < gy [, o V)
= —(1 + ‘Z|m71)2n w) [P dV (w
o [l av)

where w, is the volume of the unit ball of C"”. And hence the Cauchy Estimates
over the ball E(z) implies that

0" < Ot Ly [ gl avw)
E,.(z)
for some C = C(m,r, M) > 0. Moreover, for z € C", we know
L+ [e[™ 7 R (L + [z
So, using (2.2) and (2.3), we complete the proof. O

For a function f € H(C"), we define the radial derivative Rf of f at z by

The complex gradient of f at z is defined by

1/2

n 2

ViE)I= [

j=1

of

82’]‘ (Z)

For a radial function ¢(r), we deduce Proposition 2.5 from Definition 2.3.
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Definition 2.3 ([2]). Assume ¢ : [0,00) — R* is twice continuously differen-
tiable and there exists p > 0 such that ¢'(r) # 0 for r > p. We say that ¢ is in
the class W, if it satisfies the following conditions:
—pé(r)
lim =0

R

lirnsup1 (T>I < B,
oo T \ @' (7) n

lim inf B (T>I > —o00.
r—oo 1 \ ¢ (r)

Lemma 2.4 ([2]). Let 0 < p < oo and ¢ € W,,. Then for f € H(C"),

pe 290D gy ()| OVt | — LB poge
e [ 1rererDavex o+ [ e aves).
Note that constants functions are contained in F}, , ,(C") so we have f €
F}, o.+(C")if and only if f—f(0) € F}, , ;(C"). Furthermore Lemma 2.4 implies
that F£7a7t(C")—norm of f — f(0) is equivalent to the norm of the product of
its radial derivative and
that this factor H_‘%lm

the radial derivative. See the following.

W in the n-dimensional complex space. We know

is the supplementary amount to control the growth of

Proposition 2.5. Let @« > 0, 0 < p < oo, m € N, and t € R. Then the
following norms

Rf(2)

1+ |z|™

Vi(z)

LP(Gm.ap.t) ’ H L+ |zm—t

1 = FO)r |

Lp(Gm,ap,t,)
are comparable to one another for f € H(C™).
Proof. Let ¢(|z]) = alz|™ + % In(1 + |z|) for z € C™. Then ¢ is in the class W,

when m € N and ¢t € R. Also, by simple calculation, there exists a constant
C = C(a,m,r,t) > 0 such that

- 1+ [z™
Ol 117
~ 14|29 (l2])

Thus, applying Lemma 2.4 to f — f(0), we obtain
/ 1£(2) — fopeer D / (lRfU' dv(2)
n -

<C.

(1+=Dr 1+ [z]m)P 1+ 2D
Also, due to [Rf(2)| < |2||V f(z)|, this estimate implies
Vi(z)
15 = SO S | .
o 1 + |Z‘m ! Lp(Gm,,ozp,t)
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Now, it remains to show

Vf(z)
14 |zjm-1

S = FO)F e

LP(Gm,ap,t)
It follows from Lemma 2.2 that

M [ w) — p w
o S A+ [ ) = o avi),

Let » > 0 and rq := 2r(1 4+ 7)™~ L. Integrating both sides of the above against
dGm,ap,t, we have from (2.6), (2.2) and (2.3)

Vi) |l
1+ [zmT

L?(Gm,ap,t)

S [ 1) SOP V) Gtz (2

S L 0 HO iy )

~|If =0 Hpmt
as desired. 0

3. Lipschitz type characterization
In this section, we prove our first result Theorem 1.1. For r > 0, we set
Q= {(z,w) : |w—2[(L+ ||+ Jw|™ ") <r}.

Theorem 3.1. Leta > 0,0<p<oo,s>0,meN, andt € R. Then the
following statements are equivalent for entire functions f on C™:

( ) fe mat(cn)'

(b) There exists a nonnegative continuous function g € LP(G . ap t—sp(m—1))

such that
W < (L™ ™ (g(2) + g(w))

for each z,w € C" with z # w.

Proof. First, we assume that (b) holds. Fixing z and taking the limits w — z
along the directions parallel to the coordinate axes,

0;F ()] S L+ 12" Heg(2)
for each j. Thus, we have
Vf(z . B
Pl S At B g, zeC
and thus

Mef‘lmﬂm L(Z) Py pefap\z\m dV(Z)
/(Cn (14 [z|m=1)P (1+|z])t S /n l9(2)] (1+ [2])t—sp(m=-1)"
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Since g(z) € LP(Gp,ap,t—sp(m—1)), by Proposition 2.5, we conclude
f € Frlr)L,a,t(Cn)'

Second, we assume that (a) holds. Fix any r > 0. We consider (z,w) € Q,.
Then w € E,.(z) and

1 + ‘Z|m—1 4 |w|m—1 ~1 + |Z|m—1.
By the fundamental theorem of calculus, we get

F(2) = fw)] < |2 —ul / V(o= + (1 — pyw)| dp.

Since pz + (1 — p)w in E,.(z), it follows

(3.1) 1f(2) = f(w)] <[z —w| sup [Vf()].
CEET(Z)
Furthermore, we note
~ m—1\1+4s Ivf(<)|
(3.2) ~(1+ ‘Z|m71 + |w|m )t IVl

RN
for ¢ € E,(z). Let
V(O
hs(z) := sup ————5—.
) cer (=) (LA [¢[mT)Is
Then we have by (3.1) and (3.2)
[f(2) = fw)] S 2 = wl(L+[2]™ 7"+ [w|™ 1) (hy(2) + hs(w))
for (z,w) € Q,.
Next, we consider (z,w) ¢ Q,. Then |w — z|(1 + [z|™! + |Jw|™"1) > r.
Therefore, for s > 0, we obtain
|f(2) = f(w)]
z—w|(1+ |z|™ ! + |w|m !
< Bl R o) 4 )

2wl (L4 2"+ ) () Fw)]
= ; <<1 TR O |w|m—1>s> |

Hence, by setting g(z) := hs(2) + %

f(2) = fw)] S [z = wl(L+ [ + w71 (g(2) + g(w))
for each z,w € C"™ with z # w. Note that the constant suppressed above

depends only on m,r and s. Also, the function g(z) is continuous on C". It
remains for us to show the function g(z) belongs to L (G apt—spm—1))- 1t is

clear that % is in LP (G ap,t—sp(m—1)) for f € Y, ,(C™).

for z € C™, we have
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Now, we claim h; is in LP (G, ap,t—sp(m—1))- Let ¢ € E.(z). Then E, (¢) C
E,, (2) by (2.6) where ro = 2r(1+7)™"! and r; = 2ro(1+1r¢)™ *. By Lemma
2.2 and (2.3), we get

‘Vf(<)|p < m—1\2n—sp w) P w
T S /| Hravw)
< (14 [2m-Lyzn—sp / | Fw)[P dV (w).

Erl(z)

Taking the supremum over ¢ € F,.(z), we have

(AP S @+ e [ ) avie)

Erl (2)

for all z € C". Let ro = 2r;(1+71)™~!. By integrating both sides of the above
against the measure dG, op,t—sp(m—1)(2), it follows

1hsl e

m,ap,t—sp(m—1))

< /(C"(1+|z|m— ) "/En(z)|f(w)pdV(w) G ot (2)
= [ A @ ) () G (2) AV ()
< [ ] @) P, 0 (2) G apa(2) AV (w)
= w)|P L+ [2]™ 2" dG ap.t (2) AV
= [Ler [ s (2) v (w),

where y denotes the characteristic function in its subscripted set. For z €
E,,(w), we know (2.2) and (2.3). Hence, it follows that

p
Hhs ||LP(G'm,ap,t75p(mfl))

S [ 1fpa o /ww) AV (2) dCi s ()

2n
m— n WnT
S [ PO ol e i ()
<l
This finishes the proof. O

From the proof of Theorem 3.1, we have the following local version of The-
orem 3.1 for arbitrary s real.

Theorem 3.2. Let a > 0,0<p<oo,r>0, meN, and s,t € R. Then the
following statements are equivalent for entire functions f on C™:

( ) fe mat(cn)'
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(b) There exists a nonnegative continuous function g€ LP (G, ap t—sp(m—1))

such that
W <[+ ™) (g(2) + g(w))

for (z,w) € Q, with z # w.
4. Double integral characterization

In this section, we prove the main Theorem 1.2. By the same proof of
Proposition 3.1 in [1], we have the following.

Theorem 4.1. Let 0 < p < oo and ¢ € W,. Then the estimate
[ 156 = s@re av)

~ / / Lf (2, w)[Pe 70D gy (z) e=PeUwD gy (i)
holds for f € H(C™).
Letting ¢(|z|) = a|z|™ + iln(l + |z|) for z € C™, Theorem 4.1 gives us the
following characterization.

Theorem 4.2. Leta>0,0<p < oo, m €N, andt € R. Then the following
statements are equivalent for entire functions f on C™:

(a) f € Fp o(C).
(b) Lf S Lp(Gm,ap,t X Gm,ap,t)-
Moreover, the norms

If = fO)lFz

m,a,t

and ||Lf||Lp(GnL,ap,tXGvn,ap,t)
are comparable to each other.
Lemma 4.3. Let 0 < p < oo and s > 0. Let m be an even positive integer. For
w € E,(z), there exists a positive constant C' such that es(z'“’)% P < espla|™
T ) p ~
Proof. We prove that
|e5C ) E | — Rl F] o popla) F Jwl ¥

sp(z" + w]™)
2

<e
splz|™
<e

by the Cauchy-Schwarz inequality, arithmetic-geometric mean inequality and
(2.2) in Lemma 2.1 for w € E,(z) in turn. O

Theorem 4.4. Let a,7 > 0,0 < p < 0o, andt € R. Let m be an even positive
integer. For s >0, let B := s+7oz Then the following statements are equivalent
for entire functions f on C™:

(a) f € Fpai(C).
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(b) Lif € LP (G pp,s X Gm,ps), where § = £ —n(m —1).
Moreover, the norms
If = fOez ., and [|LIfILe(GonspsxCunip.s)

are comparable to each other.

Proof. We assume that (b) holds. Fix f € H(C") and let z € C". Define a
function

g-(w) = [f(w) — f()]esE)

Then g, € H(C") and Vg.(z) = Vf(2)e*I". By applying Lemma 2.2, (2.2)
and (2.3), we get

V(=)™
()
S+ |Z|’"’1)2”/ |F(w) = ()Pl EDF P av (w)

()
(L+ [z )"

+
(s 2a)p ‘Z‘m

~ e

X /E~1,(z) |f(w) - f(z)|i0|es(z.w)

% |p67 (s+2o<)p |w‘m

(14w =1)™ dV (w).

By integrating both sides of the above against dG,, (s4a)p,:(2) and applying
(2.3) for w € E,.(z), we have

P
s /n/E,.(z> [F@w) = FEPIEE 17 4G 1) (®) AG o 11 (2)
R ALy N Le (G o 5% G o0+
Thus, by Proposition 2.5, we obtain
1f = F(O)llx

The constant suppressed above is independent of f. We complete that (b)
implies (a).
Now, we assume that (a) holds. Let rog = 2r(1 4 r)™~1

III)L at ||LSfHLP(Gm 69,6 XGm,Bp,5)-

HLSfHLp(Gm Bp, s XGm, ,Bp, 5)

/ / F(w) — P T P o) () dCrn s (w) A 5 (2)
/ / O 1 EF Py ) () dGi 5p 5 (1) AGon i 5(2)
/ / 0PI E X i ) (2) AGon o 5(2) G s ()

AN
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S [ SO [ e T P A 5(0) G s(2)

For the first inequality, we used E,(z) C E,(2), Er(2) C Ey(w) for w € E,.(2)
and Fubini’s theorem. And for w € E,, (%), we have from (2.3)

‘|Lf’f| ‘LP(Gm,[ﬂp,SXGm,ﬂp,é)

S [ 1) = oLy

X / |esZw) 2 |p dGom pp,—n(m—1) (W) dGp gp 1 (2)
E'FO (Z)

L) = FOPLE) G a2,
where I,.(z) := e(_Sera)pMm(l + |z|mL)m fE ) |65(E'“’)% |pdGm,5p7_n(m_1)(w).
ro
Now, we claim that I.(z) < 1.
For w € E,,(z), we have Lemma 4.3, (2.2) and (2.3). It follows that

[ e PG ey (@) S [ G sy ()
ETU (Z) ETO (Z)

S FEHT (@ ) Y B )]
Since V[E,,(2)] = (1 + |2|™"1)72", we have I,(z) < 1. Hence we complete
that (a) implies (b). O
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seems to be possible that the research extends to Fock-type spaces with general
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