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1. Introduction

In this paper, a meromorphic function always mean a function which is mero-
morphic in the complex plane C. We use the standard notations of Nevanlinna’s
theory such as m(r, f), N(r, f), T(r, f) etc. (See [6], [8]). By S(r, f), we mean
any quantity satisfying S(r, f) = of{T'(r, f)} as r — oo possibly outside a set
of finite linear measure. A meromorphic function a = a(z) is called a small
function of f if T'(r,a) = S(r, f).

Let f(z) and g(z) be two non-constant meromorphic functions, a € CU {co}.
We say that, f and g share the value a CM if f — a and g — a have the same
zeros with same multiplicities. Also, f and g share the value a IM if f — a and
g — a have the same zeros ignoring multiplicities.

Definition 1.1. Let E(a, f) = {z € C: f(z) — a(z) = 0}, where a zero of
f —a is counted according to its multiplicity. Also, E(a, f), is the zeros of f —a,
where a zero is counted only once. For a non-negative integer k, we denote by
Ei(a, f) the set of all zeros of f — a, where a zero of multiplicity 'm’ is counted
'm’ times if m <[ and [ + 1 times if m > I. If Ej(a, f) = Ei(a,g), then f and g
share the function a with weight .

We write f and g share (a,l) to mean that “f and g share the function a with
weight {”. Since Ej(a, f) = Ei(a,g) implies that E,(a, f) = Ep(a,g) for any
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integer p (0 < p <), if f and g share (a,l), then f and g share (a,p), 0 < p < l.
We also note that f and g share a IM(ignoring multiplicity) or CM(counting
multiplicity) iff f and g share (a,0) or (a,o0), respectively.

We use the following notations:

Let f and g share 1 IM, and let zg be a zero of f—1 of order p and a zero of g—1

of order q. We denote by N ,{3) (r, ﬁ) the counting function of those 1-points
of f and g, where p =q¢ = 1. By N(E2 (r, ﬁ) we denote the counting function

of those 1-points of f and g, where p = ¢ > 2. Also, N1, (r denotes the

1
-1
counting function of those 1-points of both f and g, where p > ¢ > 1; each
point in these counting functions is counted only once. Similarly, we denote the

terms N}E) (r, ﬁ), NS (r, g%l) and N, (r, g—il) In addition, we denote by

Nf>k (r, g—h) the reduced counting function of those zeros of f —1 and g — 1
such that p > ¢ = k, and similarly the term Ng>k (r, ﬁ) is defined.

Definition 1.2. Let ng,nq,...,nx be non-negative integers. The expression
M[f] = ()" (f(l))n1 (f(k))"k is called a differential monomial generated by
f of degree dp; = Z?:o n; and weight I'p; = Zf:o(i + 1)n; and k is the highest
derivative in M[f]. We also denote by, A =T'p; — dps = Zf:o mn;.

A differential polynomial P[f] of a non-constant meromorphic function f is de-
fined as P[f] = i, M;[f], where M;[f] = a; ]_[?:0 (f(j))n“
as non-negative integers and a;(# 0) are meromorphic functions satisfying T'(r, a;)
= o(T(r, f)) as r — oo. The numbers d(P) = mazi<i<m Z?:o n;; and d(P) =
MAN1<i<m Z?:o n;; are respectively called the degree and lower degree of P[f].

If d(P) = d(P) = d(say), then P[f] is called homogeneous differential poly-
nomial of degree d. Also, we denote by Q = max{I's;, —d(M;):0<j <k} =
maxogjgk{nlj + 2n2j + ...+ ]{J’I’ij}.

with M0y M1y ovy Nk

In 2014, Banerjee and Majumder [3] considered the weighted sharing of f™
and ( fm)(k) and proved the following:

Theorem 1.3.[3] Let f be a non-constant meromorphic function , k,n,m € N
and | be a non-negative integer. Suppose a(Z 0,00) is a meromorphic function

satisfying T(r,a) = o(T(r, f)) as r — oo such that f™ and (fm)(k) share (a,l).
Ifl>2 and

(k+3)0(c0, f)+ (k+4)0(0, f) >2k+T7—n,

orl=1 and

<k+;> @(oo,f)+(k+g> 00, f) > 2k +8 —n,
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orl =0 and
(2k +6)O(o0, f) + (2k+7)0(0, f) > 4k + 13 — n,
then fm = (fm™)®.
In 2016, the authors Kuldeep Singh Charak and Banarsi Lal [5], proved the
following result on uniqueness of p(f) and P[f]:

Theorem 1.4.[5] Let f be a non-constant meromorphic function, a(# 0, 0c)
be a meromorphic function satisfying T'(r,a) = o(T'(r, f)) as r — oo, and p(z)
be a polynomial of degree n > 1 with p(0) = 0. Let P[f] be a non-constant
differential polynomial of f. Suppose p(f) and P[f] share (a,l) with one of the
following conditions:

(i) I > 2 and

(Q +3)0(c0, f) +2n0(0,p(f)) +d(P)s(0, f) > Q + 3+ 2d(P) — d(P) +n,
(ii) =1 and
(@5 ) Oto0. 1)+ 00000 +APIO.H) > Q5 +20(P) - P + 5
(i) =0 and
(2Q +6)0(00, f) +4nO(0,p(f)) + 2d(P)(0, f) > 2Q + 6 + 4d(P) — 2d(P) + 3n.
Then, p(f) = P[f].

In 2018, Harina P. Waghamore and Naveenkumar S.H. [7], proved the unique-
ness of meromorphic functions of the form P(f) = fYP(f1) —a and H[f] — a
and obtained the following result:

Theorem 1.5.[7] Let k(> 1),n(> 1),p(> 1) and m(> 0) be integers and f
and f; = f — w, be two non-constant meromorphic functions and H|[f] be a
non-constant differential polynomial generated by f. Let P(2) = tpminz™™ +
e Fap2™ + ... + ag, Gmyn # 0 be a polynomial in z of degree m + n such that
P(f) = fPP(f1). Also, let a(z)(# 0,00) be a small function with respect to f.
Suppose P(f) — a and H[f] — a share (0,1). If { > 2 and

(Q+3)0(00, f) + p2dy; (wp, f) + d(H)r42(0, f) > Q + 3+ pz + d(H) — p,

orl =1 and

(Q + ;) O(00, f) + p26,3 (wp, f) + d(H)dk 42 (73 ]1c> + %@(wl” f)

_ +n-3
S Qtdtpp+dH) + TP

2 b
orl =0 and
(2Q +6)O(00, f) + 20 (wp, f) + p20u; (wp, f) + d(H )dk42(0, f)
+ d(H)0k11(0, f) > 2Q + 8 + po + 2d(H) + 2(m +n) — 3p,
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then P(f) = H[f].

2. Main results

In this paper, our interest is to investigate the uniqueness of a monomial and
differential polynomial. In general this is not true, but under essential conditions,
we prove the result, which extend and improves the previous results.

The following theorem is our main result:

Theorem 2.1. Let f be a non-constant meromorphic function and M|[f] be a
differential monomial of degree dp; and weight T'py and k(> 1) is the highest
deriative in M[f]. Let P[f] be a non-constant differential polynomial of f.
Also, let a(z)(#£ 0,00) be a small function with respect to f. Suppose M[f] — a
and P[f] — a share (0,1). If

1> 2 and
(Q 43X+ 3)0(c0, f) + AO(0, f) + 2dar6111(0, f) + d(P)5(0, f) )
> Q44X+ 3+ dyr + 2d(P) — d(P),

orl=1 and

(PLEPET 001+ 2000.1) + 2161400, + A(PIS(0.1)
> 2Q+29A+ " 3‘;1” +2d(P) — d(P),
(2)
orl =0 and
(2Q +5X +6)O(00, f) + AO(0, f) + 4drs0141(0, f) + 2d(P)d(0, f) )

> 2Q + 6\ + 6 + 3dps + 4d(P) — 2d(P).
Then, M|[f] = P|f

].
Proof. Let F = M and G = 24, Then,

a a

_Miflma ,_,_PFPlfl-a

B a - a
Since M(f] and P[f] share (a,l), it follows that F' and G share (1,1) except the
zeros and poles of a. Also note that,

N(r,F)=N(r,f)+ S(r,f) and N(r,G)=N(r, f)+S(r, ).

Define
F'  oF G 2d
w_<F’_F1>_<G’_Gl>' )
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Claim. ¢ =0.
Suppose on contrary, we have ¥ Z 0. Then from (4), we have m(r,¢) = S(r, f).
By the second fundamental theorem of Nevanlinna, we have

T(r, F) +T(r,G) <2N(r,f>+zv(r,;,> +N(T,F1_1) +N<r,é)

8 (rg) Mo () - Mo () +50 ©

where Ny (n %) is the counting function of the zeros of F’ /7 which are not the

zeros of F(F — 1) and Ny (r, é) denotes the counting function of the zeros of
G, which are not the zeros of G(G — 1).

Case 1. When [ > 1.
Then, from (4), we have

NP (r g ) S8 (1) +50) S T0) + 80 1) £ Nl + 5(01),

where

N(v) < N(r F)+ Nz ( ;> Ve ( é) + 7, ( Fl_1>

L<T7G1_1>+N0 (erlu> +N0 <7‘,(;>+S(T,f)

2|

_|_

and so,

Since
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— 1 1 1
+N<T,CH>+NO <T,F> +N0 <T,G>+S(7’,f) (6)
Subcase 1.1. When [ = 1.
In this case, we have

_ 1 1 1 1— 1— 1
N — | < =N —|F < -N(r, F -N —
L(T,F—]_) =9 (T,F/l #O> =9 (’f‘, )+2 (T7F)7 (7)
where N (r, %|F #* 0) denotes the zeros of F/7 which are not the zeros of F'.
By using Lemma 2.7, F' and G share (1, 1), then

— 1 — 1 (2 1 — 1
2NL(T,“)+2NL<T7G1>+NE(T,F1)—NF>2<T7G1>
1 — 1
< - .
N(r,G_l) N<T’G—1>

(8)
By (7) and (8), we have
I 1 9N 1 Ne (L N (r 1
() e () N () 7 ()
<N<T7G1_1> + Npso (r’Gl—l)
§N<7",G1_1> +Np (T,F_1> + S(r, f)
1 1— 1 1
SN<T7G—1> +§N(T,f)+§N1 <T,W) +S(T,f)
)

From (4) and (10), we obtain

T(rF) < NG )+ (n ) + 8 (r g ) + ¥ (ng)
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)3 ) 5

T(r,M) < gﬁ(r, f) + < > < PU] > +S(r, f).

By using Lemmas 2.5, 2.6 and 2.8, we get

dnT(r, f) — XN (r, f) — (

7)o+
§<Q+;> N f)+ 5MN1+< ) N, f)
P (s

- @(P) - d(P)T(r, f )

)e< 54200, 1)+ 5,40, 1) + AP0, )

2 IN+7  3d —
< OEALT 3 oap) - a(p),
which is a contradiction to (2).
Subcase 1.2. When [ > 2.
In this case, we have

— 1 — 1 (2 1 - 1
2Ny, (T,F_1)+2NL <T,G_1)+NE < ’F—1>+N<T’G—1)

1
SN(T,G_1> + S(r, f)-

+

<2Q+7)\+7
2

Thus, from (6), we have
N(T, 1 ) —|—N<r, 1 ) <N(r,f)+ N (r, 1) + N2 (7“, 1)
F—-1 G-1)~ F G
+N (r,1> + No (r,1,> + Ny <7"7 1,) +S(r, f)
G-1 F G
< N(r, f) +N(2 (r, }17> +N(2 <r, é) +T(r,Q)
+ No <7“7 1,) + No (7‘, 1,> +5(r, f) (11)
F G
From (5) and (11), we have

_ _ 1 1
T(r,F) <3N(r,f)+2N (r, F) + N (r, G) + S(r, f).
By using Lemmas 2.5, 2.6 and 2.8, we get

dyT(r, f) — AN(r, f) — AN (7’, }) +S(r, f)
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<N+ 23 (r ) 48 (n

iy ) 5

f]
< (Q+3A+3)N(r,f)+2dMNl+k( jlr> < 1)

+5(r. f)

(Q+ 3\ +3)0(00, f) + A0(0, f) + 2dard141(0, f) + d(P)5(0,
< Q44X+ 3+ dy +2d(P) — d(P),
which is a contradiction to (1).

Case 2. When [ = 0.
Then, we have

From Lemma 2.7 and (5), (12), we obtain

)

T(r,F) <6N(r, f) + 4N, (r, Ml[f]> +2N (r, P%f]) +S(r, f).

By using Lemmas 2.5, 2.6 and 2.8, we get
— — 1
T f) = AN £) = AN (77 ) +500)

< 6N(r, f) + ddar Ny ( }) LN £) + 20N (r, f)
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— — 1
#2AP) = dPIT( ) + 2PN (7.7 )+ 50.5)

(2Q +5X +6)0(00, f) + AO(0, f) + 4drrd141(0, f) + 2d(P)5(0, f)
< 2Q + 6\ + 6 + 3dys + 4d(P) — 2d(P),

which is a contradiction to (3).
Thus, when v # 0, we get contradiction.
Hence, ¢ = 0.
By (4), we have

" ’ 7 /

F 2F G 2G

F F-1 G G-1
and by integrating twice, we get

1 C
F—l_G—1+D’ (13)
where C' # 0 and D are constants.
Then, we have the following three cases :
Case(i). When D # 0, —1.
Rewriting (13) as
G-1 F-1

C  D+1-DF’

— — 1
N(r,G) =N (r,).

In this case, by using second fundamental theorem and lemmas 2.5, 2.8, we get

dyT(r, f) — AN(r, f) — AN (7", }) +S(r, f)

Then, we have

< N(r, f) —&-W(r,%) +N <7“,F1D+1> +S(r, f)

D

<N, )+ M, )+ F(,G) + S0, )

dyT(r, f) < (2AN+2)N(r, f) + dpr N1gg (T, J10> + AN (r, ch) +S(r, f)

(2X+2)6(00, ) + AO(0, ) + durby44(0, f) < 3\ +2,
which contradicts (1), (2) and (3).

Case (ii). When D = 0.
Then from (13), we have
G=CF-(C-1)
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. — 1 — 1
Therefore, if C #1, then N(r, 5) =N (r, F—(CC_U> )
Now, by using second fundamental theorem and lemmas 2.5, 2.8, we get

dyT(r, f) — AN(r, f) — AN (T, },) +S(r, f)

< N(r, f) + N(r, %) +N <r, Flc_1> + S(r, f).

+ (d(

l
=3
|
\/@:
=3
|
=
=
+
Al
3
=
/T~
u‘ B
N———
+
n
=
=

(Q +2) +1)O(c0, f) 4+ AO(0, ) + dard11(0, f) + d(P)5(0, f)
<Q+3\+1+42d(P)—d(P),

which contradicts (1), (2) and (3).
Thus, C' =1 and so in this case from (14), we have F' = G.
Therefore, M[f] = P[f].

Case(iii). When D = —1.
Then, from (13), we have
= (15)
Therefore if C' # —1, then

N(r, é) =N <r, F_lc> .

C+1
Now, by using second fundamental theorem and lemmas 2.5, 2.8, we get

dnT(r, ) — AN (r, f) — AN (r, Jlf) + S0 )
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which is same as case (ii), which gives
(Q +2X+ 1)O(c0, f) + AO(0, f) + darb14%(0, f) + d(P)5(0, f)
<Q+3\+1+42d(P)—d(P),

which contradicts (1), (2) and (3).
Therefore, FG = 1.
By Lemma 2.9, we get a contradiction to FG # 1.
Therefore, F =G
ie., M[f] = Plf].
Hence the proof of Theorem 2.1. O

Example 2.1. Let f(2) = cosaz + 1 — 24, where a # 0, £1, 4. Let M[f] =

ot

f® and P[f] = 2fM). Then, we have dyy = 1,Tyy = 2 and XA = 1, also

d(P) =1,d(P) =1, Ty, =2, d(M;) =1 and Q = 1. Also, since N(r, f) =
S(r, f), ©(co, f) =1 and N (r, ;) -N (r é) ~T(r, f), ©(0, f) = 0.

) cosaerlfﬁ
Therefore  §(0, f) = d14x(0, f) = 0. Also, we know that M[f] and P[f] share
(a,1), I > 0, but none of the inequalities (1), (2) and (3) are satisfied and
MIf] # PLf).
Hence, For M[f] = P]f], the conditions of Theorem 2.1 are essential.

Remark 2.1. As a particular case, we obtain the uniqueness of monomial
M]f] and homogeneous differential polynomial P[f] (i.e., d(P) = d(P) = d) as
follows:

Theorem 2.2. Let f be a non-constant meromorphic function and M[f] be a
differential monomial of degree dy; and weight T'py and k(> 1) is the highest
deriwative in M[f]. Let P[f] be a non-constant homogeneous differential polyno-
mial of f. Also, let a(z)(£ 0,00) be a small function with respect to f. Suppose
M[f] — a and P[f] — a share (0,1). If

1> 2 and

(Q+3X+3)0(o0, f)+XO(0, f)+2das614(0, f)+dd(0, f) > Q+4XN+3+dp +d,
(16)
orl=1 and
<2Q+7)\+7
2

5d 2Q4+92+7
U5, 140, )+ o0, ) > ZEEAET

3d
L 3w

) O(o0, f) +20(0, f) +

+d,

(17)
orl=0 and
(2Q+5X+6)0O (00, f)+AO(0, f)+4dpr0141(0, £)+2d5(0, f) > 2Q+6A+6+3dps+2d.

(18)
Then, M[f] = PIf].
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Proof. By taking d(P) = d(P) = d and proceeding as in the lines of proof of
theorem 2.1, we get the proof of theorem 2.2. O

Theorem 2.3. Let f be a non-constant entire function and M|[f] be a differential
monomial of degree dy; and weight Tpy and k(> 1) is the highest derivative
in M[f]. Let P[f] be a non-constant differential polynomial of f. Also, let
a(z)(#£ 0,00) be a small function with respect to f. Suppose M[f] — a and
P[f] — a share (0,1). If

1> 2 and

dar +2d(P) — d(P) + A

2dyr +d(P) + A

61+k’(03 f) >

)

orl=1 and

Sy 1 2d(P) — d(P) + A

o 0,f) > -
1+k( f) MTM-Fd(P)-i-)\

i

orl =0 and B
3dyr + 4d(P) — 2d(P) + A
4dpr +2d(P)+ X

51410, f) >
Then, M[f] = P|[f].

Proof. By taking N(r, f) = S(r, f) and proceeding as in the lines of proof of
theorem 2.1, we get the proof of theorem 2.3. O

We use the following lemmas in our result:

Lemma 2.4. [2] Let f be a non-constant meromorphic function and M[f] be a
differential monomial of degree dy; and weight I'pr. Then,

T(T, M) S dIVIT(r»f) + )‘N(ra SoH f) + 5(7"7 f)
Lemma 2.5. [2] For the differential monomial M[f],
Np(r,0, M[f]) < dprNpqr(r, 05 f) + AN (1, 005 f) + S(r, f).

Lemma 2.6. [4] Let f be a non-constant meromorphic function and P[f] be a
differential polynomial of f. Then,

(ot ) < @) = dPym (5. 7) + 50,
V(L) < @P - e () + @ [N+ W (n7)] 4500

+N
N (g7 ) < Q00+ @P) = P (77 ) + 8 (75 )+ 560.0)

where Q = mazi<i<m {Nio + i1 + ... +knig}.

Lemma 2.7. [1] Let f and g be two non-constant meromorphic functions.
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(i) If f and g share (1,0), then

- 1 — 1 —
Mo (npeg) <5 () 4+ N0 + 500
where S(r) = o(T(r)) as r — oo with T(r) = max {T(r, f); T(r,g)}.
(ii) If f and g share (1,1), then

_ 1 — 1 —(2 1 — 1
2N _— 2N —_ N —— | =N _
) o) 75 ) )
1 __
§N(T, )—N(r, ! >
g—1 g—1

Lemma 2.8. Let f be a non-constant meromorphic function and M[f] be a
differential monomial of degree dp; and weight T'py. Then,

T(r,M) > dyT(r,f) — AN(r, f) — AN (r, ch) + S(r, f).
Proof. By using the first fundamental theorem and lemma 2.6, we have
dMﬂnnIWJMQST(nﬁ£)+T@J@+Smﬁ
M
<N (r, fdM) +T(r,M)+ S(r, f)

dMTmfy—Mwnﬁ—AN(n}>+S@J)§T@J@

f

Hence the proof of lemma. O

ice., T(r,M)>dyT(r,f) —AN(r, f) — AN (r, 1) + S(r, f).

Remark 2.2. In view of the Lemma 2.4 and Lemma 2.8, we get the following
inequality

dyT(r, f) — AN(r, f) — AN (r, J10> +S(r, f) <T(r, M)
<dyT(r, f) + AN(r, f) + S(r, f).

Lemma 2.9. Let f be a non-constant meromorphic function and a(z) be a small
function of f. Let us define F' = % and G = @. Then, FG # 1.

Proof. On contrary, let FG = 1. i.e., M[f]P[f] = a*.
Here, f can’t have any zero and poles.
Therefore, N(r,0; f) = S(r, f) = N(r,o00; f).



294 Harina P. Waghamore, Vijaylaxmi S.B.

By using the first fundamental theorem and lemma 2.6, we give the proof.
Let us consider,

fdeE(P)
7W +8(r, f)

M[f P[f]
T<r,f ) T( fdp>+S(r,f)
(d(P) = d(P)T(r, f) + S(r, f)

e., (dy +d(P)T(r, f) < S(r, f),

which is not possible.
Hence, FG # 1.
Hence the proof of lemma. O

(dy +d(P)T(r, f) =T fdM+d<P)gT r

IN

IN
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