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ON CLIQUES AND LAGRANGIANS OF HYPERGRAPHS

QINGSONG TANG, XIANGDE ZHANG, AND CHENG ZHAO

ABSTRACT. Given a graph G, the Motzkin and Straus formulation of the
maximum clique problem is the quadratic program (QP) formed from
the adjacent matrix of the graph G over the standard simplex. It is well-
known that the global optimum value of this QP (called Lagrangian)
corresponds to the clique number of a graph. It is useful in practice if
similar results hold for hypergraphs. In this paper, we attempt to explore
the relationship between the Lagrangian of a hypergraph and the order
of its maximum cliques when the number of edges is in a certain range.
Specifically, we obtain upper bounds for the Lagrangian of a hypergraph
when the number of edges is in a certain range. These results further
support a conjecture introduced by Y. Peng and C. Zhao (2012) and
extend a result of J. Talbot (2002). We also establish an upper bound of
the clique number in terms of Lagrangians for hypergraphs.

1. Introduction

Given a graph G, the Motzkin and Straus formulation of the maximum clique
problem is the quadratic program (QP) formed from the adjacent matrix of the
graph G over the standard simplex. It is well-known that the global optimum
value of this QP (called Lagrangian) has applications in both combinatorics and
optimization. Motzkin and Straus’ result basically says that the Lagrangian of
a graph corresponds to the clique number of this graph (the precise statement
is given in Theorem 2.1). This result provides a solution to the optimization
problem for a class of homogeneous quadratic multilinear functions over the
standard simplex of an Euclidean plane. The Motzkin-Straus result and its
extension were successfully employed in maximum clique problem (see [1-3,7]).
It has been also generalized to vertex-weighted graphs [7] and edge-weighted
graphs with applications to pattern recognition in image analysis (see [1-3,7,
12-14,20)).

For hypergraphs, the Lagrangian and its variants have been a useful tool in
hypergraph extremal problems, hypergraph clustering, and social networks.
For example, Frankl-Fiiredi [5] used Lagrangian of hypergraphs in finding
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Turdn densities of hypergraphs. Frankl and Rodl [6] used it in disproving
Erdés long standing jumping constant conjecture. The variants of Lagrangian
of hypergraphs are used to detect communities in social networks in [4,27] and
hypergraph clustering [9,19]. In most applications, we need an upper bound
for the Lagrangian of a hypergraph. The obvious generalization of Motzkin
and Straus’ result to hypergraphs is false. In fact, there are many examples
of hypergraphs that do not achieve their Lagrangians on any proper subhyper-
graph. An attempt to generalize the Motzkin-Straus theorem to hypergraphs
is due to S6s and Straus [22]. In [17] and [18] Rota Bulé and Pelillo generalized
the Motzkin and Straus’ result to r-graphs in some way using a continuous
characterization of maximal cliques other than Lagrangian of hypergraphs.

In this paper, we attempt to explore the relationship between the Lagrangian
of a hypergraph and the order of its maximum cliques when the number of
edges is in a certain range though the obvious generalization of Motzkin and
Straus’ result to hypergraphs is false. Specifically, we obtain upper bounds for
Lagrangian of a hypergraph when the number of edges is in a certain range.
These results further provide substantial evidence for two conjectures in [16]
and extend some known results in the literature ([16] and [23]). We also es-
tablish an upper bound for the clique number in terms of Lagrangians for
hypergraphs. The presented results establish connections between a continu-
ous optimization problem and the maximum clique problem of hypergraphs.
Since practical problems such as social networks [4,27] and clustering [9, 19]
are related to the maximum clique problems, this type of results opens a door
to such practical applications.

2. Definitions and main result

An r-uniform hypergraph (r-graph) consists of a set of vertices V(G) and a
set E(G) of r-subsets of V, called edges. When V(G) is not defined explicitly,
it is assumed that V(G) = [n] = {1,2,...,n}. An edge {a1,a2,...,a,} in G
will be simply denoted by ajas---a,. Let Kt(r) denote the complete r-graph
on t vertices, that is the r-graph on ¢ vertices containing all possible edges. A
complete r-graph on t vertices is also called a clique with order ¢. A clique is
said to be maximum if it has maximum cardinality. The clique number of an
r-graph G is defined as the cardinality of the maximum clique of G. Let [t]")
represent the complete r-graph on the vertex set [t].

Definition 1. For an r-graph G = ([n], E(G)) and a vector & = (21,...,2,) €
R", define polynomial form Pg (%) : R" — R! as

Pg(f) = Z xilxiz e xi,,,-
i142-i,.€E(G)

Let S :={% = (z1,22,...,2n) : Y s @ = L,x; > 0fori=1,2,...,n}. The
Lagrangian of G, denoted by A(G), is the maximum of the above homogeneous
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function over the standard simplex S.
MG) == max{Ps(Z) : ¥ € S}.

The value z; is called the weight of the vertex i. A vector ¥ = (21, za,...,2,)
€ R™ is called a feasible weighting for G if ¥ € S. A vector § € S is called an
optimal weighting for G if A(G, 7)) = A(G). The following fact is easily implied
by the definition of the Lagrangian.

Fact 1. Let G1, G2 be r-uniform graphs and G; C G3. Then A(G1) < A(G2).

The maximum clique problem is a classical problem in combinatorial opti-
mization which has important applications in various domains. In [10], Motzkin
and Straus established a remarkable connection between the clique number and
the Lagrangian of a graph.

Theorem 2.1 ([10, Theorem 1]). If G is a 2-graph in which a largest clique
has order t, then A(G) = A (Kt(2)> =1(1-1).

Motzkin-Straus theorem has been proved to be a useful tool in various do-
mains such as maximum clique problem (see [1-3,7]). It has been also general-
ized to vertex-weighted graphs [7] and edge-weighted graphs with applications
to clustering and pattern recognition in image analysis (see [1-3,7,12-14,20]).
Lagrangians of hypergraphs have been proved to be a useful tool in hypergraph
extremal problems, clustering and social networks. For example, it has been
used in finding Turdn densities of hypergraphs in [5,11,21]. However, the obvi-
ous generalization of Motzkin and Straus’ result to hypergraphs is false. In fact,
there are many examples of hypergraphs that do not achieve their Lagrangians
on any proper subhypergraph. An attempt to generalize the Motzkin-Straus
theorem to hypergraphs is due to Sés and Straus [22]. Recently, in [17] and [18]
Rota Bul6 and Pelillo generalized the Motzkin and Straus’ result to r-graphs
in some way using a continuous characterization of maximal cliques other than
Lagrangians of hypergraphs. We attempt to explore the connection between
the Lagrangian of a hypergraph and the order of its maximum cliques for hy-
pergraphs when the number of edges is in a certain range though the obvious
generalization of Motzkin and Straus’ result to hypergraphs is false. In [16],
the following two conjectures are proposed.

Conjecture 1 ([16, Conjecture 1.3]). Let m and t be positive integers satisfying
(tzl) <m < (tzl) + (F?). Let G be an r-graph with m edges and contain a

r—1

clique of order t — 1. Then M\(G) = A([t — 1](").

Conjecture 2 ([16, Conjecture 1.4]). Let m and t be positive integers satisfying
(tzl) <m< (tzl) + (::21) Let G be an r-graph with m edges and contain no
clique of order t — 1. Then M\(G) < A([t —1]™).

In [16], Peng and Zhao proved that Conjecture 1 holds for r = 3.
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Theorem 2.2 ([16, Theorem 1.8]). Let m and t be positive integers satisfying
(tgl) <m< (tgl) + (t52). Let G be a 3-graph with m edges and G contain a
clique of order t — 1. Then A\(G) = A([t — 1]®)).

Lagrangians of hypergraphs and its variants have been proved to be a useful
tool in various domains such as hypergraph extremal problems [5,6,8,11,21],
hypergraph clustering [9,19] and social networks [4,27]. In most applications,
an upper bound is needed. Frankl and Fiiredi [5] asked the following question.
Given r > 3 and m € N how large can the Lagrangian of an r-graph with m
edges be?

For distinct A, B € N(") we say that A is less than B in the colex ordering
if max(AAB) € B, where AAB = (A\ B)U (B \ A). For example, the first
(i) r-tuples in the colex ordering of N(") are the edges of [t]("). The following
conjecture of Frankl and Fiiredi (if it is true) proposes a solution to the question
mentioned above.

Conjecture 3 ([5, Conjecture 4.1]). The r-graph with m edges formed by taking
the first m sets in the colex ordering of N) has the largest Lagrangian of all
r-graphs with m edges. In particular, the r-graph with (:) edges and the largest
Lagrangian is [t]").

This conjecture is true when r = 2 by Theorem 2.1. Talbot [23] has proved
that for positive integers m, ¢ and r satisfying (t;l) <m< (tzl) + (::21), then
MCrm) = ([t — 1]™). So if Conjectures 1 and 2 are true, then Conjecture 3
is true for this range of m.

There are also some partial results for Conjecture 3 for r = 3. In [23], Talbot

proved the following:

Theorem 2.3 ([23, Theorem 2.1]). Lett, m and r be positive integers satisfying
(tgl) <m< (tgl) + (tgz) — (t—1). Let G be a 3-graph with m edges. Then
AG) < At —1]®).

In [25], Tang et al. proved the following:

Theorem 2.4 ([25, Theorem 4]). Let t, m and r be positive integers satisfying
(tgl) <m< (tgl) + (t;2) — % Let G be a 3-graph with m edges and without
containing a clique of order t — 1. Then M(G) < A([t — 1]®).

However for general r, this conjecture is every challenging in extremal com-
binatorics and very few results on this conjecture are known. The following
asymptotic result proved by Talbot is the evidence for Conjecture 3 for r-graphs
on exactly t vertices.

Theorem 2.5 ([23, Theorem 3.1]). For any r > 4 there exist constants vy, and
ko(r) such that if m satisfies

() eme ()4 () e
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with t > ko(r), let G be an r-graph on t vertices with m edges, then AM(G) <
([t —1)™).

Very recently, Tyomkyn obtained further asymptotic result for Conjecture
3 for r-graphs in [26]. In [15], the following result is obtained for r-graphs.

Theorem 2.6 ([15, Theorem 1.10]). Let t, m and r be positive integers sat-
isfying (tzl) <m < (tzl) + (t_z) - (22 -1 ((::3) — 1), Let G be an

r—1
r-graph with t vertices and m edges and contain a clique of order t — 1. Then
MG) = A([t—1)™).

The main result in this paper is Theorem 2.7 which is an accompany result
of Theorem 2.6.

Theorem 2.7. Let m, t, and r > 4 be integers satisfying

Y ) e R R ()

Let G be an r-graph on t vertices with m edges and without containing a clique

of ordert — 1. Then \(G) < A ([t — 1]).

Theorem 2.7 supports Conjecture 2. Combing Theorems 2.6 and 2.7, we
have the following result immediately.

Theorem 2.8. Let m, t, and r > 4 be integers satisfying

(t;l) <m< (t;1> + C:i) —[@r—6)x 2t + 273 ¢ (r —4)(2r — 7) — 1] <<::§> - 1).
Let G be an r-graph with t vertices and m edges. Then MN(G) < X ([t —1]).

Theorem 2.8 provides further evidence for Conjecture 3. The contribution
of Theorem 2.8 is that the method developed in the proof of Theorem 2.7
is simpler and different from that in Theorem 2.5 in some ways. The upper
bound in Theorem 2.8 for the number of edges m is more explicit and an
improvement comparing to the bound in Theorem 2.5. We remark that, in
the proof of Theorem 2.5, we see that v, = 22 and t > ko(r), where ro(r)
is a sufficiently large integer such that (‘%) > ~,.(t — 1)"72 = 22" (¢t — 1)7 2
for t > ko(r). In Theorem 2.8, we improve the upper bound for m from

(5D + (2 =t =172 to

() () e ve -0 (20) )

Note that (tzl) <m< (tzl) + (t_z) —[(2r —6) x 27t 4+ 2773 4 (r — 4)(2r —

r—1

7) —1] ((i:g) - 1) implies ¢ should satisfy (*~%) > [(2r —6) x 2771 + 273 4

(r—4)(2r -7 —1] ((:’:3) - 1). We also improve the condition on ¢ from

(t_z) > 22"(t — 1)"~2 to this value.

r—1
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At this moment, we cannot get rid of the restriction on the vertex number
in general. As an attempt, we obtain the following weaker result without the
restriction on the vertex number.

Theorem 2.9. Let m, t, and r > 4 be integers satisfying
t—1 t—1 (r—=1)"t(t—=2)---(t—7)
< < .
( " )—m— ( " )* DU (-1
Let G be an r-graph with m edges containing a clique of order t — 1. Then
MG) = A([t—1)M).

The proof of Theorem 2.7 will be given in Section 4. The proofs of Theorem
2.9 will be given in Section 5. Further remarks and conclusions are given in
Section 6. Next, let us give some useful results.

3. Useful results

For an r-graph G = (V, E), denote the (r—1)-neighborhood of a vertexi € V'
by E; := {A € V"=V . Au{i} € E}. Similarly, denote the (r—2)-neighborhood
of a pair of vertices i,j € V by E;; := {B € V=2 : BU{i,j} € E}. Denote
the complement of E; by Ef = {A € V=1 : Au{i} € VID\E}. Also, denote
the complement of E;; by Ef; := {B € V=2 . BuU{i,j} € VO\E} and
Eq, = Ei N ES.

We will impose one additional condition on any optimal weighting & =
(x1,x9,...,2,) for an r-graph G:

|{i : z; > 0}| is minimal, i.e., if ¥ is a feasible weighting for G satisfying
(1) H{i:y; >0} < |{i:ax; >0}, then NG, ) < A(G).

When the theory of Lagrange multipliers is used to find the optimum of
MG, ), subject to Y | x; = 1, notice that A(E;, ) corresponds to the par-
tial derivative of A(G,¥) with respect to x;. The following lemma gives some
necessary conditions of an optimal weighting for G.

Lemma 3.1 ([6, Theorem 2.1]). Let G = (V, E) be an r-graph on the vertez set
[n] and & = (1,2, ...,Z,) be an optimal weighting for G with k (< n) non-zero
weights 1, T, ..., ), satisfying condition (1). Then for every {i,5} € [k]®,
(a) M(E;, @) = MEj,Z) = rA(G), (b) there is an edge in E containing both i
and j.
Definition 2. An r-graph G = (V, E) on the vertex set [n] is left-compressed if
J1je -+ jr € FE implies iyis - - -4, € E whenever i < ji,1 < k < r. Equivalently,
an r-graph G = (V, E) on the vertex set [n] is left-compressed if E;; = (0 for
any 1 <1< j<n.
Remark 3.2. (a) In Lemma 3.1, part (a) implies that 2;A(E;;, Z) + A(Ey j, T) =
TN Eij, Z) + M Ej\;, ©). In particular, if G is left-compressed, then

(i — ) A(Eij, T) = MEq 5, T)
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for any 4, j satisfying 1 < i < j < k since Ej\; = 0.
(b) If G is left-compressed, then for any i, j satisfying 1 <i < j <k,
AE; j, )
2 Ti—Tj = ——on
( ) J )\(Eij, I)

holds. If G is left-compressed and E; ; = () for 4,j satisfying 1 <1i < j < k,
then z; = x;.

(c) By (2), if G is left-compressed, then an optimal weighting & = (21, x2, .. .,
Zp) for G must satisfy ©1 > z9 > -+ > x, > 0.

Denote A, ;) = max{A\(G) : G is an r-graph with ¢ vertices and m edges}.

The following lemma is proved in [23].

Lemma 3.3 (|23, Lemma 2.3]). There exists a left-compressed r-graph G with

t vertices and m edges such that N(G) = X(,, .

Remark 3.4. Since the only left-compressed r-graph with ¢ vertices and m = (ﬁ)

edges is [t]("). Hence by Lemma 3.3 and Fact 1, we have ANy S A ([t1).

4. Proofs of Theorem 2.7

Denote )\z;l t—1,0) = max{A(G) : G is an r-graph with ¢ vertices and m edges
not containing a clique of order ¢ — 1}. The following lemma implies that we

only need to consider left-compressed r-graphs G' when we prove Theorem 2.7.

Lemma 4.1. Let m, t and r be integers satisfying
()
<m
r
<t - 1> <t - 2)
< +
- T r—1
r—1 r—3 t—2
—[@2r—6)x2 42" 4 (r—4)(2r = 7) — 1] ,) 1)
r—
There exists a left-compressed r-graph G on vertex set [t] with m edges without

containing [t — 1)) such that N(G) = X, -

The proof of Lemma 4.1 is similar to Lemma 4.1 in [24]. However Lemma
4.1 in [24] cannot be used directly here. For completeness, we give the proof
here. In the proof of Lemma 4.1, we need to define some partial order relation.
An r-tuple dyis - - - 4, is called a descendant of an r-tuple jijo - j, if is < js
foreach 1 < s <r,and i1 +ig+ -+ < j1 +jo + -+ j-. In this case,
the r-tuple jijs - - - j, is called an ancestor of 4145 - - - i,.. The r-tuple i1is - - i, is
called a direct descendant of jijs - - - j, if 4140 - - - 4,- is a descendant of jyjo - - - 4,
and j1 +jo+ -+ jr =141 + 12+ -+ 4. + 1. We say that iyis - - - 9, has lower
hierarchy than jyjo---j, if 4199 -4, is a descendant of jijo---j.. This is a
partial order on the set of all r-tuples.
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Remark 4.2. In view of Fig. 1, an r-graph G is left-compressed if and only if
all descendants of an edge of G are edges of G. Equivalently, if an r-tuple is
not an edge of GG, then none of its ancestors will be an edge of G.

(t-r+ D) (tr+2)(t-r4+3) - (t-1)t

(t-0)(t-1+2)(t-14+3) -+ (t-1)t

(tr-D)(tr+2)(tr+3) (- Dt~ (tr)(t-r+D(t-r+3) (- 1)t

(t1-2)(Er+2) (435 (1)t (tr-D)(Er+ 1D Er3) (Dt (D) (Er+ DEr+2) (tr+4) -+ (- Dt

FIGURE 1. Hessian Diagram on [t](")

Proof of Lemma 4.1. Let G be an r-graph with t vertices and m edges without
containing a clique of order ¢t — 1 such that A\(G) = )\f;%tflyt). We call G an
extremal r-graph for m, ¢t — 1 and ¢. Let & = (x1,22,...,2¢) be an optimal
weighting of G. We can assume that z; > x; when ¢ < j since otherwise we can
just relabel the vertices of G and obtain another extremal r-graph for m, ¢t — 1
and t with an optimal weighting & = (x1, 22, ..., ;) satisfying z; > x; when
i < j. Next we obtain a new r-graph H from G by performing the following;:

(1) If(t—r)---(t—1) € E(G), then there is at least one r-tuple in [t —
1]\ E(G), we replacing (t —r)--- (t — 1) by this r-tuple;

(2) If an edge in G has a descendant other than (¢ — r)--- (¢t — 1) that
is not in E(G), then replace this edge by a descendant other than
(t —r)---(t — 1) with the lowest hierarchy. Repeat this until there is
no such an edge.

Then H satisfies the following properties:
(1) The number of edges in H is the same as the number of edges in G.
(2) A(G) = AG, ) < MH, #) < AH),
(3) (t—=r)---(t—1) ¢ E(H).
(4) For any edge in E(H), all its descendants other than (¢ —r)--- (¢t — 1)
will be in E(H).
If H is not left-compressed, then there is an ancestor of (t —r)---(t — 1),
says e, such that e € E(H). Hence (t —r)---(t — 2)t and all the descendants
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of (t —r)---(t —2)t other than (¢t —r)---(t — 1) will be in E(H). Then
(t - 1> (t - 2)
m > -1+
T r—1
(t - 1) <t - 2)
> +
r r—1
r—1 r—3 t—2
—[(2r—6)x2" " 42" 4 (r—4)(2r = 7) — 1] . o)1
which is a contradiction. H does not contain [t —1)(") since H does not contain
(t—r)---(t—1). Clearly H is on vertex set [t]. So we complete the proof of
Lemma 4.1. (]

In the rest of this section, we assume that r > 4 be an integer. In the
following three lemmas, Lemma 4.3 implies the maximum weight of G should
distribute ‘uniform’ on the ¢ vertices if A(G) > A ([t — 1]), and Lemma 4.5

implies G contains most of the first (“2:%) edges in colex ordering of N (") if

AMG) > A ([t — 1)), while Lemma 4.4 implies G also contains most of the first

(t;{rfr(’) edges containing t — 1. Since G is left-compressed, G also contains
most of the first (tfff(a) edges containing vertex ¢, where t —2r4+7 <1¢ <t—1.

So G contains most edges of [t — 1]().

Lemma 4.3. (a) Let G be an r-graph on vertex set [t]. Let ¥ = (x1,x2,...,xt)
be an optimal weighting for G satisfying ©1 > xo > --+ > x; > 0. Then
21 < Tp—2r43 + Tt—2p44 OT

t—2 t—1
) (t—r)y=t J] i ) )
S 1=t—r—+2 L i=t—r o o (r)
NGO = T2 “rng—1 (1t ).

(b) Let G be an r-graph on vertex set [t]. Let & = (x1,%2,...,2¢) be an
optimal weighting for G satisfying x1 > x9 > --- > x; > 0. Then 1 <
2(T¢ 244 + Ti_2r15) O
t—2 t—1
t—r)y=t II i IT ¢

1 i=t—r42 1 iZt—r )
< — — = _ .
@) < rlt—r+1)r=2(t—1)—2 S t—1)r A <[t U )

Proof. (a) If 1 > x4_or43 + Tr—2pr44, then rey + 20 + -+ 4+ 240,40 > 1.

Recalling that =1 > x93 > -+ > x4_9,42, we have x1 > ﬁ Using Lemma
3.1, we have A(G) = 1A(Ey,z). Note that Ey is an (r — 1)-graph with ¢ — 1

vertices and total weights at most 1 —
the total weights 1 with 1 —

ﬁ. Hence by Remark 3.4 (replace

_1
t7r+1)’ we have

r—1
1 1/t—1\ [1-
MG) = A, =) < r<r - 1> <t_1“>
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t—2
(-t I
_ i1=t—r+2
A —r+ 17212

Next we prove
t—2 t—1

=yt T 0
1=t—r+2 1=t—r
= = = ( t—1 W) .
rl(t—r+1)r2(t—1)r—2 < (t—1)r [ ]
To show this, we only need to prove

(3) (t—r)"2(t-1) < (t—r+1)L

Ift =r,r+1, (3) clearly holds. Assuming ¢ > r + 2, we prove this inequality
by induction. Now we suppose that (3) holds for some r > 4, we will show it
also holds for r 4+ 1. Replacing t by ¢t — 1 in (3), we have

t—(r+D)]"2(t-2)<(t—r)"L
Multiplying ¢t — (r + 1) to the above inequality, we have
= D =2 < ) )
Adding [t — (r + 1)]"~! to the above inequality, we obtain
[t @+ M- <= t= @+ + -+
={t—-r) (-7 -+ D)<t -1

Hence (3) also holds for r + 1 and the induction is complete.
(b) If w1 > 2(2¢—2p45 + Tt —2r46), then 2y + 20+ -+ 2y _9ra+ (r—2)% >
r1+ X2+ o+ Ty2rqpa + Tp3 + Tp_2r16 + Te—1 + ¢ = 1. Recalling that

Ty > Tg > > Tl and r > 4, we have x1 > L > _L _ The
1= T2 2 2 Tt—2r+4 > 12 a2 2

rest of the proof is identical to that in part (a), we omit the computation details

here. |

Lemma 4.4. Let G be a left-compressed r-graph on the vertex set [t] without
containing [t — 1]7). Then |[t — 2r + 6]~ \E,_1| < 2771 E;_1)] or A(G) <
([t —1)).

Proof. Let & = (x1,22,...,2) be an optimal weighting for G. Since G is left-
compressed, by Remark 3.2(a), 1 > x9 > -+ > 2 > 0. If 2y = 0, then
MG) = MG, Z) < M([t — 1)) since G does not contain [t —1]("). So we assume
that x; > 0.

Consider a new weighting for G, ¥ = (y1,¥2,...,yt) given by y; = x; for i #
t—1,t, Yt—1 = Ty—1 + Ty and Yt = 0. By Lemma 31(&), )\(Et_l,f) = A(Ehf),
SO

)\(Gvﬁ) - )‘(Gaf) = Tt (A(Etfla f) - xt)\(E(t—l)ta f))
— Tt ()\(Et, 7) — xtfl)\(E(tfl)ta f)) - ﬂft—lwt)\(E(tq)n f))
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= 2, (MEi_1, ) — My, ©)) — 22A(E(_1y1, )
(4) = - 5Ut2>\(E(t—1)t, f)

Assume that |[t —2r 4 6] "V\E,_q| > 277 Ey_q)]. I A(G) < A([t —1]™)

we are done. Otherwise if A(G) > A ([t — 1]")) we will show that there exists
a set of edges F C [t — 1] \ E satisfying
(5) AE§) > 2N E1y, 7).
Then using (4) and (5), the r-graph G* = ([t], E*), where E* = FUF, satisfies
MG*, %) = MG, 9) + AM(F.7) > MG, %) = MG). Since ¢ has only ¢t — 1 positive
weights, then A(G*, %) < A ([t — 1]), and consequently, \(G) < A ([t — 1]) .
This is a contradiction.

We now construct the set of edges F. Let C = [t —2r 4 6]~ \ E;_;. Then
by the assumption,

IC| > 2" E_1ye] and MC,Z) > 2"V E_1ye|wi—srts - - Tr_ors.

Let F consist of those edges in [t — 1] \ E containing the vertex t — 1.
Since A(G) > A([t — 1]™)) then z;_o,,3 > % by Lemma 4.3(a) and x; 2,44 >
Ty 9r45 > 4 by Lemma 4.3(b). Hence

MEY) = (T1—1 + 2)MC, T)
> 2x¢ - 2" B 1y ®i—sris o Te—2rt6
> I?\E(t—1)t|($1y72
> a7} o myw,
i1-ip—2€E 1)y
= fo(E(tq)uf)
Hence F satisfies (5). This proves Lemma 4.4. O

Lemma 4.5. Let G be a left-compressed r-graph on the vertex set [t| with-
out containing [t — 1], Then |[t — 2r + 6]"\E| < 27" Ey_q)| or M(G) <
A1)

Proof. Let & = (x1,x2,...,2¢) be an optimal weighting for G. Since G is left-
compressed, by Remark 3.2(a), 1 > a9 > -+ > x; > 0. If z; = 0, then
MG) < A([t — 1]™) since G does not contain [t — 1]("). So we assume that
Ty > 0.

Consider a new weighting for G, ¥ = (y1,¥2,.-.,¥:) given by y; = x; for i #
t—1,t, yi—1 = 4—1 + x4 and y; = 0. By Lemma 3.1(a), A(Ei—1, %) = M(E}, ©),
similar to (4), we have
(6) NG, §) = MG, &) = —a{ N E-1), T).

Assume that |[t — 2r + 6]"\E| > 2" E_1)]. If AM(G) < A([t — 1)) we
are done. Otherwise if A\(G) > A([t — 1](")) we will show that there exists a set
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of edges F C [t — 2r + 6](Y) \ E satisfying
(7) AF,g) > 3 IAE (t—1)t, T).

Then using (6) and (7), the r-graph G* = ([t } ) where E* = EUF, satisfies
MG, 9) = MG, 9) + AM(F,9) > MG, %) = A(G). Since ¢ has only ¢t — 1 positive
weights, then A\(G*, ) < A ([t — 1]), and consequently, \(G) < A ([t — 1]) .
This is a contradiction.

We now construct the set of edges F. Let C' = [t — 2r 4+ 6](") \ E. Then by
the assumption,

‘C‘ > 2T71|E(t_1)t| and )\(C, f) > 2T71|E(t—1)t|$t73r+7 c Lt 2p46-

Let F = C. Since /\(G) > A([t — 1)) then @4_9,43 > 2 by Lemma 4.3(a)
and x;_9,44 > T4 2,45 > 7+ by Lemma 4.3(b). Hence

AMF, ) = ANC, Z) > 2T_1|E(t—1)t|xt73r+7 e tyarye 2 07| Bgony|(21)" 7
> a7 Z Tiy -+ @iy = TN E—1)t, T).

i1t —2€E 1)t

Hence F satisfies (7). This proves Lemma 4.5. O
Now we are ready to prove Theorem 2.7.

Proof of Theorem 2.7. Let m and t be integers satisfying

()
(") ()
—[@r—6)x2 "+ 273 4 (r—4)(2r — 7) — 1] ((:_2> —1)-

Let G be an r-graph with ¢ vertices and m edges without containing a clique

of order t —1 such that A(G) = A, , ;). Then by Lemma 4.1, we can assume
that G is left-compressed and does not contain [t—1]"). Let & = (x1, 2, ..., x;)

be an optimal weighting for G. Since G is left-compressed, by Remark 3.2(a),
1 > a9 > - > 1y > 0. If o, = 0, then A\(G) < A\([t — 1)) since G does not
contain [t — 1]("). So we assume that z; > 0.

If M(G) < A([t —1]")) we are done. Otherwise [[t — 2r + 6]~ D\E,_| <
2T*1|E(t_1)t| by Lemma 4.4. Recalling that G is left-compressed, we have
[t — 2r 4+ 6](""V\E;| < 2 E_yy| for t —2r +7 < i <t — 1. We also have
|[t—2r+6]\E| < 277! E(;_1);| by Lemma 4.5. Note that [E;_1)| < (!23) -1,
then

t—1
=10 El = [t—2r+6|"EI+ > t—2r+6]"" V[ El

i=t—2r+7



ON CLIQUES AND LAGRANGIANS OF HYPERGRAPHS 581

t—2r+6 _
Z( >—2 1|E(t—1)t|
T
t—2r+6 .
+ (2T - 7) (( r— 1 ) - (2T - 7) X 2 1|E(t1)t|>
t—2 6 t—2 6
z( T >+(2r—7)< e )
r r—1

—(2r —6) x 2! ((::Z) —1>.

Repeated using the equality (m;fl) = (") + (") to the above inequality, we
have

[t-=1" (Bl = (tr 1) —[@2r—6)x 2"t + (r—4)(2r — 7)] <<:_Z> 1> .

So

0<|[t—1"N\E| < [(2r—6) x 2"t + (r —4)(2r — 7)] ((:_Z) - 1) .
Since G does not contain [t — 1)), Let E* = EJ[t — 1] and G* = ([t], E*).
Denote the number of edges of G* by m*, then (tzl) <m* < (tzl) + (i:?) -
2r73((*22) = 1). So M(G*) = A ([t — 1)) by Theorem 2.6. Clearly, A\(G*, ) —
MG, %) > 0 since 1 > @3 > -+ > x; > 0 and [[t — 1]\E| > 0. Hence
MG) = AN(G, Z) < MG*, %) < MG*) = A ([t — 1]™) . This completes the proof
of Theorem 2.7. ]

5. Proofs of Theorem 2.9

Denote A, , ;) = max{A(G) : G is an r-graph with m edges containing
a clique of order ¢t — 1}. The following lemma implies that we only need to

consider left-compressed r-graphs G when we prove Theorem 2.9.

m < ( ) — 1. There ezists a left-compressed r-graph G with m edges containing

Lemma 5.1 ([16, Lemma 3.1]). Let m, t and r be integers satisfying (tzl) <
t

[t = 1)) such that N(G) = X[,,, ,_4y-

Proof of Theorem 2.9. Let m, t and r be integers satisfying (t_l) <m <

T
(“h+ (T(;Plr); (tj_)'l')'ft:lr). Let G be an r-graph with m edges containing

a clique of order ¢t — 1 such that A(G) = X(”m 1) Then by Lemma 5.1,

we can assume that G is left-compressed and contains [t — 1]("). Clearly,
MG) > A([t — 1]™)) since G' contains [t — 1]"). Next we show that \(G) <
A[t — 1]™M). Let & = (x1,22,...,2,) be an optimal weighting for G satis-
fying 1 > 29 > -+ > xp > Tpp1 = - = x, = 0. If £k < t—1, then
MG) > A([t — 1]™) since G has only t — 1 positive weights. So we assume

that £ > t. Since m < (tzl) + (r(;i)lr);l “(*f‘_)'l')'ﬁij” and G contains [t — 1], we




582 Q. TANG, X. ZHANG, AND C. ZHAO

have |Ej| < (T(;i)lr);l “(‘fj'l')'ﬁi:”. Then by Lemma 3.1(a) and the Arithmetic

Mean-Geometric Mean inequality (AM-GM inequality), we have

M@ = A < L e
1(r=1)"t (=2 (t—7) <x1+x2+..-+x”>”
r (r—1)! (t—1)r1 r—1

(By AM-GM inequality)

< ;(t_gg'_"lgf_’“) = (1t -1").

This completes the proof of Theorem 2.9. O

6. Remarks and conclusions

The method developed in the proof of Theorem 2.7 can also be used to deal
with the case for r = 3 (see [25]). The upper bound for m in Theorem 2.7
and Theorem 2.8 are not the best possible. Another question in the future
study is how to prove similar results as Theorem 2.7 and Theorem 2.8 without
restriction of vertex number in general.
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