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APPROXIMATION PROPERTIES OF PAIRS OF SUBSPACES

Keun Young Lee

Abstract. This study is concerned with the approximation properties

of pairs. For λ ≥ 1, we prove that given a Banach space X and a closed

subspace Z0, if the pair (X,Z0) has the λ-bounded approximation prop-
erty (λ-BAP), then for every ideal Z containing Z0, the pair (Z,Z0) has

the λ-BAP; further, if Z is a closed subspace of X and the pair (X,Z)
has the λ-BAP, then for every separable subspace Y0 of X, there exists a

separable closed subspace Y containing Y0 such that the pair (Y, Y ∩ Z)

has the λ-BAP. We also prove that if Z is a separable closed subspace of
X, then the pair (X,Z) has the λ-BAP if and only if for every separable

subspace Y0 of X, there exists a separable closed subspace Y containing

Y0 ∪ Z such that the pair (Y, Z) has the λ-BAP.

1. Introduction

A Banach space X is said to have the approximation property (AP) if for
every compact subsetK ofX and every ε > 0, there exists a finite rank operator

S on X such that supx∈K ‖Sx − x‖ ≤ ε; briefly, idX ∈ F(X)
τc

, where idX is
the identity operator on X, F(X) is the space of all finite rank operators on X,
and τc is the topology of uniformly compact convergence on the space L(X) of

all operators on X. For λ ≥ 1, if idX ∈ {S ∈ F(X) : ‖S‖ ≤ λ}
τc

, then it can be
said that X has the λ-bounded approximation property (λ-BAP). Lissitsin and
Oja considered the AP of pairs [9]. For a closed subspace Y of a Banach space
X, the pair (X,Y ) is said to have the AP if for every compact subset K of X
and ε > 0, there exists S ∈ F(X) such that ‖Sx − x‖ < ε for all x ∈ K and
S(Y ) ⊆ Y . Then, Figiel, Johnson and Pe lczyński [2] introduced and studied
the BAP of pairs. For λ ≥ 1 and a closed subspace Y of a Banach space X, the
pair (X,Y ) is said to have the λ-BAP if for every finite dimensional subspace
E of X and for every ε > 0, there exists S ∈ F(X) with ‖S‖ ≤ λ+ ε such that
Sx = x for all x ∈ E and S(Y ) ⊆ Y .
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For µ ≥ 1, a closed subspace Z of a Banach space X is called locally µ-
complemented in X if for every finite-dimensional subspace E of X and every
ε > 0, there exists an operator T : E → Z with ‖T‖ ≤ µ+ ε such that Tx = x
for all x ∈ E ∩ Z. It is well known that the AP and the BAP are inherited by
locally complemented subspaces (cf. [3, Theorem 2.4]). For a closed subspace Z
of a Banach space X, an operator Φ : Z∗ → X∗ is called an extension operator
if (Φz∗)(z) = z∗(z) for every z∗ ∈ Z∗ and z ∈ Z. A closed subspace Z of X
is called an ideal if there exists an extension operator Φ from Z∗ to X∗ with
‖Φ‖ = 1. The operator Φ is called a Hahn-Banach extension operator. It is
well known that Z is an ideal in X if and only if Z is locally 1-complemented
in X, and X has the λ-BAP (resp. AP) if and only if every separable ideal in
X has the λ-BAP (resp. AP) (cf. [7, Proposition 4.3 and Theorem 2.2] and
[3, Theorem 2.4]). In this work, we have:

Theorem 1.1. Let Z0 be a closed subspace of a Banach space X and λ, µ > 1.
If the pair (X,Z0) has the λ-BAP (resp. AP) and Z is a locally µ-complemented
subspace of X containing Z0, then the pair (Z,Z0) has the µλ-BAP (resp. AP).
Hence, if the pair (X,Z0) has the λ-BAP (resp. AP), then for every ideal Z
containing Z0, the pair (Z,Z0) has the λ-BAP (resp. AP).

Johnson proved that a Banach space X has the λ-BAP if and only if every
separable subspace of X is contained in a separable subspace with the λ-BAP
[4, Lemma 3]. In this work, we have:

Theorem 1.2. Let Z be a closed subspace of a Banach space X and λ > 1. If
the pair (X,Z) has the λ-BAP, then for every separable subspace Y0 of X, there
exists a separable closed subspace Y containing Y0 such that the pair (Y, Y ∩Z)
has the λ-BAP.

Theorem 1.3. Let Z be a separable closed subspace of a Banach space X
and λ > 1. The pair (X,Z) has the λ-BAP if and only if for every separable
subspace Y0 of X, there exists a separable closed subspace Y containing Y0 and
Z such that the pair (Y,Z) has the λ-BAP.

2. Proof of Theorem 1.1

Lemma 2.1 ([5, Lemma 3.2]). Let X be a Banach space and µ > 1 and Z
be a locally µ-complemented subspace of X. Then for every closed subspace Y
of X containing Z with dimY/Z < ∞, there is a projection P : Y → Z with
‖P‖ ≤ 2µ+ 4.

Proof of Theorem 1.1. Suppose that the pair (X,Z0) has the λ-BAP. Let F be
a finite dimensional subspace of Z and ε > 0. By the assumption, there exists
S0 ∈ F(X) with ‖S0‖ ≤ λ+ε such that S0x = x for all x ∈ F and S0(Z0) ⊆ Z0.
Let E = S0(X). Because E is a finite dimensional subspace of X and Z is an
ideal in X, there exists an operator TE : E → Z with ‖TE‖ ≤ µ+ ε such that
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TEx = x for all x ∈ E ∩ Z. Let S := TES0. Then we have

‖S‖ ≤ ‖TE‖‖S0‖ ≤ (µ+ ε)(λ+ ε).

Since S0(x) = x for all x ∈ F , we have F ⊆ E ∩ Z; hence, we obtain that

S(x) = TES0(x) = TE(x) = x

for all x ∈ F . Finally, since S0(Z0) ⊆ E and S0(Z0) ⊆ Z0 ⊆ Z, we have
S0(Z0) ⊆ E ∩ Z, it follows that

S(Z0) = TES0(Z0) ⊆ Z0.

Suppose that the pair (X,Z0) has the AP. Let K be a compact set of Z and
ε > 0. Then, there exists S0 ∈ F(X) such that

sup
z∈K
‖S0z − z‖ ≤

ε

2µ+ 4

and S0(Z0) ⊆ Z0. Let Z1 = Z + S0(X). Clearly, we have dimZ1/Z < ∞.
Since Z is locally µ-complemented in X, by Lemma 2.1, there is a projection
PZ1

: Z1 → Z with ‖PZ1
‖ ≤ 2µ + 4. Define S = PZ1

S0|Z . Clearly, we have
S ∈ F(Z). Then, for every z ∈ K

‖Sz − z‖ = ‖PZ1
S0z − PZ1

z‖ = ‖PZ1
‖‖S0z − z‖ ≤ ε.

Clearly, we have S(Z0) ⊆ Z0. �

3. Proofs of Theorem 1.2 and Theorem 1.3

We need the following lemma to show Theorem 1.2.

Lemma 3.1 ([10, Theorem 4.1]). Let λ ≥ 1 and Z be a closed subspace of
a Banach space X. Then the pair (X,Z) has the λ-BAP if and only if there
exists a net (Sα) in F(X) such that Sα → idX strongly, supα ‖Sα‖ ≤ λ, and
Sα(Z) ⊆ Z for all α.

Proof of Theorem 1.2. Let λ ≥ 1 and Z be a closed subspace of X. Suppose
that the pair (X,Z) has the λ-BAP. By Lemma 3.1, there exists a net (Sα) in
F(X) such that Sα → idX strongly, supα ‖Sα‖ ≤ λ, and Sα(Z) ⊆ Z for all α.

Assume that Y0 = {y1, y2, . . .}. Since we now have the extra assumption that
Sα(Z) ⊆ Z for all α, by a verbatim proof to [11, Theorem 3.1] (we only change
that the projections P ′s chosen by [11, Theorem 3.1] satisfy P (Z) ⊆ Z), there
exists a sequence (Tn) ⊂ F(X) with the following properties:

(a) Tnym = ym for all n ≥ m,
(b) TnTm = Tm for all n > m,
(c) lim supn ‖Tn‖ 6 λ,
(d) Tn(Z) ⊆ Z.
Denote

Y = {y ∈ X : y = lim
n→∞

Tny}.
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Then, for all m, we have ym ∈ Y , so Y is a non-empty set. Now, take any
y

′
, y

′′ ∈ Y and α ∈ R. Then, we have

lim
n→∞

Tn(y
′
+ y

′′
) = lim

n→∞
Tn(y

′
) + lim

n→∞
Tn(y

′′
) = y

′
+ y

′′
,

lim
n→∞

Tn(αy
′
) = α lim

n→∞
Tn(y

′
) = αy

′
,

hence, Y is a subspace of X. By (a) and (b), we have Y0 ⊂ Y and

Y = span(

∞⋃
n=1

Tn(X));

therefore, Y is a separable subspace of X. By (d), we have

Tn(Z ∩ Y ) ⊆ Tn(Z) ⊆ Z ∩ Y.

Additionally, by definition, we obtain Tn|Y → idY , strongly. By Lemma 3.1,
the pair (Y,Z ∩ Y ) has the λ-BAP. �

Proof of Theorem 1.3. Sufficiency. Let Y0 be a separable subspace of X. By
[12, Theorem], there exists a separable ideal Y of X containing Y0 and Z0. By
Theorem 1.1, the pair (Y, Z0) has the λ-BAP.

Necessity. Let F be a finite-dimensional subspace of X and ε > 0. By
[10, Theorem 4.1], it is sufficient to show that there exists a finite rank operator
T ∈ F(X) such that ‖T‖ ≤ λ and

‖Tx− x‖ < ε‖x‖

for all x ∈ F and T (Z) ⊆ Z. Let (xn)∞n=1 be a dense sequence of Z. By the
argument of [12, Theorem], there exist a separable subspace Y0 of X containing
F ∪ Z and a directed set I consisting of finite subsets of X such that for
each G ∈ I with F ∪ {x1, x2, . . . , xn} ⊆ G, there exists a finite rank operator
TG : G → Y0 with TG|F∪{x1,x2,...,xn} = idF∪{x1,x2,...,xn}. Here, the net (TG)
satisfies lim supG ‖TG‖ 6 1.

Now, by the assumption, there exists a separable subspace Y of X with
Y0 ⊂ Y such that (Y,Z) has the λ-BAP. Then there exists S ∈ F(Y ) such
that ‖S‖ ≤ λ and ‖Sx − x‖ < ε‖x‖ for all x ∈ F and S(Z) ⊆ Z. Consider
SG : X → S(Y ) defined by

SGx = STGx if x ∈ G, SG = 0 otherwise.

Consider the net (SG)G∈I . Then, by a compactness argument, there exists a

subnet (SH) of (SG) such that S̃x := limH SHx exists for each x ∈ X. We can

see that S̃ is linear and of finite rank with ‖S̃‖ 6 λ. Further, for every x ∈ F ,
we have

‖S̃x− x‖ = lim
H
‖SHx− x‖ = lim

H
‖STHx− x‖ = ‖Sx− x‖ ≤ ε‖x‖.
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Moreover, we can easily see that {S̃(xn) : n ∈ N} ⊆ Z. Indeed, take any xn
and G ∈ I with xn ∈ G. Then, we have

SG(xn) = STG(xn) = S(xn) ∈ S(Z) ⊆ Z;

therefore, S̃(xn) = limH SH(xn) ∈ Z. Since (xn)∞n=1 is dense in Z and Z is

closed, we have S̃(Z) ⊆ Z. �

4. Open problems

Lima and Oja [8] introduced a weaker notion of the BAP. A Banach space
X is said to have the weak BAP if there exists a λ ≥ 1 such that for every Ba-

nach space Y and every T ∈ W(X,Y ), idX ∈ {S ∈ F(X,X) : ‖TS‖ ≤ λ‖T‖}
τc

where W is the space of all weakly compact operators between Banach spaces.
Recently, Chen, Kim and Zheng [1] introduced a weaker property of the BAP
of pairs. Let Y be a closed subspace of a Banach space X. Let λ ≥ 1. The pair
(X,Y ) is said to have the weak λ-BAP if for every Banach space Z and every
R ∈ W(X,Z), for every finite dimensional subspace E of X and for every ε > 0
there exists S ∈ F(X) with ‖RS‖ ≤ (λ+ ε)‖R‖ such that Sx = x for all x ∈ E
and S(Y ) ⊆ Y . Kim [6, Theorem 4.1] proved that X has the weak λ-BAP if
and only if every ideal in X has the weak λ-BAP. One may naturally ask:

Problem 1. Let X be a Banach space and Y be a closed subspace of X, and
let λ ≥ 1. If the pair (X,Y ) has the weak λ-BAP, then for every ideal Z in X
containing Y , does the pair (Z, Y ) have the weak λ-BAP?

By [12, Theorem] and the proof of [4, Lemma 3], it follows that a Banach
space X has the weak λ-BAP if and only if every separable subspace of X is
contained in a separable subspace with the weak λ-BAP. Considering the weak
BAP version of Theorem 1.3, we ask:

Problem 2. Let X be a Banach space and Z be a separable closed subspace
of X, and let λ ≥ 1. If the pair (X,Z) has the weak λ-BAP, then for every
separable subspace Y0 of X, is there a separable closed subspace Y containing
Y0 and Z for which the pair (Y,Z) has the weak λ-BAP?

The converse part of Problem 2 can be easily derived by the proof of Theorem
1.3 and [1, Proposition 2.2].
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