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ORTHOGONAL TWO-DIRECTION REFINABLE FUNCTION
OF ORDER 3f

SOON-GEOL KWON

ABSTRACT. In this paper we construct orthogonal two-direction scaling
function of order 3 and corresponding wavelet function. In this paper we
propose a different approach using orthogonal symmetric/antisymmetric
multiwavelets of order 3. An example for constructing orthogonal two-
direction scaling function of order 3 and corresponding wavelet function is
given.
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1. Introduction

Two-direction refinable vector functions are of interest to be studied and are
investigated in [2, 3, 4, 5, 6, 7].

A method for constructing orthogonal two-direction scaling function of order
2 and corresponding wavelet function was proposed by Yang in [5]. Another
way of constructing orthogonal two-direction scaling function of order 2 and
corresponding wavelet function was proposed by Kwon in [4]. To the best of
our knowledge, examples for orthogonal two-direction scaling functions of order
higher than 2 and corresponding wavelet functions have not been shown in the
literature. Motivated by [4], we propose a method for constructing two-direction
scaling function ¢ of order 3 and wavelet function ¢ in this paper. In our
method we employ orthogonal symmetric/antisymmetric multiscaling function
¢ = [¢1,32)T of order 3 and multiwavelet 1p = [11, 2] 7.

A standard (one-direction) scaling function of dilation factor 2 is a real-valued
function ¢ which satisfies a recursion relation of the form

$(x) = prp(2x — k) (1.1)
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and generates a multiresolution approximation (MRA) of L?(R). The recursion
coefficients py, are scalars. We assume that the summation in (1.1) is finite.

A two-direction refinable function of dilation factor 2 is a real-valued function
¢(x) which satisfies a recursion relation

o(x) = Z [Pl o2z — k) + p;; d(k — 22)] (1.2)

keZ

and generates a multiresolution approximation of L?(R). The p;r, p), are called
positive- and negative-direction recursion coefficients for ¢, respectively.
The two-direction wavelet function 1 associated with ¢ satisfy

d(x) = [qf 622 — k) + ¢, ¢(k — 2x)] . (1.3)

kEZ

The q,j, q;, are called positive- and negative-direction recursion coefficients for
1, respectively. The two-direction scaling function and wavelet function together
will be called a two-direction wavelet.

In this paper we only consider real recursion coefficients pz, Dy s q,j, and g
in R for k € Z.

This paper is organized as follows. A method for constructing two-direction
scaling functions of order 3 and wavelet function from orthogonal symmet-
ric/antisymmetric multiscaling functions of order 3 and multiwavelets is intro-
duced in section 2. One example for illustrating the general theory in sections 1
and 2 is given in section 3.

2. Two-direction wavelets of order 3

2.1. Construction of two-direction scaling function of order 3. Orthog-
onal symmetric/antisymmetric multiscaling function ¢ = [¢1, #2]7 of order 3
supported on [0, 3] is given as

] ] A e

2.1
+ |: a1 —b1:| |:¢1(2$ - 2):| + |: ap —b0:| |:¢1(2$ - 3):| ( )
—C1 dl (bQ(QJJ — 2) —Cp do (bQ(QJJ — 3) '
where ag, a1, by, b1, co, c1,dg, and dy are constants.
Construct a function ¢ by
2
o(x) v2 [¢1(2) — d2(2)] . (2.2)

T2
Since ¢1(3 — x) = ¢1(x) and ¢2(3 — x) = —¢o(x) by symmetric/antisymmetric
property, we have

66 —2) = L2 [b1(a) + da(a)]. (23
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By solving (2.2) and (2.3) for ¢1 and ¢2, we have
1 1

$1(x) = NG [6(x) +6B —2)],  da(z) = NG (63 —z) — ()] (24)

Clearly, ¢ provides approximation order 3, since ¢ = [¢1, ¢2]T provides ap-
proximation order 3. ¢ is supported on [0, 3], since ¢; and ¢o are supported on
[0,3]. ¢ is refinable, since ¢; and ¢- are refinable.

Now we want to prove that ¢ is a two-direction refinable function of the form

6
Zp ¢z —k)+ > py ok — 22), (2.5)
k=3

for some pz and p, .
By applying (2.2), we have

V2¢(x) = ¢1(x) - ¢a(2)
= (ap—co)91(2z) + (a1 — c1)p1 (22 — 1) + (a1 + 1)1 (22 — 2)
+(ao +¢co)91(2z — 3) + (b1 — do)p2(22) + (bo — d1)$2(22 — 1)
(=1 = d1)p2(22 — 2) + (—bo — do)P2(2x — 3).
By (2.4), we have
20(x) = (ao —co)[p(22) + (3 — 22)] + (a1 — c1)[¢(2x — 1) + (4 — 2x)]
+(a1 + c1)[o(2x = 2) + ¢(5 — 22)] + (a0 + co)[#(22 — 3) + ¢(6 — 2z)]
+(bo — do)[d(3 — 2z) — ¢(2x)] + (br — di)[p(4 — 22) — ¢(2z — 1)]
+(=b1 — d1)[o(5 — 22) — $(2x — 2)] + (—bo — do)[¢(6 — 2z) — (27 — 3)]
= (ap—bo —co+dp)d(2x) + (a1 — b1 — 1 +d1)Pp(2x — 1)
+(a1 + b1+ 1 +di)o(2x — 2) + (ap + bo + co + do)d(2x — 3)
$(3—2z)+ (a1 + by —c1 —d1)p(4 — 2x)
d(5 —2x) + (ag — bo + co — do)d(6 — 2z).

[
[

+(ag 4+ by — co — do)
+(a1 — b1+ 1 — di)

Hence, we have

3 6
¢(x) =Y pfoe—k)+ > pp ok —2z), (2.6)
k=0

k=3
where

1 1
pg:i(aofb()*CO‘i’do), pi‘rzi(alfblfcl+dl)a

1 1
P?Zg(aﬁrbl +e1 +dy), p§:§(ao+bo+00+do)a
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_ 1 -_1 b —c —
p3 = i(ao +bo — co — do), Py = 5(‘“ by —e1 = dv),
(2.8)

1 _ 1
5(01*51 +617d1), Pe :i(aofb()‘FC()*do).

Hence, ¢ is a two-direction scaling function of order 3 supported on [0, 3].

D5 =

2.2. Construction of two-direction wavelet function associated with
two-direction scaling function of order 3. Orthogonal symmetric/antisymmetric
multiwavelet function + = [11,%3]7 of order 3 supported on [0, 3] is given as

v e v 3 e i

(2.9)
ay  =b] [é1(22 — 2) ag  —by] [é1(22 — 3)
[—cl } Lbz % 2 } " [—ca d } Lbz(zx - 3>} |
or
Py (z) = a6¢1(2a:) +aid1(2x — 1) + ay 1 (22 — 2) + ago1 (22 — 3)
byp2(22) + by (20 — 1) — b 2 (27 — 2) — by (22 — 3), (210
Wa(x) = co<z>1<2x> + i1 (2 — 1) — 122 — 2) — ¢ (22 — 3) '
dop2(22) + dy2(2x — 1) + d1d2(22 — 2) + dy¢2 (27 — 3),
where ag, a}, bj, b}, ¢, ¢1, dj, and d} are constants.
Construct a function ¢ by
V2
Y(z) = > (1 (=) + Yo(—)] . (2.11)

Since ¥4 (3 — x) = ¢1(x) and 12(3 — x) = —h2(x) by symmetric/antisymmetric
property, we have
V2

9w~ 3) = =L [a(a) + a(a)]. (212)
By solving (2.11) and (2.12) for ¢; and v, we have
1 1
1(z) = 7% [W(=2) + (@ =3)],  alr) = 7% [Y(z =3) = (==)].

(2.13)
Clearly, 1 is supported on [—3, 0], since ¢, and )5 are supported on [0, 3]. ¥
is refinable, since 17 and 5 are refinable.
Now we want to prove that ¢ is a two-direction wavelet function associated
with scaling function ¢ of order 3 of the form

0
Z G2z —k)+ Y g bk —21), (2.14)

k=—6 k=—3

for some q,j and g, .



Orthogonal two-direction refinable function of order 3 311

By applying (2.11) and (2.10), we have
—V24¢(=x) = (ap - cp)d1(2x) + (af — )12z — 1) + (a] + ¢} )1 (22 - 2)
+(ap + ¢0)$1(2z = 3) + (b d’)¢z(2x + (0 = dy)$a(22 — 1)
(=) — dy)d2(22 — 2) + (=by — dy)d2(22 — 3).
By (2.4), we have
—2¢(—x) = (ag— by — c{ + do)d(2x) + (ay —
+(a + b+ +d)p(2e — 2) +
+(ag + by — ¢y — dy)p(3 — 2x) +
+(ay — by + ¢ —d))p(5 —2z) +

)
(

by —c +dy)o(2z — 1)
(ap + by + cf) +dy)p(2z — 3)
(a} + by — ) —dy)p(4 — 2x)
(ag, — by + ¢y — dgy)p(6 — 2).
That is,
—29¢(x) = (af— by —cy+dy)d(—2x) + (a) — b — | +dy)p(—2z — 1)

+(a} + b} + ) +d))p(—2x — 2) + (ag + by + ¢y + dpy)p(—22 — 3)

1)
+(ag + by — ¢y — dy)p(3 + 2x) + (a) +b) — ) — d})p(4 + 2x)
+(a) — b + ) —dy)o(5 + 2x) + (ag — by + ¢ — dy)p(6 + 2).
Hence, we have
-3 0
=Y qio@z—k)+ > qpo(k—22), (2.15)
k=—6 k=—3
where
+ L, / / / + L, / / /
(176:_5(%_5’0"“%_%)7 q75:—§(a1_b1+01_d1)7
]‘ / / / ! ]‘ ! / ! ! (216)
qf4:—§(a1+b1—cl—d1), qf3:—§(a0+b0—co—do),
— 1 / / / !/ — 1 i / / !
q_3=—5(a0+b0+co+d0), q—2:_§(al+bl+cl+d1)a
1 1, / / / (2.17)
— / / / !/ —
q_1:_§(a1—b1_01+d1)7 9 :—5( 0 — by — ¢ + dyp).

Hence, v is a two-direction wavelet function associated with ¢ supported on
[-3,0].

2.3. Main Theorem. We have the following main Theorem of this paper.

Theorem 2.1. Let ¢ = [¢1,$2]T be an orthogonal symmetric/antisymmetric
multiscaling function of order 3 supported on [0, 3] with nonzero 2 x 2 recursion
coefficient matrices hg, h1, ho, h3. Let ¥ = [¢1,102]7 be an orthogonal symmet-
ric/antisymmetric multiwavelet function associated with ¢ supported on [0, 3]
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with nonzero 2 X 2 recursion coefficient matrices gg, g1, g2, g3. Construct func-
tions ¢ and ¢ by

V2

o(z) = 5 [91(z) — ¢a2()], (2.18)
Y(z) = g (=1 (=) + 2 (—2)].

Then (i) ¢ is an orthogonal two-direction scaling function of order 3 supported
on [0, 3] such that

3

$(z) = Y pf o2z —k)+ Y pp ok - 22) (2.19)

k=0 k=3

for some pz and py;
(ii) % is an orthogonal two-direction wavelet function associated with ¢ sup-
ported on [—3,0] such that

-3 0
(@)= > G o —k) + Y g ok —2) (2:20)

k=—6 k=-3

for some q,j and g .

Furthermore, ¢(3—x) = §[¢1($)+¢2($)}, the flipping of ¢(x) about x = 3/2,
is also a two-direction scaling function of order 3 supported on [0, 3]. (-3 —z),
the flipping of ¢ (z) about + = —3/2, is also a two-direction wavelet function
associated with ¢(3 — x) supported on [—3,0].

3. Example

In this section we provide an example to illustrate the general theory. For an
example, we take Chui and Lian’s orthogonal symmetric/antisymmetric multi-
scaling functions ¢ of order 3 and multiwavelets 1) in [1]. We obtain two-direction
scaling function ¢ of order 3 supported on [0, 3] and wavelet function v

Example 3.1. Chui-Lian’s orthogonal symmetric/antisymmetric multiscaling
function ¢ = [¢1, ¢2]T of order 3 supported on [0, 3] is given in [1] as

I ] e it

o M | ]

(3.1)



Orthogonal two-direction refinable function of order 3
where

ao 10 — 3V10), ay 30 + 3v/10),

1 1
= 10¢ = 10¢
bo = 4%(5\/6— 2V5), b = %(5\/6— 2/5),

1 1
o= 4—0(5\/6— 3V15), ¢ = 4—0(—5f— 7V15),

5-3V10), dy = i(15 —3V10).

do 40

1
= E(
Construct a refinable function ¢ by

=2

By applying (2.6), (2.7), and (2.8), we have

[91(2) — ¢2(x)] .

3

6
dx) = plo2e—k)+ > py k- 2z),

k=0 k=3
where

pg:;(ao—CO—bo-l-do):;(:—3\2/0170—\{164-\/8175) ~ —0.1138,
pf=;(a1—cl—bo+d1)=;<2+9‘:0r5> ~ 0.9982,

Py = %(al +c1+bo+dy) = % (2—%?) ~ 0.1268,
p;?:;(aowwbwdo):;(2—32010+‘f—‘/§5> ~ 0.0145
pgzé(ao—CO—Fbo—do):;(;—Fi?) ~ 0.1109,
p2=;(a1—c1+bo—d1)=;<2+32010+\f+‘/§5> ~ 0.9729
p5Z;(a1+61—b0—d1)=;(2—#3\2/()1»0—\26—\/81%) ~ —0.1236,
pGZ;(a0+CO—bo—do)=;<;—\/?> ~ 0.0141,

313

(3.4)
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and
P3 Pyi _ b5 P 1 \/ (480 — 481/10)(160 + 48+/10)
C="F =" F= T =" FT=2 ~ —0.9747.
Do Y41 Do P3 43 \/E — 10 ( )
3.7

¢(3—z), flipping of ¢(x) about x = 3/2, is also a two-direction scaling function
of order 3 supported on [0, 3].

Chui-Lian’s [1] orthogonal symmetric/antisymmetric multiwavelet function
W = [th1,12)T supported on [0, 3] is given as

{%(33)] _ {ai) bé} {¢1(2x)} n {a’l b/1:| Vl(?w— 1)]

Vo) b db] [p2(27) i dy] 9222 — 1) (3.8)
N ay  =b] [¢1(2z —2) N ah —by] [¢1(2z —3) '
¢ d | |oso-3)] T l=ch ] loa20-3)]"
associated with ¢(z), where
1 1
aly = E(W@— 2V/15), d} = ZO(—5ﬁ+ 2V/15),
1 1
by = —(—10 4+ 3v10), b, = —(30 + 3v/10),
40 40 (3.9)
/ 1 / 1 .
CO 40( 5 + 3\/>0)7 Cl 40( 5 3\/>0)7
1 1
d{):E(E’)\/é—S\/ﬁ), d, :470(5\/@ 7V15).
Construct a function v by
V2
V(@) = 5 [i(=2) + 2 (=2)].- (3.10)
By applying (2.15), (2.16), and (2.17), we have
-3 0
P(z) = Z G o(2x — k) + Z q, o(k —2x), (3.11)
k=—6 k=-3
associated with ¢, where
o=-p3, ¢s5=p5, a4=-v5, 3=0p5, (3.12)
3=05, 4Co=-DP, 4-1=p5, G = D3 (3.13)

¥(—3 — x), flipping of ¥ (x) about x = —3/2, is also a two-direction wavelet
function associated with ¢(3 — z) supported on [—3,0].
For the graphs of ¢(z), ¢(3 — x), ¥(x), and (-3 — x), see Fig. 3.1.
U
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Ficure 3.1. Orthogonal two-direction scaling functions of or-
der 3 and wavelet functions from CL3: (a) ¢(x). (b) ¢(3 — z).

(©) ¥(x). (d) $(=3 — ).
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