J. Appl. Math. & Informatics Vol. 37(2019), No. 3 - 4, pp. 259 - 270
https://doi.org/10.14317/jami.2019.259

SYMMETRIC IDENTITIES FOR DEGENERATE
CARLITZ-TYPE ¢-EULER NUMBERS AND POLYNOMIALS'

CHEON SEOUNG RYOO

ABSTRACT. In this paper we define the degenerate Carlitz-type ¢-Euler
polynomials by generalizing the degenerate Euler numbers and polynomi-
als, degenerate Carlitz-type Euler numbers and polynomials. We also give
some interesting properties, explicit formulas, a connection with degenerate
Carlitz-type g-Euler numbers and polynomials.
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1. Introduction

Many mathematicians have studied in the area of the degenerate Bernoulli
numbers and polynomials, degenerate Euler numbers and polynomials, degener-
ate Genocchi numbers and polynomials, degenerate tangent numbers and poly-
nomials(see [1-16]). In this paper, we define the degenerate Carlitz-type ¢-Euler
numbers and polynomials and study some properties of the degenerate Carlitz-
type ¢-Euler numbers and polynomials.

Throughout this paper, we always make use of the following notations: N
denotes the set of natural numbers, Z; = NU{0} denotes the set of nonnegative
integers, Z; = {0,—1,—2,—3, ...} denotes the set of nonpositive integers, Z de-
notes the set of integers, R denotes the set of real numbers, and C denotes the set
of complex numbers. We remember that the classical degenerate Euler numbers
&, (A) and Euler polynomials &, (z,A) are defined by the following generating
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functions(see [2, 16])
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and
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respectively.

Some interesting properties of the classical degenerate Euler numbers and
polynomials were first investigated by Carlitz[2]. We recall that the classical
Stirling numbers of the first kind Sy (n, k) and Sa(n, k) are defined by the rela-
tions(see [16])

n n
T)p = Z S1(n, k)z* and 2" = Z Sa(n, k)(z)k
k=0 k=0
respectively. Here (), = x(z — 1)---(x —n + 1) denotes the falling factorial
polynomial of order n. The numbers S3(n,m) also admit a representation in
terms of a generating function

0 tn et_l m
Z Sg(mm)a = g

m!

We also have
t" log(1l+¢
E 51 n m 7( og( ))

m!

The generalized falling factorlal x\)\)n with increment A is defined by

n—1

@ Mn =[] (== M)

k=0

for positive integer n, with the convention (z|\)g = 1; we may also write

(2| \)n Zsl n, k)X Rk
k=0
Note that (x|\) is a homogeneous polynomials in A and x of degree n, so if
A # 0 then (z|\), = A\*(A~1z|1),. Clearly (2]|0), = 2™. We also need the
binomial theorem: for a variable z,
(127 =3 (e
n=0

The g-number is defined as

1—qg"
l_qq :1+q+q2+.”+qn73+qn72+qn71.

[n]q =
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By using g-number, we define the degenerate Carlitz-type g-Euler numbers
and polynomials, which generalized the previously known numbers and polyno-
mials, including the degenerate Euler numbers and polynomials. We begin by
recalling here the Carlitz-type ¢g-Euler numbers and polynomials.

Definition 1.1. The Carlitz-type ¢-Euler numbers E,, ; and g-Euler polynomi-
als E, 4(x) are defined by means of the generating functions

[es] m [es]
> By = Blo D0 (21"
> Bugla) gy = Bla 30 (-1)gme it

m=0

respectively.

Many kinds of generalizations of these polynomials and numbers have been
presented in the literature(see [1-16]). Based on this idea, we construct the de-
generate Carlitz-type ¢-Euler number &, 4()) and g-Euler polynomials &, 4(x, A).
In the following section, we introduce the Carlitz-type g-Euler polynomials and
numbers. After that we will investigate some their properties.

2. Degenerate Carlitz-type ¢g-Euler numbers and polynomials

In this section, we define the degenerate Carlitz-type g-Fuler numbers and
polynomials and provide some of their relevant properties.

Definition 2.1. For |¢|] < 1, the degenerate Carlitz-type g-Euler numbers
Enq(N) and polynomials &, 4(z, \) are defined by means of the generating func-
tions

S G =2l (1)) A (1)
n=0 : m=0
and
e’} n e’} [m + $]q
S e Ny =2, )TN A (5)
n=0 m=0
respectively.

Obviously, if ¢ — 1, then we have

Eng@, N) =Enlz, A), Eng(X) =En(N).
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On the other hand, we observe that

[z + yq 7+ ylq log(1+At)

(1+Xt) A =e A
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= (Z S (n, M)A [z +y];n> z
n=0 \m=0 '
By (5), we have
> EnglaN) t"'
n=0
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=2, D (-D)mg" (1 +A) A
m=0
=[2], 2(—1)%” (7)
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By comparing the coefficients % in the above equation, we have the following

theorem.

Theorem 2.2. Forn € Z, we have

n o () (=18 (n, Al

Englw,\) =120 > Y ; :
1=0 j=0 (1-9) L+t
- [2}11 Z(il)msl(nal))‘nilqm[‘x+m]ip
m=0 (=0
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The degenerate Carlitz-type g-Euler number &, 4(\) can be determined ex-
plicitly. A few of them are

Eo,q(A) =1,
B 2], B [2]q
R e R e T
B 2], B [2]A [2]gA
S (e Rl e R (R ()
- 2[2], 2q
1-0?(1+¢%)  (1-0?(1+¢)
- 2], 212,032
E3,4(A) = (1-¢)R(1+q) + 1-9(l+q (1-9¢?1Q+q)
22N 622 32l
I-q(0+¢)  (1-qP0+¢) (1-aP(l+¢)
3R 32l 24
T-021+¢%)  (1-9P1+¢) (1-qP+q)
e)\t _

m=0 n=0 A
o0 o0 tm
=3 Engl@, VAT D Sa(m,n)A"— (8)
n=0 m=n
= i Em:tf (x, A" Sy (m,n) "
- n,qg\<L> 2 ) m) .
m=0 \n=0
Thus, we have the following theorem.
Theorem 2.3. For m € Z,, we have
Emg(x) =) En gz, A" S5 (m, n).
n=0
By replacing ¢ by log(1 + At)'/* in (3), we have
> Enalw) (log(1+00")" = = [2, 3 (~1)™g" (14 At) A
n=0 m=0 )
o0 tm
= Z Sm q(x, )\)7|7
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and

Z E,q( (log 1+ )\t)l/A) 7:!

n=0

tm
_ Z (ZEnq YJATTS (m, n)) ot

Thus, by (9) and (1 )7 we have the following theorem.

Theorem 2.4. For m € Z, we have
Em gz, N) = ZEnq AT S (m,n)

The degenerate Carlitz-type g-Euler polynomials &, 4(x, A) can be determined
explicitly. A few of them are

Eo,q(z,N) =1,
[2]q [Q]qu
L e (s R e
52 (3? /\) — _ [2]11)‘ [Q]Q [Q]Q)‘qz
“ 1-¢)(1+qg) (1-9¢2*(1+q (1-g(1+q)
B 2[2]qq" [2]4*
(1-9?2(1+¢*) (1-9?2(1+g*)
Es o)) = 22, 0% 3[2lA 2]
o (1-9)(1+q) (1-921+q9 (1-9301+q)
_ 2[2]4X%¢" 6[2]4Aq” _ 3[2lqq"
1-9(1+¢*) (1-9¢2*1+¢) (Q1-9°*1+¢)
3[2]gA 3[2}qqzm [2]qq3z

C(1-9?1+¢?)  1-¢P+e) (1-qP(1+qY)
We introduce a g-analogue of the generalized falling factorial (x|\), with incre-
ment . The generalized ¢-falling factorial ([z]4|\), with increment A is defined
by
n—1
([l N)n = T ([]q = AR)
k=0
for positive integer n, with the convention ([z]4|A)o = 1.
By (4) and (5), we get
D" Yo L+ xt) A + 2> (D' @+ M) A
1:0 1=0
n-1 Ul
Z Vg (1+Xt) A
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Hence we have

e tm e tm
n+l _n
(=1)""q Z 5m>q(n7)\)m + Z(ng,q(A)m
" (11)

m

(_1)lql(mq|)‘)m> ml

By comparing the coefficients % on both sides of (11), we have the following

theorem.
Theorem 2.5. Forn € Z, we have

n—1

1\l _ (_1)n+1qn‘€m,q<n7)‘) + Emq(A)
> (0 W = L .

We observe that

[z +yly [zl " [yl
(L+A) A =(1+A) A (1T+A) A

o 7" lylq
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m=0
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m=0 1=
[e’e] n k n ’ tn

=2 (ZZ (k> ([£]g| N ) n—r X" [y]gsl(k,z)> =
n=0 \k=0 (=0 |

From (5) and (12), we get

ad " < [m+2l,

> Engcle, A)% =20 Y (=) +At) A

n=0 N N mf(:L . ) N

= [2},1 Z (_1)mqm Z (Z Z (k> ([:U]qlk)nfk)\k_lq“ [m}éﬁ(k, l)) =
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n

n k &
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By comparing the coefficients % in the above equation, we have the following

theorem.

Theorem 2.6. Forn € Z., we have

Englz,\) = ZZ() n kN TGS (L 1) .

k=0 1=0

Taking = 0 in Theorem 2.3, Theorem 2.4, and Theorem 2.6, we have the
following corollary.

Corollary 2.7. Form € Z., we have

Em,g(A ZE” AT S1(m,n), Eng= ZE”‘I YA TSy (m, ).
n=0

n=0

3. Symmetric properties about degenerate Carlitz-type ¢-Euler
numbers and polynomials

In this section, we are going to obtain the main results of degenerate Carlitz-
type g-Euler numbers and polynomials. We also establish some interesting sym-
metric identities for degenerate Carlitz-type g-Euler numbers and polynomials.
Let w1 and wy be odd positive integers. Observe that [zyl, = 2], [y]q for any
xz,y € C.

By substitute wiz + ‘fu—l; for x in Definition 2.1, replace ¢ by ¢*2 and replace A

A
by ﬁ, respectively, we derive
w

2lq
= ! w1t A tr
2 wy n -1 i w1t g 71 v
712:;) <[ o Lzl ;( S <w1x+ wy [w2]q>> n!
w2 —1 00 .
i i wii A\ ([we]gt)"
- 2 wi —1 gt n.qw2 —, ~- =01 7
2], ;( )'q ;5 y (w1x+ - [w2]q) -
wo—1 o)
= [2ger Y (—1)'q  2que > _(—1)"g""
=0 n=0
[wiz + 1:71; + n)gwe
A A
X |14 ——[ws] t) [w2]q
( [w2]g !
wo—1 oo [wlwga: + U/li +nw2]q
= 2o Y (—1)iq (2 Y (1) g " (14 At) A
=0 n=0

Since for any non-negative integer m and odd positive integer wi, there exist
unique non-negative integer r such that n = wir + 7 with 0 < j < wy — 1.
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Hence, this can be written as

wo—1 o
[2]qw1 [Z]qu Z (_1)zqw11 Z(_l)nqwgn
1=0 n=0
[wiwaz + w1i + nws),
X (14 At) A
wo—1 o
= [Q}q,wl [Q]qwz Z (71)zqw1z Z (71)w1r+ng2(wlr+j)
=0 w1 r+5=0
0<j<wi—1

[wiwaz + w1i + (w17 + j)wa],

x (14 At) A
wo—1 . 'wlfl %) . )
— [2](1“’1 [Q]qu Z (_l)zqwlz Z Z(_l)wlr(_l)quwaqwgJ
i=0 j=0 r=0
[wiwex + wii + wiwar + waglg
X (1+ At) A
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= [2gui gee Y Y D (D)D) (1) g g g

i=0 j=0 r=0
[wiwaz + w1t + wiwar + wajl,
X (14 At) A

It follows from the above equation that

= el wii A tm
n 1 Wit 1

i=0 [wQ]q
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= 2l [2gma Y Y D (D=1 (=1) g g

i=0 j=0 r=0
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From the similar method, we can have that

%) wyp—1 .
n i wei wol A t"
§ <[2]q"”2 [wi]g E (=1)"q""En g <'LU2=’E + o )) l
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Thus, we have the following theorem from (13) and (14).

Theorem 3.1. Let wi and wy be odd positive integers. Then one has

wo—1 .
o A
[2]qw1 [wg];’; Z (_1)zqw1zgn}qw2 (wlx + @’ )

P w " [walg

wi—1 .
S w A
= [2lgua [w1]] D (1) &y gun (w,ﬂ 4 L2 ) _
j=0

w1 [wl]q

It follows that we show some special cases of Theorem 3.1. Setting wy =1 in
Theorem 3.1, we obtain the multiplication theorem for the degenerate Carlitz-
type ¢-Euler polynomials.

Corollary 3.2. Let w1 be odd positive integer. Then one has

wip—1 .
’ﬂ 1— ) )\
Eng(T,\) = ““ el Z 1Y g7 &, qun (“J) (15)

wy  wi]g

Letting ¢ — 1 in (15) leads to the familiar multiplication theorem for the
degenerate Euler polynomials

wp—1 .
; T+ A
En(z, \) = w? -1)¢&, ,— ). 16
=t 3 e (0 ) (10

Letting A — 0 in (16) leads to the familiar multiplication theorem for the Euler

polynomials
! T+
=w} -1)E, .
9 =ut 3 (1) (%)

Setting z = 0 in Theorem 3.1, we have the following corollary.

Corollary 3.3. Let wi and wo be odd positive integers. Then one has

’11)271 .
n 1wt w1 A
g 2] S (—1)qHiE g ( )

i=0 W2 [wﬂq

11)171 .
S A
= 2grefor]l Y (~1)7g" 9, g (“’”, )
j=0

wi " [wilg
By Theorem 2.4 and Corollary 3.3, we have the following theorem.

Theorem 3.4. Let wy and ws be odd positive integers. Then one has

n w21
B i Wit i,
Zsl(n,l))\n l[w2]é[2}q‘”1 Z (=1)q™ Ep gue (UJ;Z>

=0 =0

n wi1—1
= 2SOV s 3 V0 g ().
Jj=0
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We obtain another result by applying the addition theorem for the Carlitz-

type ¢-Euler polynomials E,, ;(z). From (3), Theorem 2.4, and Theorem 3.1, we
have

wzfl

i ;i w1i A
9wy n —1)tgwrt s Rt LA
iy 37 (04 S (e + )
wz—1 n wii A n—I
= [9] wy n _liwli E) ws +1>< ) S ,l
el 3 10" S B (it 520 () i
n wo—1 . . l .
_ [2]q"—“1 Zsl(n’l)Anfl[wQ]é Z (—1)iqr qul(lfk)z
=0 =0 k=0
[wi)g \*
X El_kvqwg (wlx) <[’UJ;]Z) [Z]Il;wl
n l
l
= [2]g=1 ZSl(n,l))\"fl Z <k) [wi]5 [wa],F By qua (w12
=0 k=0

wgfl

> Z (71)iqw1iq(lfk)w1i[l-]§wl
1=0

For all different integer n > 0, let Sy 4(wy1) = Zwl_l(fl)iq(l*kﬂ)i[i]’;. This

=0
sum Sy p,q(wi) = Z;”:lgl(—l)iq(l_k*‘l)i[i]’; is called the g-powers sums. There-
fore, we obtain that

w271 .
. . w1t A
2 wy n _1 T, W1t 2 _—
L (17)
=303 () 510m 0N 2l ualf B g 012 g 12),
1=0 k=0
and
vt waj A
2], ws n —1)7 wzjgn wr + 727 >
Pleslinly - (17080 (e 2 o
] (18)
n l . B
— Z (k) Si(n, 1A l[Q]qu [wg]];[wl]fl kEl_k)qwl (wax)Sp  gw2 (W1).
1=0 k=0

By (17) and (18), we obtain the following symmetric identity.
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Theorem 3.5. Let wy and ws be odd positive integers. Then one has

NIE

5 (1) 10D g el B g 101)S1 0 (02)

k=0

I
o

n

>

=0k

l
(1) 510, DA 2l ol ™ Bt o 122) 10 ().

(e}
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