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GENERIC LIGHTLIKE SUBMANIFOLDS OF AN
INDEFINITE TRANS-SASAKTAN MANIFOLD WITH
AN (¢,m)-TYPE METRIC CONNECTION

DAE Ho JIN

ABSTRACT. We study generic lightlike submanifolds M of an indefinite
trans-Sasakian manifold M or an indefinite generalized Sasakian space
form M (f1, fa, f3) endowed with an (¢, m)-type metric connection subject
such that the structure vector field ¢ of M is tangent to M.

1. Introduction

A linear connection V on a semi-Riemannian manifold (_]\7[ ,§) is said to be
a symmetric connection of type (¢, m) if its torsion tensor T satisfies

1.1) T(X,Y)={0(Y)X — 0(X)V} +m{0(Y)JX — 0(X)JY},

where £ and m are smooth functions, J is a tensor field of type (1,1) and 0 is a
1-form associated with a smooth vector field ¢ by 6(X) = g(X, (). Moreover, if
V is a metric connection, i.e., it satisfies Vg = 0, then V is called a symmetric
metric connection of type (£, m) or an (¢, m)-type metric connection.

The notion of (¢, m)-type metric connection V on indefinite almost contact
manifolds M was introduced by Jin [9]. In case (¢,m) = (1, 0): V becomes
a semi-symmetric metric connection, introduced by Hayden [6] and Yano [15].
In case (¢,m) = (0, 1): V becomes a quarter-symmetric metric connection,
introduced by Yano-Imai [16]. We shall assume that (¢, m) # (0,0) and the
vector field ( is a unit spacelike one, without loss of generality.

A lightlike submanifold M of an indefinite almost contact manifold M, with
an indefinite almost contact structure J, is called an generic submanifold [10]
if there exists a screen distribution S(T'M) such that

(1.2) J(S(TM)*) c S(TM),
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where S(T'M)* denotes the orthogonal complement of S(TM) in the tangent
bundle TM of M such that TM = S(TM) @®orer, S(TM)*+. The notion of
generic lightlike submanifolds was studied by several authors [5,7,8,12].

Remark 1.1. Denote by V the Levi-Civita connection of a semi-Riemannian
manifold (M, g) with respect to g. It is known [9] that a linear connection V
on M is an (£, m)-type melric connection if and only if it satisfies

(1.3) V¥ = VgV +{0(V)X — g(X,Y)C} —mb(X)JY.

In this paper, we study generic lightlike submanifolds of an indefinite trans-
Sasakian manifold M = (M, ¢, 0, J, §) endowed with an (¢, m)-type metric
connection subject to the following two conditions: (1) the tensor field J and
the 1-form 6, defined by (1.1), are identical with the indefinite trans-Sasakian
structure tensor J and the structure 1-form 6 of M, respectively, and (2) the
structure vector field ¢ of M is tangent to M.

2. (£, m)-type metric connections

An odd-dimensional semi-Riemannian manifold (M, g) is called an indefinite
almost contact metric manifold if there exists a set {J, ¢, 6, g}, where J is a
(1, 1)-type tensor field, ¢ is a vector field and 6 is a 1-form such that
(21) J2X = —X +0(X)C, g(JX,JV) = (X, V) — e0(X)(Y), 0(C) = 1,

where € = 1 or —1 according as ( is spacelike or timelike respectively. The set
{J, ¢, 0, g} is called an indefinite almost contact metric structure of M.
From (2.1), we show that

J(=0, 00J=0, 0(X)=eg(X,(), gJX,Y)=—-g(X,JY).
In the entire discussion of this article, we shall assume that the structure

vector field ( is a spacelike one, i.e., ¢ = 1, without loss of generality.

Definition. An indefinite almost contact metric manifold M is said to be an
indefinite trans-Sasakian manifold [14] if, for the Levi-Civita connection V,
there exist two smooth functions « and 8 such that

(Vi)Y =a{g(X, V)¢~ 0(V)X} + B{g(JX, V)¢~ 0(Y)JX}.
We say that {J,(, 0,5} is an indefinite trans-Sasakian structure of type (c, B).
Note that the notion of a (Riemannian) trans-Sasakian manifold of type

(ar, B) was introduced by Oubina [14]. Sasakian, Kenmotsu and cosymplectic
manifolds are important kinds of the trans-Sasakian manifold such that

a=1, =0, a=0, B=1; a=F=0, respectively.
_ Replacing the Levi-Civita connection v by the (¢, m)-type metric connection
V, the equation in the above Definition is reduce to

(2.2) (VxJ)Y = ofg(X,Y)C - 0(Y)X}
+ (B+0{g(JX,Y)C - 0(Y)JX}.
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Replacing Y by ¢ to (2.2) and using J¢ = 0 and §(V g¢) = 0, we obtain
(2.3) V(¢ =—aJX + (B4 0){X —0(X)(}.

Let (M, g) be an m-dimensional lightlike submanifold of an indefinite trans-
Sasakian manifold M, of dimension (m + n). Then the radical distribution
Rad(TM)=TMNTM~* on M is a subbundle of the tangent bundle TM and
the normal bundle TM*, of rank r (1 < r < min{m, n}). In general, there
exist two complementary non-degenerate distributions S(TM) and S(TM™')
of Rad(TM) in TM and TM~, respectively, which are called the screen dis-
tribution and co-screen distribution of M such that

TM = Rad(TM) @opin, S(TM), TM* = Rad(TM) @opin, S(TM™),

where @4, denotes the orthogonal direct sum. Denote by F'(M) the algebra
of smooth functions on M and by I'(E) the F(M) module of smooth sections
of a vector bundle E over M. Also denote by (2.1); the i-th equation of (2.1).
We use the same notations for any others. Let X, Y and Z be the vector fields
on M, unless otherwise specified. We use the following range of indices:

i, 4k, ...e {1, ..., 1} a, bye,...e {r+1,...,n}

Let tr(TM) and ltr(T M) be complementary vector bundles to TM in T'M|
and TM+ in S(TM)* respectively and let {Ny, ---, N,.} be a lightlike basis
of ltr(TM),,,, where U is a coordinate neighborhood of M, such that

g(Nivfj):(sija g(NzaNJ):Oa
where {{1, ..., &} is a lightlike basis of Rad(T'M),,.
TM = TM @ tr(TM) = {Rad(TM) & tr(TM)} ©oren, S(TM)
= {Rad(TM) & ltr(TM)} @opin S(TM) o S(TM™).

A lightlike submanifold M = (M, g, S(TM),S(TM*)) of M is called an
r-lightlike submanifold [4] if 1 < r < min{m, n}. For an r-lightlike M, we see
that S(TM) # {0} and S(TM+) # {0}. In the sequel, by saying that M is a
lightlike submanifold we shall mean that it is an r-lightlike submanifold with
following local quasi-orthonormal field of frames of M:

{gla EERE 57‘7 N17 R NT‘) FT‘+17 R F77L7 ET+17 B En}v
where {Fy11,...,Fn} and {E,41, ..., E,} are orthonormal bases of S(T'M)
and S(T M), respectively. Denote e, = §(Eq, E,). Then €,645 = §(Eq, Eb).

Let P be the projection morphism of TM on S(T'M). Then the local Gauss-
Weingarten formulae of M and S(TM) are given respectively by

lees

In this case,

(2.4) VxY = VxYV + ) (X, Y)N;i+ Y hi(X,Y)E,,
1=1 a=r+1
(2.5) VxNi = —A, X+ 7;(X)Nj+ Y pia(X)Eq,

j=1 a=r+1
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(2.6) VxE, = —AEaX—i—Z)\ai(X)Ni—i- Z fap(X) Ey;
i=1 b=r+1

(2.7) VxPY = VXPY +) hi(X,PY)§,
=1

(2.8) Vx& = —ALX =) 1i(X)g,
j=1

where V and V* are induced linear connections on M and S(T'M) respectively,
ht and h$ are called the local second fundamental forms on M, h} are called
the local second fundamental forms on S(T'M). A, , A, and Af are called
the shape operators, and 75, pia, Aai a0d pigp are 71—forms.

Let M be a generic lightlike submanifold of M. From (1.2) we show that
J(Rad(TM)), J(ltr(TM)) and J(S(TM*)) are vector subbundles of S(T'M).
Thus there exist two non-degenerate almost complex distributions H, and H
with respect to J, i.e., J(H,) = H, and J(H) = H, such that

S(TM) = {J(Rad(TM)) ® J(ltr(TM))}
@orthJ(S(TML)) Dorth Ho»
H = Rad(TM) ®orin, J(Rad(TM)) @orin Ho.
In this case, the tangent bundle T'M on M is decomposed as follows:
(2.9) TM = H @ J(Iitr(TM)) @open, J(S(TM1)).

Consider local null vector fields U; and V; for each ¢, local non-null unit
vector fields W, for each a, and their 1-forms w;, v; and w, defined by

(2.10) U; = —JN; V= —J&, W, = —JE,,
(211) u’L(X):g(X7‘/’L)? 'UZ(X):g(XaUl); wa(X):cag(XaWa)

Denote by S the projection morphism of 7'M on H and by F' the tensor field
of type (1,1) globally defined on M by F' = JoS. Then JX is expressed as

(2.12) JX = FX + iui(X)Ni + Zn: wa(X)E,.

=1 a=r+1
3. Structure equations

Let M be an indefinite trans-Sasakian manifold with an (¢, m)-type metric
connection V. We shall assume that ¢ is tangent to M. Célin [2] proved that if
¢ is tangent to M, then it belongs to S(T'M) which we assumed in this paper.
Using (1.2), (1.3), (2.3) and (2.11), we see that

(3.1) (Vxg)(Y, Z) = Z{hf(XvY)m(Z) +hi(X, Z)ni(Y)},

(3.2) T(X,Y) = t{0(Y)X — 0(X)Y} +m{0(Y)FX — 0(X)FY},
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(3.3) hi(X,Y) = hi(Y, X) = m{0(Y)us(X) = 0(X)ui(Y)},

(3-4) ha(X,Y) = he(Y, X) = m{0(Y)wa(X) — 0(X)wa(Y)},

where 7;’s are 1-forms such that 7;(X) = g(X,N;). From the facts that
REX,Y) = g(VxY,&) and €,h3(X,Y) = §g(VxY, E,), we know that h{ and h?
are independent of the choice of S(T'M). The above local second fundamental
forms are related to their shape operators by

(3.5) WX, Y) = g(AL X, Y) = Y hi(X, &)me(Y),
k=1

(3.6) €ahi(X,Y) = g(A,, X,Y) ZAM

(3.7) hi(X,PY) = g(A, X,PY).

Applying Vx to §(Ea, Eb) = €ap, 9(&:,&5) = 0, §(&i, Eq) = 0, g(N;, N;) =0
and g(N;, E,) = 0 by turns, we obtain eppiqp + €4/tpq = 0 and

(3.8) hi(X, &)+ h(X, &) =0, ha(X, &) = —eahai(X),
WJ(AN,X)‘F?%(ANJX) 207 g(AEaXaNl) :eapia(X)-

Furthermore, using (3.3) and (3.8); we see that

(3.9) RE(X, &) =0, he(&j, &) = 0, AL & =0.
Replacing Y by ¢ to (2.4) and using (2.3) and (2.12), we have

(3.10) Vx(=—aFX + B+ 0){X —-0(X)(},

(3.11) hi(X, ) = —oui(X), hi(X, €) = —owa(X).

Applying Vx to (¢, N;) = 0 and using (2.3), (2.5) and (3.7), we have

(3.12) hi (X, ¢) = —avi(X) + (8 + O)ni(X).

Applying Vx to (2.10)1, 2,3 and (2.12) by turns and using (2.2), (2.4) ~ (2.8),
(2.10) ~ (2.12) and (3.5) ~ (3.7), we have
5

Uz-) = hf(X, Vj), eah;‘(X, Wa) = hfl(X, Ui),
(3.13) WE(X, V) = RE(X, V), eahf(X, W) = hi(X, Vi),
eth(X W ) = Gahs (X Wb)

(3.14) VxUi = F(A, X) +ZT” VU, + Z pia(X

Jj=1 a=r+1

— {ani(X) + (8 + Ovi( X))},

T

(3.15) VxVi = F(ALX ZT]Z X)V;+ > KX, &)U;
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n

— Y @AuXOWa — (B + Hui(X)C,

a=r+1
(3.16) VaWa = F(A,, X)+ Y Xai(XUi+ D pan(X)Ws
=1 b=r+1
- Ea(ﬂ +E)wa( )C
(3.17) (VxF)(Y Zuz Y)A, X + Z wa(Y)A,, X
a=r+1
—Zh‘XYU— Z R (X, Y)W,
a=r+1

+ a{g(X, V)¢ —0(Y)X}
(5 +O{g(JX,Y)( - 0(Y)F X},

n

(3.18) (Vxu;) (Y Zu] )7 (X) = D wa(Y)Aai(X)

a=r+1
- hZ(X FY) = (B+00(Y)ui(X),

n

(3.19) (Vxvi)( Z v (V)7 (X) + Y eawa(Y)pia(X)

a=r+1

+ Z u (Y)mi(Ay, X) = g(Ay, X, FY)
j=r+1

— 0(Y){ani(X) + (B + Hvi(X)}.
Definition. We say that a lightlike submanifold M is

(1) idrrotational [13] if Vx& € T(TM) for alli € {1, ..., 7},
(2) solenoidal [11] if A, and A, are S(T'M)-valued,
(3) statical [11] if M is both irrotational and solenoidal.

From (2.3) and (3.8)2, the item (1) is equivalent to
(3.20) hi(X,&) =0, (X, &) = Xai(X) = 0.
By using (3.8)4, the item (2) is equivalent to
(3.21) DAy X) =0, pia(X) = (A, X) = 0.
Theorem 3.1. Let M be a generic lightlike submanifold of an indefinite trans-

Sasakian manifold M with an (¢, m)-type metric connection subject such that
¢ s tangent to M. If F is parallel with respect to the connection V, then

(1) M is an indefinite 3-Kenmotsu manifold with a = 0 and 8 = —¢,
(2) M is statical,
(3) H, J(Itr(TM)) and J(S(TM™)) are parallel distributions on M, and
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(4) M s locally a product manifold M, x M, _, x M*, where M,, M,,_,
and M* are leaves of J(Itr(TM)), J(S(TM>)) and H, respectively.

Proof. (1) Taking X = & and Y = ¢ to (3.17) and using (3.11), we get

aly = (B+O)Vy.

Taking the scalar product with Ny and Uy to this equation by turns, we have
a =0 and = —/¢. Thus M is an indefinite S-Kenmotsu manifold.
(2) Taking Y = ¢; to (3.17) with Vx F = 0, we obtain

th(Xv Ej)Ui + Z ha (X, SJ)W =
i=1 a=r+1
Taking the scalar product with V; and W, to this by turns, we obtain (3.20).
Thus M is irrotational. Taking the scalar product with N; to (3.17), we get
Zul Mi(Ay, X)+ Y wa(Y)n;(A,, X) =0.
a=r+1
Taking Y = U; and Y = W, to this, we have (3.21). Thus M is solenoidal. As
M is both irrotational and solenoidal, M is statical.
(3) Taking the scalar product with V; and W, to (3.17) by turns, we have

n

h{(X,Y) Zuk X)+ Y wa(Y)ui(A,, X),
a=r+1

h(X,Y) Zuz Jwa(Ay, X) + Y wp(Y)wa(A,, X).
b=r+1

Taking Y =V, and Y = FZ, Z € T'(TM) to the last two equations by turns
and using the facts that w;(FZ) = w,(FZ) = 0, we obtain

hi(X,V;) =0, hi{(X,FZ) =0,
hs(X,V;) =0, he(X,FZ) =0.
Using these, (2.1), (2.8), (2.12), (3. 1) (3.13), (3.15) and (3.20), we derive
9(Vx&, Vi) = —hi(X,Vj) = 9(Vx&i, Wa) = —eah3(X,V;) =0,

9(VxVi, Vi) = hj(X, &) = 07 9(VxVi, Wa) = hi (X, &) =0,
9(VxZo, Vi) = h(X, FZ,) =0, 9(VxZo,Wa) = hiy(X,FZ,) =0,
where Z, € T'(H,), that is,
VxY eT(H), VX e(TM), VY eTD(H).

It follows that H is a parallel distribution on M.
On the other hand, taking Y = U; and Y = W, to (3.17) by turns, we have

(3.22) Ay X = WX, U)Uc+ Y hi(X,Ui)Wa,
k=1 a=r+1
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A, X =) hUX, W)U + Y hi(X, Wa) W,
i=1 b=r+1

Applying F' to these equations and using FU; = FW, = 0, we have
F(A,, X) =0, F(A, X)=0.
Using these results, (3.20)2 and (3.21)2, Egs. (3.14) and (3.16) reduce

(3.23) VxUi =Y 7;(X)U;,  VxWa= Y pap(X)Wh.
j=1 b=r+1

Thus J(Itr(TM)) and J(S(TN*1)) are also parallel distributions on M, i.e.,
VxU; e D(J(tr(TM))), VxW,eD(J(S(TM™Y)), VX eT(TM).

(4) As J(Itr(TM)), J(S(TM+)) and H are parallel distributions and satisfy
(2.9), by the decomposition theorem of de Rham [3], M is locally a product
manifold M, x M,,_, x M* where M,, M, _, and M* are leaves of J(Itr(TM)),
J(S(T'M+1)) and H, respectively. O

Theorem 3.2. Let M be a generic lightlike submanifold of an indefinite trans-
Sasakian manifold M with an (£, m)-type metric connection such that ¢ is
tangent to M. If U;s are parallel with respect to V, then 7 = 0, M is solenoidal
and M is an indefinite B-Kenmotsu manifold, i.e., o = 0 and = —/.

Proof. Taking the scalar product with ¢, V;, U;, W, and N; to (3.14) with
VxU; =0 by turns and using the fact that g(FX, ) = 0, we obtain

(324) o = 0, ﬁ = —f; Tij = 0, n](ANIX) = 0, Pia = 0, hr(X, Uj) = 0,
respectively. As a = 0 and 8 = —¢, M is an indefinite S-Kenmotsu manifold.

As nj(Ay, X) = 0and p;a(X) = ni(A,, X) =0, M is solenoidal. O

Theorem 3.3. Let M be a generic lightlike hypersurface of an indefinite trans-
Sasakian manifold M with an (£, m)-type metric connection such that ¢ is
tangent to M. If Vis are parallel with respect to the connection V, then 1;; = 0,
a=—m, f=—C and M is irrotational.

Proof. Taking the scalar product with ¢, U;, V;, W, and N; to (3.15) with
VxV; =0 by turns and using the fact that g(FX, () = 0, we obtain

(3.25) B=—t 7;=0, hi(X,&) =0, Xu=0, hi(X,U;)=0.

As hf (X,&) =0and A\ (X) = h3(X,&) =0, M is irrotational. On the other
hand, replacing Y by U; to (3.3) and using (3.25)5, we have

hE(U;, X) = mO(X).
Replacing X by ¢ to this equation and using (3.11);, we have « = —m. O
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4. Indefinite generalized Sasakian space forms

Definition. An indefinite trans-Sasakian manifold M is said to be a indefinite
generalized Sasakian space form [1] and denote it by M(f1, f2, f3) if there exist
three smooth functions f;, fo and f3 on M such that

(41)  R(X.Y)Z = fi{g(Y,2)X — g(X,2)Y}
+ fof{g(X,J2)JY —g(Y,J2)JX +25(X,JY)JZ}
+ fs{0(X Y

where R is the curvature tensor of the Levi-Civita connection V of M.

Denote by R the curvature tensors of the (£, m)-type metric connection V
on M, By directed calculations from (1.1), (1.3) and (2.2), we see that

(4.2) RX,V)Z = R(X,
+

_|_

=
+

o
)
~
N
=
=

I

s
-~
N
=
=
=

Denote by R and R* the curvature tensors of V and V* respectively. Then
we obtain Gauss equations for M and S(T'M), respectively:

(4.3) R(X,Y)Z =R(X,Y)Z
+ zn: {hZ(X’ Z)AEQY - hZ(Y, Z)AEQX}

a=r+1

+ i{(vth)(ﬁ Z) — (Vyhi)(X, Z)

i=1
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S (XY, 2) = WX, 2)

+ Z X)hE(Y, Z) — A (V)RE(X, Z)]
a=r+1

(XY, Z) — (Y YL(X, 2)

— mB(XRA(FY, Z) — (V)R (FX, Z)]}N,

n

+ > A(Vxh)(Y, 2) = (Vyh)(X, 2)
a=r+1

+ Z pza h[ Y Z pla(Y)hf(X7 Z)]

n

+ Z /~Lba hb YZ) :uba(y)hz(sz)]
b=r+1

— OO (Y Z) — 0(Y )X, 2)]
—mlB(X)hS(FY, Z) - 0V )i (FX, Z)]} B,

(4.4) R(X,Y)PZ = R*(X,Y)PZ

+ D {h(X, PZ)ALY — hi (Y, PZ)A¢, X}

i=1

+ > {(Vxh))(Y,PZ) — (Vyh})(X,PZ)
=1

+ Z T (Y)hi(X, PZ) — min(X)hi (Y, PZ)]

- E[G(X)h*(Y PZ)—0(Y)hi(FX,PZ)]

OB (FY, PZ) — 0V Wi (X, P2},
Applying Vx to 6(&) =0, 0(V;) =0, 8(U;) = 0, 9(W,) = 0 and (¢) = 1 by

i) =
turns and using (2.4), (2.8), (3.5), (3.11)1, (3.14), (3.15), (3.16) and the facts
that g(FX,¢) =0, g(¢,¢) = 1 and V is metric, we obtain

(4.5) (Vx0)(&) = —au(X), (Vx0)(Vi) = (B + Oui(X),
(Vx0)(Us) = ami(X) + (B 4 O)vi(X),
(Vx0)(Wa) = €a(B + O)wa(X), (Vx0)(¢) =0

Taking the scalar product with &;, E, and N; to (4.2) by turns and using
(4.1), (4.3), (4.4) and the facts that ¢ € I'(S(T'M)) and V is metric, we get

(4.6) (Vxhi) (Y. Z) = (Vyhi)(X, Z)
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+ Z{rﬂ X)S(Y, Z) — m5:(Y)hS(X, Z)}

+ Z {Mai (R, Z) — Mai(Y)RE(X, Z)}

a=r+1
— HOX)hi(Y, Z) — 0(Y)hi(X, Z)}
— m{O(X)hL(FY,Z) — 0(Y)hi(FX, Z)}
+ {(Xm)8(Y) + m(Vx0)(Y)
— (Ym)0(X) — m(Vy6)(X)}ui(2)
—la{g(Y, Z)ui(X) — 9(X, Z)u;(Y)}
—m(B+O{0(Y)ui(X) — 0(X)u;(Y)}6(2)
= folui(Y)g(X,JZ) —uwi(X)g(Y, JZ) + 2u;(Z)g(X, JY)},

(4.7) (Vxh )Y, Z) = (Vyhy) (X, Z)

+ Z{Pm hz Y,Z) Pia(Y)hﬁ(X, Z)}

+ Z {16a (X5 (Y Z) = pva (Y )1 (X, Z)}

b=r+1
— HO(X)he (Y, Z2) = 0(Y)hy (X, Z)}
—m{0(X)h;(FY,Z)—-0(Y)h (FX,Z)}
+{(Xm)I(Y) +m(Vx0)(Y)
= (Ym)f(X) = m(Vy0)(X)}wa(Z)
—la{g(Y, Z)wa(X) — g(X, Z)wa(Y)}
—m(B+ O{0(Y)wa(X) - 0(X)wa(Y)}6(2)
= fofwa(Y)3(X, JZ) = wa(X)g(Y, JZ) + 2wa(Z)g(X, JY)},

(49 (Vxk)(Y, PZ) = (Vyh)(X, P2)

- Z {ri;(X)I3(Y, PZ) — 7;(Y)h(X, PZ)}

+ Z {h(X, PZ)ni(Ay Y) = (Y, PZ)mi(Ay, X)}

- Z ca{pia(X)(Y, PZ) = pia(Y)h3(X, PZ)}

a=r+1
— H{O(X)hi (Y, PZ) = 0(Y)hi (X, PZ)}
— m{0(X)hI(FY,PZ) — 0(Y)h; (FX,PZ)}



—{(X00(PZ) + ((Vx0)(PZ)}mi(Y)
(

P
+H{(YOO(PZ) + ((Vy0)(PZ)}ni(X)
+{(Xm)I(Y) + m(Vx0)(Y)

— (Ym)0(X) — ((Vy 9)( )}vi(PZ)
— la{g(Y, PZ)vi(X) — g(X, PZ)vi(Y)}
+ 6{g(Y, PZ)ni(X) — g(X, PZ)ni(Y)}
—maff(Y)ni(X) — 0(X)n ( )}0(PZ)

i(
—m(f + O{0(Y)vi(X) — 0(X)vi(Y)}0(PZ)
= f{lg(Y, PZ)ni(X) — g(X, PZ)n;(Y)}
+ f{vi(Y)3(X, JPZ) — v;(X)g(Y, JPZ) + 2v,(PZ)g(X, JY )}
+ f3{0(X)n:(Y) = 0(Y)n:(X)}0(PZ).
Theorem 4.1. Let M be a generic lightlike submanifold of an indefinite gener-

alized Sasakian space form M (f1, fa, f3) with an (¢, m)-type metric connection
such that ¢ is tangent to M. Then the functions «, B3, f1, fo and fs3 satisfy

(1) « is a constant on M,

(2) af =0, and

3) fi—fo=a*=p% and fr — f3 = 0o — B> — (B.
Proof. Applying Vx to (3.13)1: hﬁ(Y7 U;) = hi(Y,V;) and using (2.1), (2.12),
(3.5), (3.7), (3.11)4, (3.12), (3.13)1, 2,3, (3.14) and (3.15), we obtain

(Vxhy)(Y,U;) = (Vxhi)(Y, V)

- Z{Tkj h[ (Y, Ui) + e (X)hi (Y, V) }

- Z {Aaj (X (Y, Ui) + €apia(X)he (Y, V;)}
a=r+1

+ D AR (Y Uhi(X, &) + hi (X, Unhi (Y, €)}
k=1
—9(Ag, X, F(ALY)) — g(AL Y, F(Ay X))

— D (X, Vi)mk(ALY)
k=1

— a(f 4+ O)fu; (Y)oi(X) — u; (X)vi(Y)}

— @®uj(Y)ni(X) — (B + 0)%u;(X)n:(Y).
Substituting this equation and (3.13); into (4.6) [which is changed i by j] such
that Z = U; and using (3.8)3, (3.13)3 and (4.5)3, we have

(Vxhi) (Y, Vj) = (Vyhi)(X, V5)
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- Z{m Vi (Y, V;) = e (Y) (X, Vi) }
+ Z{hf Vini(Ay, Y) = hi (Y, Vini(Ay, X)}

- Z €a{pia(X)he (Y, V5) = pia(Y)h3 (X, V;)}
a=r+1
— HO(X)hi (Y, V;) = 0(Y)hi (X, V) }
—m{0(X)h; (FY,V;) —0(Y)h; (FX,V;)}
+ {(Xm)o(Y) + m(Vx0)(Y)
— (Ym)0(X) — m(Vy0)(X)}dy;
— (2B + O){u; (V)i (X) — uy (X )Uz( )}
—{0® = (B+ 0 Huy (Y)0:(X) — u; (X)mi(Y)}
= fa{u; (Y)0i(X) = u; (X)ni (V) + ug(X JY)}.
Comparing this with (4.8) such that PZ = V; and using (4.5)2, we obtain
{fi = fo = @@ + B2 Hu (Y)mi(X) — uy (X)mi(Y)}
= 2a{u; (Y)vi(X) — u;(X)vi(Y)}.
Taking Y = U;, X =& and Y = U;, X = V; to this by turns, we have
h—fa=a®=p%  af=0.
Applying Vx to n;(Y) = g(Y, N;) and using (2.5), we obtain

(4.9) (Vxni)(Y) = —g(Ay, X, Y) + Y 73, (X)n (V).

Applying Vy to (3.12) and using (3.7), (3.10), (3.12), (3.19) and (4.9), we have
(Vxhi) (¥, Q) = =(Xe)vi(Y) + X (B + O)ni(Y)

+afg(Ay, X, FY) + g(A, Y, FX) Zvj )7i; (X

- Z ana(y)pza Zuj 771 A X }
a=r+1
— (B+0{g(A,, X,Y)+g(A, Y, X) ZT”

+a20(Y )i (X) + (B +0)*0(X)n;(Y)
+ al{(Y)vi(X) — 0(X)v;(Y)}.
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Substituting this and (3.12)3 into (4.8) with PZ = ¢ and using (4.5)5, we get

{XB+(fr — fs—a® + HO(X)}ni(Y)
—{YB+(fi — fs —® + B%)0(Y)Ini(X)
= (Xa)v (V) — (Ya)v;(X).
Taking X = ¢, Y =¢&; and X = U;, Y = V; to this by turns, we have
fi—fs=a>=p*—(B,  Uja=0.
Applying Vy to (3.11); and using (3.10), (3.11); and (3.18), we obtain
(Vxh)(Y,¢) = =(Xa)ui(Y) — (B + Oh{(Y, X)

n

+ a{z u; (Y)75:(X) + Z €aWa (Y ) Aai (X)
j=1

a=r+1
+ hY(X,FY) + hi(Y, FX)
O )ui(X) = 0(X)ui (Y]}
Substituting this into (4.6) with Z = ¢ and using (3.3) and (3.11), we have
(Xa)u; (V) = (Ya)u (X).

Taking Y = U; to this result and using the fact that U;a = 0, we have Xa = 0.
Therefore « is a constant. This completes the proof of the theorem. O

Definition. (1) A screen distribution S(T'M) is said to be totally umbilical [5]
in M if there exist smooth functions ; on a neighborhood U such that

hi (X, PY) = 7ig(X, PY).

In case v; = 0, we say that S(T'M) is totally geodesic in M.
(2) A lightlike submanifold M is said to be screen conformal [7] if there exist
non-vanishing smooth functions ; on a neighborhood U such that

(4.10) hi(X,PY) = p;hi(X, PY).

Theorem 4.2. Let M be a generic lightlike submanifold of an indefinite gener-
alized Sasakian space form M (f1, fa, f3) with an (¢, m)-type metric connection
such that  is tangent to M. If one of the following three conditions satisfies;

(1) F is parallel with respect to the connection V,

(2) Us;s are parallel with respect to the connection V,

(3) S(T'M) is totally umbilical, or

(4) M is screen conformal,

then M (f1, f2, f3) is an indefinite 3-Kenmotsu manifold such that
a=0, f=-L fi==0 fa=0, fs=(B
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Proof. (1) Assume that I is parallel with respect to V. As a = 0 and 8 = —/,
M(f1, f2, f3) is an indefinite S-Kenmotsu manifold and f; — fo = —32. Taking
the scalar product with U; to (3.22); and using (3.23)1, we get

BY,U;) =0,
Applying Vx to this equation and using (3.20), we obtain
(Vxh})(Y.U;) = 0.
Substituting these equations into (4.6) with PZ = U and using (3.21), we have
JoA{[v; (Y)ni(X) — v (X)mi(Y)] + [0i(YV)n; (X) = vi(X)n; (YV)]} = 0,
due to fi = —p2%. Taking X = V; and Y = & to this equation, we obtain

fo = 0. Therefore, f; = —f3%, fo = 0 and f3 = (3 by Theorem 4.1.
(2) If U;s are parallel with respect to V, then we have (3.24):

a =0, 5:_€§ Tij =0, nj(AN,iX) =0, pia =0, hr(X7Uj) =0.

Asa =0and 8= —4, we get fi +5° = fo and f; — f3 = —32? — (3 by Theorem
4.1. Applying Vy to (3.24)¢ and using the fact that VyU; = 0, we obtain

(Vxhi)(Y,U;) = 0.
Substituting this into (4.8) with PZ = U; and using (3.24), we have
So{lo; (Y)mi(X) = v (X)m:(Y)] + [0:(Y)n; (X) = 0i(X)n; (Y)]} = O,
due to the facts: f1 + 82 = fo and (Vx0)(U;) = 0 by (4.5)3. Taking X = ¢

and Y = V; to the last equation, we get fo = 0. Thus f; = —? and f3 = (.
(3) If S(T'M) is totally umbilical, then (3.12) is reduced to

7i0(X) = —avi(X) + (B + Omi(X).
Taking X = (, X = V; and X = &; to this equation by turns, we have
(4.11) vi =0, a =0, B =—L

As o = 0and 3 = —¢ # 0, M is an indefinite 3-Kenmotsu manifold and
f1+ B% = fo by Theorem 4.1. As ; = 0, S(TM) is totally geodesic.
As hf =0, from (3.13)1, 2, we get

(4.12) hi(X,U;) =0, RS(X,U;) = 0.
Taking PZ = U; to (4.8) and using (4.5)3, (4.11) and (4.12), we have
JoAlv; (V)i (X) = v (X)ni (V)] + [0i(Y)n;(X) — vi(X)n; (Y)]} = 0,
due to f1 + 3% = fo. Taking X =& and Y = Uj;, we obtain fo = 0. Therefore,
a=0, B=—L#0, fi=-F f2=0, f3=0(8
(4) If M is screen conformal, then, from (3.11);, (3.12) and (4.10), we have
avi(X) — (B + O)ni(X) = apiu;(X)}.
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Taking X = V; and X = &; to this by turns, we see that
(4.13) a =0, B =—L.

Denote by U the r-th vector fields on S(TM) such that U = U; —¢;V;. Using
(3.13)1,3, (3.13)2,4 and (4.10), we see that

¢ *\ s *\ *
(414) hJ(X,ul ) = 0, ha(X,Z/[i ) = O, JUF = Nl — <pZ§Z

Applying Vx to U = U; — ¢;V; and using (3.14) and (3.15), and then, taking
the scalar product with ¢ to the resulting equation, we obtain g(VxU;,¢) = 0.
Applying Vx to 6(U) = 0 and using (2.4) and the last equation, we get
(4.15) (Vx0)(US) = 0.
Applying Vy to (4.10), we have
(Vxh)(Y. PZ) = (Xei)hi(Y, PZ) + 0:i(Vxh) (Y, PZ).
Substituting this equation and (4.10) into (4.8) and using (4.6), we have

Z{(X%)(Sij —@iTji(X) — ¢ 7i;(X) — Th'(ANjX)}h?(Ya PZ)
- Z{(Y@i)aij —@i;i(Y) — @7 (V) — ni(ANjY)}hg(X7 PZ)

Z {eapia(X) + ©irai(X) o (Y, PZ)
a=r+1

+ Z {eapia(Y) + @irai(Y) }ho (X, PZ)

+U(Vx0)(PZ)+(Bg(X,PZ) —mab(X)0(PZ)}n;(Y)
+ {(YO)O(PZ) + ((Ny0)(PZ) + LB3g(Y,PZ) — mab(Y)O(PZ)}n:(X)
+

(X) = U(Vy0)(X)}g(PZ.U;))
(X,U7) —g(X, PZ)g(Y, U;")}

—m(f + 4){9(Y)g( US) = 0(X)g(Y,U;)}(PZ)

= S{g(Y, PZ)n(X) — g(X, PZ)n;(Y)}

+ folgU} Y)g(X, JPZ) — g, X)g(Y, JPZ) + 29(U;", PZ)g(X, JY)}

+ f3{0(X ) m(Y) = 0(Y)n:(X)}0(PZ).
Taking X = §;, Y = V; and PZ = U] to this equation and using (4.5)1,2 and
(4.13) ~ (4.15), we have f; + fo = —(2. As fi — fo = —/32 by Theorem 4.1, we
have fy =0 and f; = —32. Consequently, we obtain f3 = (/3. (I
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Theorem 4.3. Let M be a generic lightlike submanifold of an indefinite gen-
eralized Sasakian space form M(f1, f2, f3) with an (¢, m)-type metric connec-
tion such that  is tangent to M. If Vis are parallel with respect to V, then
M(f1, fa, f3) is an indefinite space form such that

a=-m, [=-L fi=-B% fo=-0a? fy=-a*+(B.
Proof. If V;s are parallel with respect to V, then we have (3.25):
B=—l, 7;=0, h(X,&) =0, Xui=0, hi(X,U;)=0.
Taking Y = ¢; and Y = Uj to (3.3) by turns and using (3.25)3 5, we have

hi(&;, X) =0, hi (U, X) = m0(X)dy;.
Using these two equations and (3.13)4, we see that
(416) hﬁ(fla ‘/j) = 07 hz(fla ‘/j) = €ah§(§i, Wa) = 07

he(U;, Vi) =0, hi(U;,V;) = ehls (U, W,) = 0.
From (3.13); and (3.25)5, we have
B (Y. V;) = 0.
Applying Vx to this equation and using the fact that VxV; = 0, we have
(Vxh}) (Y V) = 0.

Substituting the last two equations into (4.8) such that PZ = V; and using
(3.25), (4.5)2: (Vx0(V;) =0 and the fact that af = —af = 0, we obtain

D X, Vimi(AL, Y) = hi(Y, Vimi(Ay, X))}
k=1

+ Z Ea{pia(y)hZ(Xv VJ) - pia(X)hfz(Ya VJ)}
a=r+1

+{(Em)O(Y) +m(Vx0)(Y) = (Ym)0(X) — m(Vy0)(X)}}di
= B2 {u; (Y )ni(X) = ug (X)ms(Y)}
= Su{u;(Y)mi(X) = ui(X)ni(Y)} + 2£201,9(X, JY).
Taking X = ¢; and Y = U; to this equation and using (4.5)1 3, (4.16) and the

fact that o = —m, we obtain f; + 2fs = —2a? — 82. As fi1 — fo = a® — B2, we
get fo = —a?. Thus f; = —f2 and f3 = —a? + (B. O
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