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ABSTRACT. In this paper, we introduce the notion of the (L, *,®)-limit
spaces and investigate the relations (L, *, ®)-limit spaces and (L, *)-filters
on ecl-premonoid. We give their examples.
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1. Introduction

For the case that the lattice is a frame, L-filters were introduced in [2,3].
Hohle and Sostak [4] introduced the concept of L-filters for a complete quasi-
monoidal lattice L. For the case that the lattice is a stsc quantale, L-filters
were introduced in [9]. Lattice-valued convergence spaces were introduced for
the case that the lattice is a frame [5-8] or for the case of complete residuated
lattice [11] or for the case of ecl-premonoid [10]. Jéger [5-6] developed stratified
L-convergence structures based on the concepts of L-filters where L is a com-
plete Heyting algebra. Yao [11] extended stratified L-convergence structures to
complete residuated lattices and investigated between stratified L-convergence
structures and L-fuzzy topological spaces. As an extension of Yao [11], Fang
[7,8] introduced L-ordered convergence structures on L-ordered filters and in-
vestigated between L-ordered convergence structures and strong L-topological
spaces.

In this paper, we define the (L,x*,®)-limit spaces as an extension of L-
convergence space on ecl-premonoid in Orpen’s sense [10]. From (L, x)-filters,
we can obtain various (L, *, ®)-limit structures and give their examples.
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2. Preliminaries

Definition 2.1. [10] A complete lattice (L, <, L, T) with bottom element L
and top element T is called a GL-monoid (L, <,*, L, T) with a binary operation
x : L x L — L satisfying the following conditions:

(Gl) ax T =a, forall a € L,

(G2) axb=bxa, for all a,b € L,

(G3) ax(bxc)=(axb)*c, forall a,be L,

(G4) if a < b, there exists ¢ € L such that b*c = a,

(G5) a* Vep bi = Viep(axbi).

We can define an implication operator:
a:>b:\/{c|a*c§b}.

Example 2.2. (1) A continuous t-norm ([0, 1], <, *) is a GL-monoid.
(2) A frame (L, <,A) is a GL-monoid.

Definition 2.3. [10] A complete lattice (L,<, L, T) is called a cl-premonoid
(L, <,®) with a binary operation @ : L x L — L satisfying the following condi-
tions:

(CLl)a<a@Tanda<T@a,foralacl,

(CL2)ifa<band c <d, then a®c<bOd,

(CL3) a® Vier bi = \/ier(a © b;) and VjeF a; ©b= \/jer(aj ©b).

We can define an implication operator:

a—>b:\/{c|a®c§b}.

Example 2.4. (1) Every GL-monoid (L, <, %) is a cl-premonoid.
(2) Define maps ©; : [0,1] x [0,1] — [0, 1] as follows:

rOry =37 yr(p 1), 3Oy = (2" + ) AL(p > 1).
Then (L, <,®;) is a cl-premonoid for i = 1, 2.

Definition 2.5. [10] A complete lattice (L, <, L, T) is called an ecl-premonoid
(L, <,®,*) with a GL-monoid (L, <, %) and a cl-premonoid (L, <, ®) which sat-
isty the following condition:

D) (aeb)x(cod) < (axc)® (bxd), for all a,b,c,d € L.

An ecl-premonoid (L, <,®, %) is called an M-ecl-premonoid if it satisfies the
following condition:

M)a<a®aforall a€ L.

Example 2.6. (1) Let (L, <, %) be a GL-monoid and (L, <, A) is a cl-premonoid.
Then (L, <, A, %) is an M-ecl-premonoid.

(2) Let (L, <,%) be a GL-monoid. Then (L, <,*,%) is an ecl-premonoid. If
x=-,05%05-0.5=0.25. (L, <,-,-) is not an M-ecl-premonoid.

(3) Let (L,<,-) be a GL-monoid. Define a map ® : [0,1] x [0,1] — [0,1] as
x@y=(x+y) AL Then (L, <,®,) is not an M-cl-premonoid because

0.7=(0.300.4)- (050 0.7) £ (0.3-0.5) ® (0.4-0.7) = 0.15 + 0.28 = 0.43
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(4) Let (L, <,-) be a GL-monoid. Define a map ® : [0,1] x [0,1] — [0,1] as
Ty = zT - y%. Then (L, <,®,-) is an M-cl-premonoid.

Lemma 2.7. Let (L, <,®,*) be an ecl-premonoid. For each a,b,c,d,a;,b; € L
and for 1€ {—, =}, we have the following properties.

(1) Ifb<ec, thena®b<a®candaxb<axc.
a®b<ciffa<b— c. Moreover,axb<ciffa<b=c.

Ifb<c, thenatb<atTcandctTa<bTa.

a<biffa=b=T

axb<a®b, a—>b<a:>bcmda>k(b®c) (axb)Oc
(@th)e(ctd < (@0t (bod).
(btc)<(@aob)t(aoc).
(b1c)<(ath)t(atc) and (b1 a) < (a ).
b—=c)<(atb)—=(atc)and (bta)<(a—c)— (btc)

) ai Tbi < (Njer ai) T (Njer bi)-

) a; Tbi < (Viera )T(\/iel"bi)'

Y(cTa)*x(b—=d)<(a—b)— (cTd).

Proof. (1) Let b < ¢. Then bVe =c. By (L4), (a®b)V(a®c) =a® (bVe) =
a®c. Thus (a®b) < (a ® ¢). Similarly, axb < a *c.

(2) and (3) follow from the definitions — and =-.

(4) Let a <b. Sinceax T =a, then T <a=a<a=b.

Leta=b=T. Thena=ax*x T <b.

(5) For (axc)® (d+b) > (a®d)* (c®b),put c=d=T, thena®b > axb.
Thus, a — b < a = b. Moreover, we have

ax(bOc)<(a@T)*x(boc)<(axb)O (T *c)=(axdb)®ec.

(6) Since (a@c)x((a=b) O (c=d) < (ax(a=Db)O(cx(c=d) <bed,
by (2), (a=b) O (c=d) < (a®c) = (b®d). Similarly, (a — b) ® (¢ > d) <
(a®c) = (bod).

(7) Since (a b))« (TO(b=¢) <(axT)O(bx(b=1c¢) <abc¢ by (2),
(b=1¢)<(a®b)= (a®c). Similarly, (b = ¢) < (a®b) = (a ®¢).

(9) It follows from:

a*((a=0b)o(b—
< (a*(a=0))

b—
O]
(10) (Ajer @i) © (a; = b;) <
(11) (Vier @i) © (a; = b;) <
(12)

(2)
(3)
(4)
()
(6)
(7)
(8)
(9)
(10
(11
(12

) <(a®@T)*((a=0b)e (b— <))

c*((a—>b)®((c:>a)*(b—>d)))§ (c*((c:>a)*(b—>d)))®(a—>b)
S(a*(b—)d))@(a—)b)g(a@(b—>d))®(a—>b)gb@(b—>d)§d.
(

Hence (¢ = a) * (b = d) < (a = b) — (¢ = d). Similarly,
(a—=0b) = (c—d).

c—a)*x(b—d) <
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Definition 2.8. [8,10,11] A mapping F : LX — L is called an (L, *)-filter on
X if it satisfies the following conditions:

(F1) F(1p) = L and F(1x) = T, where 1p(z) = L, 1x(z) =T for z € X.
(F2) F(f * g) = F(f) = F(g), for each f,g € L¥,
(F3) if f < g, F(f) < F(9).

An (L, x)-filter is called stratified if
(S) F(a* f) > ax F(f) for each f € L*X and o € L.
The pair (X, F) is called an (resp. a stratified)(L, *)-filter space.

Let (X, F1) and (Y, F2) be two (L, *)-filter spaces and ¢ : X — Y called an
L-filter map if F2(g) < Fi(¢* (g)) for all g € LY where ¢ (g9) = go ¢.

Example 2.9. (1) Define a map [z] : LX — L as [z](f) = f(x). Then [z] is a
stratified (L, *)-filter on X.

(2) Define a map inf : LX — L as inf(f) = A\, ¢ f(z). Then inf is a stratified
(L, x)-filter on X.

(3)If F and G are (L, *)-filters on X, F ® G is an (L, )-filter on X because

(FOG)(fxg)=F(fxg9)0G(f*g) = (F(f)*F(g) ©(G(f) xG(g))
> (F(f)og) *(Flg) ©G(9) = (FOG)(f) *(FoG)(9).

Definition 2.10. [4] A map 7 : LX — L¥ is called an interior (L, *)-operator
on X if it satisfies

(I1) Z(f) < f for each f € L,

(12) if f < g, then Z(f) < Z(g),

(I3) Z(f * g) = Z(f) * Z(g),

(I4) Z(a * f) > a* Z(f) for each a € L and f € LX.

3. (L,*,®)-limit spaces

In this section, we always assume that (L, <,®, %) is an ecl-premonoid.

Definition 3.1. Let F.(X) is a family of (L,*)-filters on X. A map lim :
F.(X) — L% is called an (L, *, ®)-limit structure on X if it satisfies the following
conditions:

(L1) lim[z](z) = T for all z € X.

(L2) If F <G, then lim F(x) < limG(z).

(L3) lim F(z) © limG(z) < lim(F © G)(x).

The pair (X, lim) is called an (L, *, ®)-limit space.

A map lim : F#(X) — L¥ is called a stratified (L, *, ®)-limit structure on X
where F#(X) is a family of stratified (L, *)-filters.

Let (X,limy) and (Y, limy) be (L, *, ®)-limit spaces. A map ¢ : (X,limyx) —
(Y, limy) is called continuous if for all x € X and F € Fi.(X),

lin F(2) < lip 67 (F) (6(2)).

We say lim; is finer than lims (or limg is coarser than limp) iff limy < lims.
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We define lim,lim; : F,(X) — L as follows: for each z € X,

T, iftF >z,

li_lm(f)(:n) = { n lim(F)(x) =T, VF € Fu(X).

otherwise. L

7

Then lim (resp. lim ) is the finest (resp. coarsest) (L, *,®) limit structure.

Remark 3.1. In above definition, a map lim : F*(X) — L is a SL-generalized
convergence operator in Orpen’s sense [10] if it satisfies (L1) and (L2). A strati-
fied (L, *, A)-limit structure on X is called a SL-strong limit structure in Orpen’s
sense [10].

Theorem 3.2. Let lim; and limy be (L, *, ®)-limit structures on X. We define
a map lim; ©, limy : F,(X) — LX as follows:

(lim ©. lim)(F)(2) = \/{lim(F1)(2) © lim(F) () | Fi x Fy < F}.

Then (1) lim; O limy is an (L, %, ®)-limit structure on X which is coarser
than limy and limy. In particular, if © = *, limj %, lims is the finest (L,*,*)-
limit structure on X which is coarser than lim; and lims.

(2) lim; Alimy is the coarsest (L,x,®)-limit structure on X which is finer
than lim, and lims.

Proof. (1) (L1). Since [z] * [z] < [z], we have
(lim ©. i) ([a]) () > lim([a]) () © lgn () (@) = T
(L2) is easy. (L3)

(lim; 4 lims)(F)(x) ® (lim; O, limg)(G)(x)

© V{lim; (G1)(z) © limz(G2)(z) | G1 * G2 < G}

< VAlimy (Fp)(2) © lima (F2)(z) @ limy (G1) () ® lima(Ga) (z)
| Fix Fo < F,G1 %Gy < G}

< V{lim (F1 © G1)(z) © lime(F2 © Go)(2) | (F1 % F2) © (G1 xG2) < F © G}
( Since ® dominates *,)

< VAlimy (F1 © G1)(2) @ lima(Fo @ Go)(2) | (F1 ©G1) * (F2a ©Ga) < FO G}

< (lim; O, limg)(F © G)(z).

Since Fx*[z] < F for each z € X, we have (lim; @, lims)(F)(z) > lim;(F)(z)®
lim; ([z])(x) > lim; (F)(z) for i # j € {1,2}.
If x = ® and lim > lim; for ¢ = 1,2, then lim > (lim; *, limy) from

> V{lim(F1)(x) « im(Fo)(x) | Fi* Fo < F}
> V{limy (F1)(z) * limg(F2)(z) | F1x Fo < F}
= (limy *, limg)(F)(z).
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If lim < lim; for ¢ = 1,2, then lim < (lim; A limy).

Theorem 3.3. For each z € X, let H* : F(X) — LY bea map satisfying the
following conditions: for t€ {=,—},
(H1) H*([2])(f) T [2](f) = T, for each f € L¥.
(H2) If F < G, then H*(F) > H*(G).
(H3) H*(F ©G) < H*(F) ® H*(G).
We define a map ng : F(X) = L% as follows:
limy (F)(2) = A gepx (H*(F)(F) T F(f)-

Then the following properties hold.
(1) lim;{ is an (L, *, ®)-limit structure for 1€ {=,—}.

(2) limy (F)(@) T limbyy (67 (F) (@) = Agerr (HYS @ (F)(9) T HE(F) @ (9))).

3) Ify : (X,HY) — (Y,H$($)) is a map such that Hw(x)(zbé(f))(g) <
(H%(F)(¥*(g)) for each v € X, g € L, F € F.(X), then ¢ : (X,lim7y) —
(Y, limzy ) is continuous.

Proof. (L1) Since H*([z])(f) T [z](f) =T,

tim, ([o]) (2) = Agepx (HE (D)) T 121() = T-

(L2) If F < G, by (H2) an Lemma 2.7(3),
lim}y (F)(2) = Agerx (H(F)() T F()) < Agerx (HT(G)(F) 1 G(f)) = lim}(G)(x).

(L3) For each F,G € F(X),

liml, (F)(z) © hmH( )(x)

= (AserxH PN TF() @ (A H*(G)(9) 1 9(9)))
< Aerx Agerx ((HEF)) T F() © (H(G)(9) 1 G9)))
S/\feLX /\gELX (H*(F)(f) © H*(G)( ) .F(f)@Qg ) by Lemma 7(6

< Aerx ((HEF)() © HAG)() T (F(H) ©G(F)

(©)
< Ajerx ((HXF 0N T (FoG)(/)
= lim}, (F © G)(x).
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(2) For each F € F(X),

lim x (F) (@) 1 lim}y (67 (F) (1 ()

Asers (HEF)D) T FON) 1 (Agerr (HYD @ (F)9) 147 (F)(9)))

Ngerr (HE(F)(9) T F@+ ()

Ngerr (HYD (67 (F))(9) T 0= (F)(9))
%( (

~— |V
e

> Agerr ((HE(F)@*(9) T Fw* (9) T (HYY @ (F)(9) 1 F6(9)))
(by Lemma 2.7(8))
> Ngerr (HYW 0= (F)(9) t HE(F) (@ (9))-

(3) For 1==>, since a = b = T iff a < b from Lemma 2.7(4), lim7 y (F)(z) <
limz7y (Y= (F)(¢(x)). Hence 9 : (X, limpy) — (Y, limpy ) is continuous.

Example 3.4. Let X = {z1,22} and Y = {y1,y2} be sets, (L = [0,1],%) an
GL-monoid with a xb=a-b and f,g € [0,1]¥X as follows:

f(xl) = 1af(‘r2) = 06) g(xl> = 0579(.'152) =1L
Define ([0, 1], )-filters as F,G : [0,1]* — [0, 1] as follows:

1, ifh=1x,
Fh)y=¢ 04", iff"<hPfrineN
0, otherwise.

]., ifh= lx,
G(h)y=2< 03", ifg"<hP g ' neN
0, otherwise.
where k™ = k"~ x h and h® = 1x for h € {f, g}
(1) Let 2 ©®y = 23 - y5. Define a map lim : F(X) — [0,1]% as follows, for
x € {z1, 22},
) [ 1, if G > [z],
lim(G)(x) = { 0.5, ifG ¥ [z].
Since F(f) = 0.4 < [z2](f) = 0.6, it does not satisfy the condition (L3) of
Definition 1 from:
(0.5)5 = lim(F)(x2) © im(F)(z2) £ lim(F ® F)(z2) = 0.5.
Hence lim is not an ([0, 1], ¥, ®)-limit structure on X.
(2) Define two constant maps H®', H*2 : F(X) — LY as follows

H* (H)=F, H"(H)=0G.

(2-a) Give ® = A. Then ([0,1],%,A) is an M-ecl-premonoid. We obtain
a—b=1ifa <band a - b = b otherwise. It satisfies the conditions (H1),
(H2) and (H3) because

04" = F(h) < f"(21) = [2](h) = 1, 0.3" = G(h) < " (z2) = [z2] (h) = 1
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H™ (Fy A Fo) = F = H™(Fy) A H™ (Fy)
H*(Fy ANFo) =G =H"(F) N H"(F).
For t=—, lim7 is an (L, x, A)-limit structure as follows:
impy (M) (1) = Agepx (H™ (H)(f) = H(f)) = Npen (04" = H(f™))
limy (H)(x2) = A,en(0-3" = H(g"))

(2-b) For x, we obtain a = b = 1if a < b and a = b = 2 otherwise. It
satisfies the conditions (H1), (H2) and (H3) in (2-a). Thus limy is an (L, *, A)-
limit structure as follows:

limp (H)(21) = Ajerx(H(H)(f) = H(f)) = Npen (04" = H(f™))
limy (H)(z2) = A,en(0-3" = H(g")).

(2-c) Define ¢ : (X, HyY) — (Y, Hg(w"')) is a map with ¢ (x;) = y; for i = 1,2

and

HY (H) =7 (F), HP (H) =47 (9).
For ®© = A,x = - sincea -b=T iff a <biff a = b= T, we have, for each
ze X, geLX,

HY™ (0 (F))(9) = 97 (F)(9) = F(&* (9)) = HY (F)(¥ (9))
HY (47 (F))(9) = v7 (9)(9) = G4 (9)) = HZ (F)(¥* (9))
lim],  (F) () 1 hmHyW< )(¥()
> Ngerr (HYC (07 (F))9) T HE(F) @ (9) = T
Hence ¢ : (X, hmHX) (Y, hmHY) is continuous for each 1€ {=, —}.
(3) Define a constant map H*? : F(X) — LY as follows: for all H € F, (X),
H*(H)=G.

For ® = x, since H*2(H1 * H2)(g9) = G(g) = 0.3 £ H*2(H4)(g) * H*2(H2)(g) =
G(g) * G(g) = 0.09, it does not satisfy the condition (H3). Put Hi(g ) = 0.4.

Then .
lim(Hy * Ho) (12) = 0.3 = (Hy x Ha)(9) = 1.

lilgn(”;’-ll)(xg) * 1%1’1(7‘[2)(.%2) = (0.3 = Hi(g)) * (0.3 = Ha(g)) = 1.

So, limp (M1 * Ha)(w2) = £ # 1 = limpy (H1)(w2) * limpy (H2)(x2). Hence limy
is not an (L, *, *)-limit structure.

(4) Define  ® y = 23 - y# and two constant maps H', H* as same in (2).
We obtain a —- b =1ifa < b and a — b = % otherwise. It satisfies the
conditions (H1), (H2) and (H3) because

0.4" = F(h) < f™(x1) = [z1](h) =1, 0.3" = G(h) < g"(x2) = [z2](h) =1
H”“(E@B)( ) =F(f) < H"(F1) © H* (F2) = F(f )
=(F @ Fa)(9) = G(g) < G(9) ©G(g) = (G(g))%.

©
|
=
I
B
=
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Hence lim; is an (L, *, ®)-limit structure as follows:

limy (H)(x1) = Agepx (H™(H)(f) = H(f)) = Npen (04" = H(fM))
limy (H)(22) = Npen(0-3" = H(g")).

Moreover, limz; is an (L, *, ®)-limit structure as same as in (2-b).

Example 3.5. Let (L, *,®) be an M-ecl-premonoid. Let a map H® : F(X) —
L™ defined as H*(F) = [z] for all F € F(X). For t==> since H*([z])(f) =
[](f) < [2](f) and

HYF o G)(f) = [(f) < HY(F)(f) © H*(G)(f) = [2](f) © [z](f),
it satisfies the following conditions (H1),(H2)and (H3). Thus limy (F)(z) =
) =

)
Nperx (H(F)(f) = F(f) = Nperx([z](f F(f)). Then limz is an
(L, %, ®)-limit structure.

Define ¢ : (X, HZ) — (Y, HY ™) is a map with HZ™) (H) = [1)(z)]. Since, for
each z € X, g € LX,

HYS (0= (F)(9) = W(2))(9) = [2](* (9)) = HE(F)(@* (9))
then ¢ : (X,limzy) — (Y, limpzy ) is continuous.

Example 3.6. Let (L, *,®) be an M-ecl-premonoid. Let Z : LX — LX be an

(L, %)-interior operator. Let a map H® : F(X) — LL™ defined as H*(F)(f) =
Z(f)(x) for all F € F(X). For t==, since H*(Z(—)(z))(f) = Z(f)(z) <

[2](f) = f(z) and H*(FOG)(f) = Z(f)(z) < H*(F)(H)OH*(G)(f) = T(f)(z)©
Z(f)(z), it satisfies the following conditions (H1),(H2)and (H3).

lim; (F)(x) _/\feLX(Hw(]:)( )= F(f))
= Njerx Z(f)(z) = F(f))

Then lim7 is an (L, *, ®)-limit structure.

Let (X,Zx) and (Y,Zy) be an (L,x)-interior spaces. Define a surjective
map ¢ : (X, HY) = (V,HPY) as HY(F) = Tx(-)(x) and HYT(H) =
Iy (—)(¢(x)). Then

lim () () = limy (7 (F) ()
> Agerr (45 @y (9)(@) = Tx (6% (9))(@)).
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