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ON HIGHER ORDER (p,q)-FROBENIUS-GENOCCHI
NUMBERS AND POLYNOMIALS'

WASEEM A. KHAN*, IDREES A. KHAN AND J.Y. KANG

ABSTRACT. In the present paper, we introduce (p, q)-Frobenius-Genocchi
numbers and polynomials and investigate some basic identities and proper-
ties for these polynomials and numbers including addition theorems, differ-
ence equations, derivative properties, recurrence relations and so on. Then,
we provide integral representations, implicit and explicit formulas and re-
lations for these polynomials and numbers. We consider some relation-
ships for (p, ¢)-Frobenius-Genocchi polynomials of order « associated with
(p, ¢)-Bernoulli polynomials, (p,q)-Euler polynomials and (p,q)-Genocchi
polynomials.
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1. Introduction

Throughout this presentation, we use the following standard notions N =
{1,2,---}, Ng = {0,1,2,---} = NU{0}, Z= = {-1,-2,---}. Also as usual Z
denotes the set of integers, R denotes the set of real numbers and C denotes the
set of complex numbers.

The (p, ¢)-numbers are defined as

n—3 n—2 n—1 pn_qn
q+p "¢+ +pg T +gq YR

n—2

[]p,q = P+
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n—l[

We can write easily that [n],, = n]q/p» Where [n],/, is the g-number in

g-calculus given by [n],/, %. Thereby this implies that (p, ¢)-numbers

and g-numbers are different, that is, we cannot obtain (p,q)-numbers just by
substituting ¢ by ¢/p in the definition of g-numbers. In the case of p =1, (p, q)-
numbers reduce to g-numbers,(see [6, 7]).

The (p, ¢)-derivative of a function f with respect to x is defined by
f(px) — f(qz)
(p—aq)z

and (D, 4f(0)) = £(0), provided that f is differentiable at 0. The number
(p, q)-derivative operator holds the following properties

Dypgf(x) = Dpqf(x) = (z #0) (L.1)

Dy o (2)9()) = 9(0(2)) Dy o f (&) + F(az) Dy gg(), (1.2)
and
)\ _ 9(q2)Dyaf(2) — (q2)Dyga()
D“(mw)‘ 9(p2)9(q2) ' (1:3)

The (p, ¢)-analogue of (z 4+ a)™ is given by
(z+a)r,=(x+a)(pr+aq) - (p" 2z +ag" )" 'z +ag" ), n>1

:i®p%wmw

where the (p, ¢)-Gauss Binomial coefficients (Z)p . and (p, ¢)-factorial [n], ,! are
defined by

(n)p,q - M(n > k) and [n], 4! = [n]p,q - [2]p,q[lp,q: (n € N).

k - [n_k]:ﬂ,q![k]p,q! ’

The (p, ¢)-exponential function are defined by

fral®) = 0 Tt ond Boale) = 2Ty
n=0 ’ n=0 ’
holds the identities
ep,q(2)Epq(—2) =1 and e, - (z) = Ep 4(2), (1.4)

and have the (p, ¢)-derivatives
Dy g€pq(2) = €pq(pzr) and Dy gEp o(2) = Ep q(q). (1.5)
The definition (p, ¢)-integral is defined by

a & pk pk
[ 1@nar = =00 s ().




On higher order (p, g)-Frobenius-Genocchi numbers and polynomials 297

in conjunction with

/ab f(x)dy gz = /Ob f(x)dp gz — /Oa f(x)dp gz, (see [19]). (1.6)

The generalized (p, ¢)-Bernoulli polynomials, the generalized (p, ¢)-Euler poly-
nomials and the generalized (p,q)-Genocchi polynomials are defined by means
of the following generating function as follows (see[1-20]):

(e(z)—l) epa(at) =) B (@ ip,Q)% Jtl<2m,  (17)
P n=0

p,q*
2 " S p(@) £
— 2 ) et =Y B @ i) <, (1)
<ep,q(t) + 1) e nz:% [n]p.q!
and
(Qt)ae (xt)—iG(a)(x'p D—— ltl<w (19
ep,q(t) +1 e ot " T Iyt . .

It is clear that

B{(0:p,q) = B (p,q) , ESY(0:p,9) = EL(p,q),
and
G0 p,q) = G (p,q) (n €N).

Very recently, Yagar and Ozarslan [20] introduced Frobenius-Genocchi poly-
nomials are defined by means of the following generating relation:

1— M\t = "
%e” = ;Gﬁ(x;)\)a. (1.10)

et

Taking A = —1 in (1.10), we get the Genocchi polynomials

2t = "
et+1ewt:ZGn(x)m,|t|< . (1.11)
n=0
The following section provides some identities and properties of (p, ¢)-Frobenius-

Genocchi numbers of order « involving addition property, difference equations,
derivative properties, recurrence relationships. We also provide integral rep-
resentations, implicit and explicit formulas and relations for mentioned poly-
nomials and numbers. By using generating function of the polynomial stated
in Definition (2.1), we derive some relationship for (p,q)-Frobenius Genocchi
polynomials of order « related to (p,q)-Bernoulli polynomials, the (p, q)-Euler
polynomials and the (p, ¢)-Genocchi polynomials.
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2. Definition and properties of the (p, ¢)-Frobenius-Genocchi

polynomials of order «, g,(La) (z;u:p,q)

In this section, we introduce and investigate (p, ¢)-Frobenius-Genocchi poly-
nomials of order « and its properties.

Definition 2.1. The (p, q)-Frobenius-Genocchi polynomials gﬁba)(ac; u:p,q) of

order « are defined by means of the following generating function:

(O—W> o (at) Zgwxu Py ) (2.1)

epq(t) —u [n]p,q!”

where « is suitable (real or complex) parameter, p,q € C with 0 <| ¢ |<|p |< 1
and u € C/{1}.

Remark 2.1. For x =0 and « = 1 in (2.1), the result reduces to

(o) Sty o

e
pq n=0

where g, (u : p, g) denotes the (p, ¢)-Frobenius-Genocchi number.

Remark 2.2. On setting u = —1, equation (2.1) reduces to

(e(ii—l—l) €p7Q($t) = Z fo‘)(x - D, q) [nfn T (2,3)
P n=0 p,q°

where fo‘)(x : p, q) denotes the (p, ¢)-Genocchi polynomials of order «, (see [6]).

From (2.1), we have

gt

(z5u:p,q) = gn(z;u:p,q),
9\ (@ u: p, @)lp=1 = g{")(w;w), (see [17),
hm g(a)(x; u:p,q)= G(O‘)(:c u), (see [13, 14]).

q~>1

From Definition (2.1), we give the following theorems:
Theorem 2.2. The following relationship holds true:

a n - n oY n—
D =Y (1) a0 2.4)
p,q

k=0

s
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Proof. By means of the (p, ¢)-derivative operator Dp q» We have
o (wipg) (9
@ (D Vg" — (@ n : n
9ria (Dp.a)? .4 ( Oy, qx) Z klp.qt (anql’) v
N @), ["]pyq! n—k
= g, (w:ip, @)pe—F %
Z g [E]p.qtln — k]p.q!

n
n @ n—
=Z<k> o (s p,q)a" .
k=0 p,q

)

Therefore, we complete proof ot Theorem 2.2. O

Here, we state a relationship of (p, ¢)-Frobenius-Genocchi polynomials of or-
der a and (p, ¢)-Frobenius-Genocchi numbers of order a.

Theorem 2.3. The following relationship holds true:

n

g\ (@ uip,q) =Y < . > pU2 ) gt (s p, gk, (2.5)

k=0 )

Proof. By using (2.1), we have

0 [7]p.q €p.q(t)
n k e n
_ (a) ¢ (),n_t
=Y 9. (u:pq) > )z
o g [k}p,q'n 0 Tp,q
> o n n—k e tm
=> 1D <k> pU2) gt (s p, g " -
n=0 \k=0 D,q [n]qu'

Comparing the coefficients of - mr— of both sides, we arrive at the desired result
Ps
(2.5).

Corollary 2.4. In the case x =1 in Theorem 2.3, we have
n n ek N
g (Lsu:pg) = ( I ) P2 gl (w: p, q). (2.6)
k=0 P.q
Remark 2.3. The (p, ¢)-generalization of the following formula:

n

o (15u) =3 ( Z )g,ga>(u). (2.7)

k=0
Note that
9 (z;u:p, q) = p)am
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Theorem 2.5. The following formula holds true:

n n - ek N
9@+ y)pgiuipa) =Y ( A ) y g @ui g (28)
p,q

k=0
n n N
g wsuip )= ( i ) (@ p,)gl” (up.q). (2.9)
k=0 p,q
9 o
0 — g (w5 u s p,q) = [n]pq0l”s (i p, g). (2.10)
p,q

Proof. Using definition 2.1 and differentiating generating function (2.1) with
respect to « with the help of equation (1.2) and then simplifying with the help
of the Cauchy product, formulas (2.8)-(2.10) are obtained. O

Theorem 2.6. (Difference equation) For n > 1, we have

(1= w5 (up,q) = gf (50 pq) — ugl(u p, q). (2.11)
Proof. We can easily derive by using the equation (2.1). We omit the proof. O
Theorem 2.7. (Recurrence relationship) gfla)(x;u . p, q) fulfills the following
equality:

- n nok « « a—
Z( A ) pU2) g (w50 : p, @) —ugl (w5 u = p, @) = (1—u)gl* (w5 u: p, q).
k=0 p,q

(2.12)

Proof. Using generating function (2.1), we get (2.12).
O

Corollary 2.8. For a =1 in Theorem 2.7, we have

Z ( Z ) p(n;k)gn(aﬁ; w:p,q)—ugy(z;u:p,q)=(1— u)m"p(z) (2.13)

k=0

3. Main results

In this section, we derive implicit and explicit formulas, integral representa-
tions, some identities for g,(,a)(ac; u : p,q). Also, we present new theorems and
some (p, g)-extensions of known results in Carlitz [1], Kurt [9], Simsek [16, 17]
and so on. We start with the following explicit formula for (p,q)-Frobenius-

Genocchi polynomials of order a by the following theorem.
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Theorem 3.1. The following implicit summation formula holds true:

a2 (2w p, )

k,l

P (fn>( . )pqp<"*é’"’><zx>m+”g,i“>m (@30 p,0),

n,m=0 >

(3.1)

)

Proof. Replacing ¢t with (t 4+ w) in (2.1) and using result [18, p.52, Eq.2], we get

tk w!

<<1u><t+w>) = epq(—alt+w) Y g% (wiu:pq) (3:2)

ep,q(t +w) —u k1=0 [klp.q! [p.q!

Replacing = by z, and equating the obtained equation with the above equa-
tion, we arrive at

0 k 1
a t w
oz =)t +w) 3 gz, 0) g
_ p.a* lYp,q°
k,1=0 (3.3)
Z ) ¢k w
ng Zup,q z
2 Flpva! Wy
Expanding the exponent part in the above equation, we have
(2 —2)(t + w)] (u) th !
N=0 Jp.a! k,l=0 p.ar LNp. a4
3.4)
Z +h w! (
= gk+l zyutp,q)) 1
2 Rl W
From equation (3.4) we can derive the following equation.
e (Z _ x)(n+m)p 2 tn m t wl
Z | Z ngrl ;U p, q)) L l |
Sp—— np,q!lm]p.q! k1=0 [Klp,q! [Up.q! 3.5)
ngHZU p ) wl,-
[k]p.q! [l p.q!

k,1=0
Using use of Lemma [18, p.100, Eq.2] and then on comparing the coefficients of
t* and w', we get the required result. O

Corollary 3.2. Forl =0 in Theorem 3.1, we get

k

a k n n (a

o ><z;u:p,q>=2(n) PO — o) (@uipa) (36)
n=0 p,q

Theorem 3.3. The following (p, q)-integral is valid

/” @ (g prq)d x_g,ﬁ‘i)z(ﬁ;wp,q} 9,31 (&30 p,q)
a I W et = [n+ 1]p.4 '
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Proof. Since

b
| 50w g = 1(0) = £(a), (see [19)
a p,q

in terms of equation (2.10) and equations (1.5) and (1.6), we arrive at the as-
serted result

/b O y@ (5 p, g)d xl/bg(“)(x'um q)dy,q
" 8p,q$ n ’ ) D> q [n_i_l]p’q u n p7 Yy P,q

B o (Eupq) — g\ (%utp,g)

[N+ 1]p,q
This completes the proof of this theorem. O

Theorem 3.4. The following result holds true:

n

n
(2u—-1) kZ:O ( 1 )M gk(u:p, Q) gn—r(z:1 —u:p,q) (3.8)
=ugn(z;u:p,q) = (I —u)gn(z; 1 —u:p,q)
Proof. By utilizing the same method of Duran et al. [5] and Kurt [9], we first
consider the identity
2u—1 1 1

(ep,q(t) —u)(epq(t) — (1 —u)) a epq(t) —u - epq(t) — (1 —u)’
then we have
oy (A —u)epq(at) (1 — (1 —u)t)
B =) lepa® = ) (e — (L= w)
(1 —utepqlat) (1 —utepq(at)(l—(1—u)t)

ep,q(t) —u epq(t) — (1 —u)
Using generating function, we can represent

S k 0
u=1)> g pog)ym— > g5l — s p,q)——
=0 [k]p.q! ne0 [n]p,q!

t’n

n > tn
'—(Z—U)Zgn(a:;l—u:p,q)ﬁ.

[7]p,q! ne0 [n]p.q!

On comparing the coefficient of t", we arrive at the required result (3.8). (]

oo
=uY_ gn(ziu:p,q)
n=0

Theorem 3.5. Each of the following relationships holds true:

gt

SYEER —~( s . : , o)y (uipq)
= ; ( . )M LZ:0< . )M Bo—n(z;p. q)p(d) Bs(fmp,Q)] —+[n+ i
(3.9)

(z;u:p,q)
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where By (xz;p,q) is (p, q)-Bernoulli polynomials.
Proof. By using definition (2.1), we have

<(1_“)t> ) ep.q(xt)

epq(t) —u
(1—u)t \“ t epq(t) —u
N (epq (t) — ) epq t)—u t ra(rt)
1 oo
= Z
n=0

tn
k(T3P q)p g’ (u:p,q
< B 7 )”p,q';) ’ [n]m!
B,

1 — t"
EZ:: (® ”p,q' Zgn v [ Ip,q!
1 [e%) n n s s . m
- ?Z Z( s > Z( k > Bs—k(r;p,q)p(z)] o p,q) (], o]
n=0 Ls=0 P24 k=0 Pyq p:9q
IS IS (7)) B (@) (4 - t"
_EZ Z s s(mvpa Q) gn—s(u'pvq)[n]p q!-
n=0 Ls=0 p,q s
By using Cauchy product and comparing the coefficients of Lot We arrive at
the required result (3.9). O
Theorem 3.6. Each of the following relationships holds true:
9\ (@5 u:p, q)
= n > s ) 97(10:)3(“ P, q)
:Z Z Es—k(x;paQ) +E($ p,q ) 191
s k [2]p,q
5=0 P4 k=0 p.q ;

(3.10)
where En(x;p,q) s (p,q)-Euler polynomials.

Proof. By using definition (2.1), we have

< (1—u)t )ae%q(m_( (1u)tu>“ [2]t ep,q(t)+1ep7q(xt)

ep.q(t) —u epq(t) — q( ) [2]p,q
’ k=0 p,q p,q
X Zgﬁ Wi, @) ,
0 [n]p,q!
1 oo n n S s i n n
. Bt ) 4 Eulsip, >]
s S (1) E(1), pemant s X (1) st
(@) "

X gn 2o (u s p, Q)

’E
Q
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Comparing the coefficients of rr— ] -, we arrive at the desired result (3.10). O

Theorem 3.7. Each of the following relationships holds true:

(@;u:p,q)
s (o)
n+1 > < S ) (k) gn—s(U:p7Q)
= Go—i(@:p, )0\ + Go(@30, Q) | 177
Z ( p,q k;z::o k p,q ’ ’ [2]177‘] [n + 1]p,q
(3.11)
where G (x;p,q) is (p,q)-Genocchi polynomials.
Proof. By using definition (2.1), we have
1—u)t \* L—u)t " [2lpqt t)+1
( ( u) ) ep.q(at) = ( ( u) ) [2]p.qt  epq(t) + ep.q(wt)
ep,q(t) —u epq(t) —u/) epqt)+1  [2]y, qt
= 12 (D2 ) Goslaip apl +ZG D, )
[2]p,qt — _ P.a n]p,q! [n ]p,q
n=0 \k=0
t
x Zg(a) u:p,q) ,
[2]p,q
oo n S s n n
=[72 Z( ) Z( . ) Gs_k(:v;p,Q)p@JrZ( ; ) Gs(z;p, q)
n=0 Ls=0 P9 k=0 p,q s=0 p,q
(@) . t"
Xgn+1*s(u'p7Q)[n+1]p q!’
Comparing the coefficients of rr— ] -7, then we have the asserted result (3.11). O

REFERENCES

1. L. Carlitz, Eulerian numbers and polynomials, Mat. Mag. 32 (1959), 164-171.

2. U. Duran, M. Acikgoz, S. Araci, On higher order (p,q)-Frobenius-Euler polynomials,
TWMS J. Pure. Appl. Math. 8 (2017), 198-208.

3. U. Duran, M. Acikgoz, Apostal type (p,q)-Frobenious-Euler polynomials and numbers,
Kragujevac J. Math. 42 (2018), 555-567.

4. U. Duran, M. Acikgoz, Apostal type (p, q)-Bernoulli, (p,q)-Euler and (p, q)-Genocchi poly-
nomials and numbers, Comput. Appl. Math. 8 (2017), 7-30.

5. U. Duran, M. Acikgoz, S. Araci, On (p, q)-Bernoulli, (p, q)-Euler and (p, q)-Genocchi poly-
nomials, J. Comput. Theor. Nanosci. 13 (2016), 7833-7908.

6. V. Gupta, (p, q)-Baskakov-Kontorovich operators, Appl. Math. INF. Sci. 10 (2016), 1551-
1556.

7. V. Gupta, A. Aral, Bernstein Durrmeyer operators and based on two parameters, Facta
Universitatis (Nis), Ser. Math. Inform. 31 (2016), 79-95.

8. V. Kurt, Y. Simsek, On the generalized Apostal type Frobenius Euler polynomials, Advances
in Difference Equations 2013 (2013), 1-9.

9. B. Kurt, A note on the Apostal type q-Frobenius Euler polynomials and generalizations of
the Srivastava-Pinter addition theorems, Filomat 30 (2016), 65-72.



On higher order (p, g)-Frobenius-Genocchi numbers and polynomials 305

10. W.A. Khan, S. Araci, M. Acikgoz, H. Haroon, A new class of partially degenerate Hermite-
Genocchi polynomials, J. Nonlinear Sci. Appl. 10 (2017), 5072-5081.

11. W.A. Khan, Some properties of the Generalized Apostal type Hermite based polynomials,
Kyungpook Math. J. 55 (2015), 597-614.

12. W.A. Khan, H. Haroon, Some symmetric identities for the generalized Bernoulli, Euler
and Genocchi polynomials associated with Hermite polynomials, Springer Plus 5 (2016),
1-21.

13. M.A. Pathan, W.A. Khan, Some implicit summation formulas and symmetric identities
for the generalized Hermite-Bernoulli polynomials, Mediterr. J. Math. 12 (2015), 679-695.

14. M.A. Pathan, W.A. Khan, A new class of generalized polynomials associated with Hermite
and Euler polynomials, Mediterr. J. Math. 13 (2016), 913-928.

15. C.S. Ryoo, A note on the Frobenius Euler polynomials, Proc. Jangjeon Math. Soc. 14
(2011), 495-501.

16. Y. Simsek, Generating functions for generalized Stirling type numbers, Array type poly-
nomials, Eulerian type polynomials and their applications, Fixed point Th. Appl. (2013)
https://doi.org/10.1186,/1687-1812-2013-87.

17. Y. Simsek, Generating functions for g-Apostal type Frobenius-FEuler number and polyno-
mials, Axioms 1 (2012), 395-403.

18. H.M. Srivastava and H.L. Manocha, A treatise on generating functions, Ellis Horwood
Limited. Co. New York, 1984.

19. P.N. Sadjang, On the fundamental theorem of (p, q)-calculus and some (p,q)-Taylor for-
mulas, Results Math., To appear.

20. B.Y. Yasar and M.A. Ozarslan, Frobenius-Euler and Frobenius-Genocchi polynomials and
their differential equations, The New Trends in Math. Sci. 3 (2015), 172-180.

Waseem A. Khan has received M.Phil and Ph.D. Degree in 2008 and 2011 from Depart-
ment of Applied Mathematics, Aligarh Muslim University, Aligarh, India. He is an Assistant
Professor in the Department of Mathematics, Integral University, Lucknow India. He has
published more than 70 research papers in referred National and International journals. He
has also attended and delivered talks in many National and International Conferences, Sym-
posiums. He is a life member of Society for Special functions and their Applications(SSFA).
He is referee and editor of mathematical journals.

Department of Mathematics, Faculty of Science, Integral University, Lucknow 226026, India.
e-mail: waseemO08_khan@rediffmail.com

Idrees A. Khan is working as Assistant Professor in the Department of Mathematics,
Faculty of Science, Integral University, Lucknow, India. He has received M.Phil. and Ph.D.
degrees in 2007 and 2014, respectively, from the Department of Applied Mathematics,
Faculty of Engineering and Technology, Aligarh Muslim University, Aligarh, India. He has
to his credit 25 published and 06 accepted research papers in international journal of repute.
He has participated in several international conferences.

Department of Mathematics, Faculty of Science, Integral University, Lucknow 226026, India.
e-mail: khanidrees077@gmail.com

J.Y. Kang received M.Sc. and Ph.D. from Hannam University. Her research interests are
number theory and applied mathematics.

Department of Mathematics Education, Silla University, Busan, Korea.
e-mail: jykang@silla.ac.kr



